Math 561 - Homework 3
SOLUTIONS
Prof. Arturo Magidin

1. Let V and W be vectors spaces over F. Let V x W be the set
VXW={(v,w)|veV,we W}
and define addition and scalar multiplication coordinate-wise; that is,
(vi,W1) + (v2,W2) = (V1 + V2, W1 + W2),
a(v,w) = (av,aw).

This makes V x W into a vector space. (You may take this for granted, but if you have not
seen this proven before I encourage you to prove it for yourself). This vector spaces is called the
(DIRECT) PRODUCT OF V AND W.

(i) Prove that if 8 = {v,},er and v = {w; };cs are bases for V and W, respectively, then
{(vi, 0w)}ier U{(0Ov, wj)}jes

is a basis for V. x W.
Proof. First, we show that the set is linearly independent. Suppose we have a finite collection

of pairwise distinct vectors,
(vi,0w), oy (Vin, Ow), (Oy, w1), ..., (Ov, W)
and scalars aq, ..., Gy, b1,...,b, such that
a1(v1,0w) + - + a4 (Vim, Ow) + b1 (0v, W1) + - - - + by (Ov, Wy,) = (Ov, Ow).

We want to show that a1 =---=a,, =b1 =---=b,, =0.
Performing the operations on the left hand side, we obtain

(alvl T+t am Vi, bywy + - bnwn) = (OVa OW)
This means that

aivy+ -+ amVy = OVa
bywy + - 4+ b, W, = Ow.

These are linear combinations of pairwise distinct vectors from § and -y, respectively, equal
to 0; since these sets are linearly independent, the first equality implies a; = -+ = a,, = 0,
and the second yields b; = --- = b, = 0, as desired.

To prove that the set spans V. x W let v € V and w € W be arbitrary vectors. We need
to express (v, w) as a linear combination of vectors in our set. Indeed, since 8 spans V and
~v spans W, we can find vectors vy,...,vy € 8 and wy,...,wy in 7, together with scalars
c1,...,c; and dq,...,dy such that

V=0V +-+ v,

w=diw; + -+ d;wy.

Therefore,
k ¢
(v,w) = Zci(vi, Ow) + Zdj(Ov,wj).
i=1 jel

This shows that the set spans V x W, and therefore that it is indeed a basis, as claimed. O



(i)

Express dim(V x W) in terms of dim(V) and dim(W).
Answer. From the above, we see that dim(V x W) = || + |y| = dim(V) + dim(W). O

2. Let V and W be vector spaces over F, and let V. x W be the direct product of V and W.
Let m1: V. x W — V be the function 771(v w) = v, and m2: V X W — W be the function
ma(V, W) = w.

(i)

Show that 7 and 7o are linear transformations.

Proof. Let (v, wy) and (va, wa) be vectors in V x W and « a scalar. We have:

1 ((Vl,Wl) —+ Oé(VQ,Wg)) = 7T1(V1 —+ avao, W1 —+ OLWQ)
=vi+avy = (v, w1) + am(ve, Wa);
7T2((V1,W1) + a(VQ,WQ)) = 7o (V1 + vy, W1 + aws)

=wi + awy = ma(vy, W) + ame(va, Wa).

This shows that m; and 7o are both linear transformations. [

Show that given any vector space Z over F and linear transformations 77: Z — V and
Ty: Z — W, there exists a unique linear transformation U: Z — V x W such that 710U =T}
andf T O U= TQ.
Proof. Suppose that Z is a vector space, and that we have linear transformations 71: Z — V
and Th: Z — W.

EXISTENCE OF U: Define U: Z — V x W by U(z) = (T1(z), T>(z)). To verify that this is a
linear transformation, let z1,zo € Z, o € F. Then

U(z1 + azs) = (T1(21 + az9),To(z1 + a22)>

(Tl (z1) + T (22), T2(z1) + OéTQ(ZQ)) (since T; is linear)

= (Ti(21). To(21)) + (71 (22), To(zs)
U(zy) +aU(Zz)

By construction, we have 7; o U(z) = 7;(T1(z),T>(z)) = Tj(z) for j = 1,2; so mj o U =T},
as desired.

UNIQUENESS OF U: Suppose that U': Z — V x W is a linear transformation such that
moU' =T and g o U’ = Ty. We need to show that U = U’. To that end, let z € Z, and
let v e Vand w € W be such that U'(z) = (v,w). Then

v=m(v,w)=moU(z) =Ti(z),

and symmetrically w = ma(v,w) = mp 0 U'(z) = T3(2z). So U'(z) = (T1(2),T2(z)) = U(z).
As this holds for every z € Z, we conclude that U = U’, proving uniqueness. [

3. Let V =R be the vector space of real sequences with pointwise addition and scalar multiplica-
tion. Define p, A\: V — V to be the “right shift” and “left shift” functions:

plai,as,...)=(0,a1,as,...)

)\(al, as, .. ) = (ag, as, . . )

(i) Show that p and A are linear transformations.



Proof. Let a = (a1,a2,...) and b = (b1,ba,...) be vectors in V, and let « € R. We have:

Aa+ ab) = Aay + aby, as + aby, a3 + abs, .. .)
= (ag + abo,as + abs,...)
= (ag,as,...) + a(bz,bs,...)
= A(a) + aA(b);

p(a+ ab) = p(a; + aby, as + aby,as + abs, .. .)
= (0,a1 + aby,az + aby, . ..)
= (0,a1,az,...) + a(0,by,bs,...)
= p(a) + ap(b).

So A and p are linear transformations. [

(ii) Show that A is onto, but not one-to-one.
Proof. To show that ) is onto, let (a1, as2,...) € V. Then

(a1,az2,...) = X0, a1,az,...) € R(A).
To show that A is not one-to-one, we take a = (1,0,0,...); then a # 0, but
A(a) =(0,0,...)=0.

Since N () # {0}, it follows that X is not one-to-one. O

(iii) Show that p is one-to-one, but not onto.
Proof. To show that p is one-to-one, assume that a = (ay, as,...) € N(p). Then

0= (070,0,) :p(a) = (07(117(127...)7

soa; =0, as =0,..., showing that a = 0.

To verify that p is not onto, we note that every vector in R(p) has first coordinate equal to
0, so (1,0,0,...), which lies in V| is not in the range. Thus, R(p) # V, proving that p is not
onto. [J

(iv) Show that A o p is the identity linear transformation (Ao p)(v) = v for all v € V; but that
p o A is not the identity linear transformation.

Proof. Let a = (a1, as,...) be a vector in V. Then

Aop(a) = )\(p(al,ag,...)) = X0,a1,0az,...) = (a1,a2,...) =a.

Thus, A o p is the identity function.
To show that p o A is not the identity, note that

poA(1,0,0,0,...) = p(0,0,0,...,) = (0,0,0,...) # (1,0,0,0,...).
(More generally, a vector a = (a1, as,...) lies in R(po \) if and only if a; =0.) O
4. Let T: P3(R) — May2(R) be given by



(i) Prove that T is a linear transformation.
Proof. Note that for any value a and any two polynomials p and ¢, (p+ ¢)(a) = p(a) + ¢(a);
and (ap)(a) = ap(a); and since (p+q)’ = p’ + ¢, it also holds that (p+q)’'(a) = p'(a) +¢'(a).
So let p and ¢ be two vectors in P3(R) and « a scalar. Then

(p+aq)(1) = p(1) + aq(1),
(p+ aq)(2) = p(2) + ag(2),
(p + aq)(0) = p(0) + ag(0),
(p+ aq)'(0) = p'(0) + aq'(0)

So we have:
(p+ ag)(1) (0) ) ( p
T(p+ = =
(p+aq) ( (p+aq)(2) (p+aq)0) p
p(1) p'(0) > < q(1) 4'(0) )
(3 5o )+ 0 ) =m0 +ar
proving that T is a linear transformation. [J
(ii) Find N(T') and R(T).
Answer. The nullspace is the collection of all p € P3(R) that map to the zero matrix; so

that is all p(x) = ag + a12 + a2x? + azz® for which p(1) = p(2) = p(0) = p’(0) = 0. We have
p'(z) = a1 + 2a22 + 3a32?; so this condition means

p(0) = ao,

p(l) :a0+a1+a2+a3
(2)
/

p(2) = ap + 2a1 + 4as + 8as
p'(0) = a;.

o o o o
I

The first and last tell us that ag = a; = 0. Thaa means that we have as + a3 = 0, or
equivalently a3 = —aso; and substituting into the third equation that gives 0 = 4as — 8as. So
as = az = 0 as well.

Thus, N(T') = {0}. Note this means that nullity(7") = 0.

By the Dimension Theorem, we know that

dim(P3(R)) = 4 = nullity(T") 4 rank(T") = rank(T).

So rank(T') = 4. Since dim(May2(R) = 4, and R(T') is a 4-dimensional subspace of My (R),
it follows that R(T) = May2(R). O

5. Let T: V — W be a linear transformation. Prove that the following two statements are equivalent:

(i) T is one-to-one.
(ii) If S C V is linearly independent in V, then T'(S) = {T(s) | s € S} is linearly independent
in W.
That is, T is one to one if and only if it sends linearly independent sets to linearly independent sets.

Proof. (1) = (ii) Suppose that T is one to one, and that S is a linearly independent subset of V.
We want to prove that T'(S) is linearly independent. To that end, let T'(s1),...,T(sn) € T(S) be
pairwise distinct vectors, and a,...,a, be scalars such that

Ow =a1T(s1) + - -+ anT(sn) =T(a1s1 + -+ + ansy).



Since T is one-to-one, this means that a;s; + -+ ans, € N(T) = {0y}, so
ai1s1 + -+ ansy, = Ov.
But si,...,s, are pairwise distinct elements of the linearly independent set S, so this equality

implies that a1 = -+ = a,, = 0. Therefore, T'(S) is linearly independent, as claimed.

(ii) = (i) Suppose that T sends linearly independent sets to linearly independent sets. If v # Oy,
then {v} is linearly independent, and therefore {T'(v)} = T({v}) is linearly independent; this
implies that T'(v) # Ow. By contrapositive, this means that if T'(v) = Ow, then v = Ovy; thus,
T is one-to-one. [J

. Let T: V — W be a linear transformation. Prove that the following two statements are equivalent:
(i) T is surjective.
(if) If S C V generates V, then T'(S) generates W.

That is, T is surjective if and only if it sends generating sets to generating sets.

Proof. Let us first note that for any subset S of V, we have
span(7'(S)) = T'(span(S)).

Indeed: since S C span(S), then T(S) C T(span(S)). Since the image of a subspace of V is a
subspace of W, we have that T'(span(S)) is a subspace of W that contains T'(S), and therefore
we must have that span(T'(S)) C T'(span(5)).

Conversely, given v € span(S), we can express v as v = a181 + - - - + aps,, for some s; € S. Then
T(v)=T(a181+ -+ ansy) =a1T(s1) + - + a,T(sn) € span(T(S)).

Therefore, T'(span(S)) C span(7(S)), which proves the equality.

(i) = (ii) Suppose that S is a generating set for V. Since T is surjective, we have that T (V) = W.
So W =T (V) = T(span(S)) = span(7T'(S)), and we conclude that T'(S) generates W, as desired.
(ii) = (i) Suppose that T maps generating sets to generatings sets. Since V generates V, then

T(V) must be a generating set for W. Therefore, span(T(V)) = W. But T(V) is already a
subspace, so span(T(V)) = T(V). Therefore, T(V) = W, so T is surjective, as claimed. O



