Math 272: Honors Calculus I
Prof. Arturo Magidin
Homework 2
SOLUTIONS
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7. We are assuming that lim1 f(z) =8, so0
r—
lim (4f(z)) = 4lim f(x) = 4(8) = 32.
z—1 z—1
11. Here, in addition to lim1 f(z) = 8, we also assume lim1 g(x) =3 and lim1 h(z) = 2. We note that
T—r T— rT—

lim (g(z) — h(x)) = lim g(z) — il_}ml h(z) =3-2=1#0,

r—1 rz—1

so we have i
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a1 g(x) — h(x) J%1_}1111 (g(x) — h(z)) 1

i = 1 2/3 = 2/3 =
13. If 7%1_}ml f(z) =8, then il_}ﬂll ((f(x)) 8 4.
15. If fo ot
_J 2z+1 ifx#0,
g(x){5 if 2 =0,

then from the definition we see that g(0) = 5. And because g(z) takes the exact same values as
2z 4 1 everywhere near 0, except at 0, we have

lim g(z) = lir%(Zx +1)=20)+1=1.
T—

z—0
19. To be explicit with the limit laws, we have

lim(3z —7)=3limz— lim 7=3(4) —7=5.
T— r—4

r—4 4

25. Since the limit of the denominator is not 0, we can proceed directly:

; 2
52246z 41 ilﬂml(5x +6x+1)
lim = :
z—>1  8r—4 lim (8z — 4)
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S 8(1)—-4  8-4
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27. Since the limit of the denominator is not 0, we can proceed directly:

lim 3p

i 3p _ p—2 B 3(2)
p—=24/4dp+1—-1 ;i_)mzs/ﬁlp-i-l—l 42)+1—-1
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= =_ =3.
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35. The denominator has a limit of 0; so we factor, and cancel:

2
-1 — %
i & 16, o@D o et
r—4 4—3} r—4 —(x—4) rz—4 —1
= —8.

and the function x—"‘f‘ are equal at every point near

where * holds because the function %
x = 4, except for at x = 4; so they have the same limit as x approaches 4.

36. If we try evaluating both numerator and denominator at t = 2, we get %. So we factor out t — 2
from both, and cancel, as we did above:

o3 —Tt+2 . (t—2)3t—1) » .. 3t-—1
lim——=lim—+———>=1lim ———
t—2 2—t t—2 —(t—2) t—2 —1

:th_rg—(?)t—l):—(6—l)=—5,

(t—2)(3t—1)
(2-t)
t = 2; so they have they same limit as ¢t — 2.

(3t—1)

7 are equal at all values of ¢ except for

where * holds because the functions and

39. Again evaluating at x = —1 gives 0 divided by 0; the potential problem is factoring x 4+ 1 out of
the numerator. We can do that by first expanding the square:

(20 —1)2 -9 =(42® —da+1) - 9=42> —do — 8 =4(z* — 2 —2) = 4(x + 1)(z — 2).

So we have:
2
_ _ —9) ., Az —
lim 2z —1)* -9 — lim 4(x+1)(z—2) 2 lim (x —2)
z——1 rx+1 z——1 r+1 r——1 1
=4(-1-2)=-12,
where * holds because the two functions take the same values everywhere except at x = —1, so

they have the same limit as z approaches —1.

49. This looks daunting, but if we do the algebra it becomes similar to problems we have already

solved:
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= — = == 4 —x
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55. Multiply and divide by the conjugate of \/x — 1; this doesn’t change the function; then we can
cancel at * because the two functions agree everywhere except at x = 1:

r—1 _ . @-De+l) . (@-D/z+1)
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x1+ —Vi+l=14+1=2.
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73. The function is

fz) = 22+1 ifxr< -1,
V= Vol ifr> 1.

(a) Consider what happens as x approaches —1 from the left. Since z will be smaller than —1,
the function f just takes the value z? + 1. So we have

lim f(z)= lim (2*4+1)=(-1)2*+1=2.

r——1" r——1—

(b) On the other hand, if we approach —1 from the right, the function f will take the exact same
values as the function v/z + 1. Using the limit laws, we have

lim f(z)= lim Vz+1=+v—-1+1=+0=0.

r——1* r——1+

(c) Since the one-sided limits are not equal to each other, lim1 f(x) does not exist.
T——

87. We have the function )
¥ —5r+6 .
f@)y=4 —a—g Hr#E3
a if x = 3.

We want to know what value of a will result in lin})’ f(z) = f(3).
z—

Note that f(3) = a; so what we really need to find out is the value of liné f(z). Since f(x) takes
r—r

2 —5x+6
the exact same values as 213 for any x near (but not equal to) z, we have
2
. . T°—5x+6
L

Now, this rational function has both a numerator and denominator that evaluate to 0 when we
plug in 3, so we factor out z — 3 from the numerator and cancel:

. o 12—-5x+6
lim f(@) = Jimy ——2—
T k) Gt ))
x—3 x—3
Tt S S
r—3

So in order for f(3) to equal 1, we need a = 1.

() = 22 —br ifx < -1,
I =\ aa® -7 ifz>—1.

89. We have

We have
lim g(x)= lim (2% —52)=(-1)>-5(-1)=1+5=6.

r——1" r——1—

From the right, we have

lim g(z)= lim (az®-7)=a(-1)®-7T=—a—T1.

r——1+ r——1*



For the limit to exist, we need both of these one-sided limits to be equal. So we need
6=—a—"7.
Solving for a, we have 13 = —a, so a = —13. If that is the case, then we have

lim g(z) = 6.

r——1
§2.4

7. See the book for the graph.

(a) As we approach 1 from the left, the values of f grow without bound. So lim f(x) = cc.

z—1—

(b) The same thing happens as we approach from the right, so lim+ f(x) = 0.
rz—1

(¢) Since both one sided limits do not exist because the function “goes to infinity”, the same is
true for the two-sided limit: lim1 f(x) = .
T—

(d) As we approach 2 from the left, the values of f grow without bound, so lirgl f(x) = 0.
T2~

(e) If we approach from the right, however, the values grow large and negative. So lim+ flz) =
z—2
—00.

(f) The two-sided limit does not exist; it does not equal either co nor —oo.

9. See the book for the graph.

(a) As we approach —2 from the left, the values of h(x) grow large and negative without bound.
We have lim h(z) = —o0.

T——2"

(b) As we approach from the right, the same thing happens, so lim h(z) = —oc.

r——2+
¢) From (a) and (b) we conclude that lim h(z) = —oco.
T——
r—3~

e) From the right, however, we have lim+ h(z) = —oo, from the graph.
z—3

)

()

(d) As we appraoch 3 from the left, the values of h(x) grow large and positive. So lim h(z) = occ.
)
)

(
(

f) The two-sided limit lin})) h(zx) does not exist. That is the best we can say.
z—

15. Factoring the numerator and denominator, we have

a® —dx+3  (x—-3)(z—1)

f(x):$2—3x+27 (x —2)(z —

So the function is undefined at z = 1 and at z = 2.

As we approach 1, we have

. . (w=3)(x—1)
lim f(z) = lim (z—2)(z—1)
. ox—3 1-3
= lim = —
z—1x —2 1-2
-2
-9
-1



17.

19.

Since the limit exists, there is no vertical asymptote at x = 1.

When we approach 2, however, we have:

. . (=3 (x—-1) . x-3
Jm flr) = lm e T T oy

If z is very small but a little less than 2, then x — 3 will be very close to —1 and = — 2 will be
very small and negative. The quotient will be very large and positive, and grow larger the closer
x is to 2. Therefore,

lim f(x) = oo.

T2~
This already tells us the function has a vertical asymptote at x = 2.
Something similar happens as we approach from the right:

lim f(z) = lim v=3

r—2+1 z—2t x —2°

But this time, the denominator will be small and positive, so the quotient will be large and
negative (since the numerator will be negative). So this time we have

lim f(z)= —oc.

z—2t

This would also tell us that f(x) has a vertical asymptote at x = 2.

There are of course many possibilities. Here is the sketch of one function defined on [0, 4], with
f(1) =0, f(3) undefined, lim f(z) =1, lim f(z) = —oo, lim f(z) = 00, and lim f(x) = oco.
T—3 z—0t T2 r—4—
Y
5
4 | |
| |
3 | |
| |
2 | |
| |
1 | |
| |
| |
2 3 4 5z
— 1 | |
| |
— | |
| |
—3 | |
| |
— | |
| |
— 5 | |
| |
Both (a) and (b) are correct: we have
1

o=

which in particular means the limit does not exist. Note that if = is very near 1, then (z — 1) is
very close to 0, so (x —1)? is very small and positive; the reciprocal will get larger and larger and
remain positive.

Statement (c) is false because the values are always positive, the function cannot approach —oo.



21.

23.

25.

27.

As we approach 2 from the right, the denominator x — 2 is very small and positive, so the
reciprocal is very large and positive. Therefore

lim = o0.
z—2+ x — 2

As we approach from the left, the main difference is that the denominator is now negative,
so the reciprocal is large and negative. We then have

lim = —00.
z—2— T — 2

Putting (a) and (b) together we conclude that the best we can say is that lirrg Ti2 does not
T—r

exist.

As x approaches 4 from the right, the denominator is small and positive, and the numerator
approaches —1; the result is a large negative number. So
=95

lim —— = oo,
;v—l>rérll+ (1‘—4)2 >

The same thing happens as we approach 4 from the left, because of the square in the de-
nominator:

hm 0 o

r—4- (Z — 4)2 o '

Since the one-sided limits are both oo, we have

I x—95
xﬂ(az—4)2 -

As we approach 3 from the right, the denominator is small and positive, and the numerator
approaches 2, so the quotient is large and positive:

i G- DG-2)
z—3+ (Z — 3)

If we approach 3 from the left, however, the denominator is small and negative; the quotient
will be large and negative. We therefore have

g G- DE=2)

23~ (z —3)
The best we can say, then is that

-1 -2
lim w does not exist.
z—3 (Z — 3)
Note that 2 — 42+ 3 takes value —1 at z = 2. So the denominator is very small and positive,
the nuemrator is very close to —1, so

. 22 —4x+3
lm —m—— =

a2t (z—2)2 e



(b)

A similar thing happens here, because even though x —2 is small and negative as we approach
2 from the left, once we square we get a small and positive number. We have:

lim 22 —4r+3 _
r—2~ (.73 — 2)2 a

2
—4
Therefore we have lim a: £43 _

i (r—22

If x is very close to 2 and slightly larger than 2, then z(x — 2) is postive and very close to 0.
Its square root is defined, and is very small and close to 0, so the reciprocal will get larger

and larger. That is,
1

lim ———— =

e=2% \Jx(z — 2)
If x is very close to 2 and less than 2, then © — 2 < 0, and z > 0, so z(x — 2) < 0. Since it is
negative, we cannot take the square root. That is, /2(z — 2) is not defined to the immediate
left of 2; that means that this limit does not exist, because we cannot even try to calculate
it.
Since the limit from the left does not even make sense, let alone exist, this limit does not
exist.



