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1. Summary

If X is a finite spectrum, there is an Adams-Novikov spectral sequence

Hs
c (Sn;πt(En ∧X))⇒W (Fpn)⊗Zp π∗(LK(n)X).

It is well-known that taking Gal(Fpn/Fp)-fixed points of this spectral sequence
yields the spectral sequence

Hs
c (Sn oGal(Fpn/Fp);πt(En ∧X))⇒ π∗(LK(n)X).

Part of this last assertion is the statement that

Hs
c (Sn;πt(En ∧X))Gal ∼= Hs

c (Sn oGal(Fpn/Fp);πt(En ∧X)).

In this note, we give a proof of this isomorphism.

2. The details

Let En be the Lubin-Tate spectrum with En∗ = W (Fpn)[[u1, ..., un−1]][u±1],
where the degree of u is −2 and the complete power series ring over the Witt
vectors is in degree zero. Let Gn = SnoGal(Fpn/Fp), where Sn is the nth Morava
stabilizer group.

Definition 2.1. Let Kn,∗(X) = lim←− I π∗(En ∧MI ∧X), for an arbitrary spectrum
X .

We recall Proposition 7.4 of [4]: If Kn,∗(X) is finitely generated over En∗, then
there is a spectral sequence

E∗,∗2 = H∗∗c (Sn;Kn,∗(X))⇒W (Fpn)⊗Zp π∗(LK(n)X).(2.1)

Remark 2.2. The second “∗” in the superscript of the continuous cohomology
above has the following meaning: if N∗ is a graded Gn-module,

H∗tc (Sn;N∗) = H∗c (Sn;Nt).

Spectral sequence (2.1), constructed by Hopkins and Ravenel (see [3, §2.2], [5,
pg. 241], [7, pg. 46], and the proof in [4, pg. 116]), is constructed by taking an
inverse limit over {I} of Adams-Novikov spectral sequences of the form

E∗,∗2 = W (Fpn)⊗ZpExt∗,∗BP∗BP (BP∗, BP∗(LnX∧MI))⇒W (Fpn)⊗Zpπ∗(LnX∧MI),

and applying the Morava change of rings isomorphism

W (Fpn)⊗Zp Ext∗,∗BP∗BP (BP∗, BP∗(LnX ∧MI)) ∼= H∗∗c (Sn;πt(En ∧MI ∧X)).
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Now assume that X is a finite spectrum, so that Kn,∗(X) = π∗(En ∧ X) is a
finitely generated En∗-module.

Notice that Gal acts on the abutment of (2.1) by acting only on the Witt vec-
tors. There is also a canonical action of Gal on the E2 term: given σ ∈ Gal, the
automorphism

σ : Mapc(S
k
n, π∗(En ∧MI ∧X))→ Mapc(S

k
n, π∗(En ∧MI ∧X))

is defined by
(σ · h)(s1, ..., sk) = σ · h(σ−1s1, ..., σ

−1sk).

This induces the action of Gal on

Hs
c (Sn;Kn,∗(X)) ∼= lim←− I H

∗
c (Sn;π∗(En ∧MI ∧X)).

We recall the following definition from [1, Lem. 5.4] and [2, proof of Lem. 3.22].

Definition 2.3. Let N be a W (Fpn)-module and a Gal-module. If Gal acts by Zp-
module automorphisms and if σ(cm) = (σc)(σm), whenever σ ∈ Gal, c ∈ W (Fpn),
and m ∈ N , then N is called a twisted Gal-W (Fpn) module.

We will make use of the following, a version of [1, Lem. 5.4].

Lemma 2.4. If N is a twisted Gal-W (Fpn) module, then the inclusion NGal ↪→ N
extends to a Gal-equivariant isomorphism

W (Fpn)⊗Zp NGal → N

of W (Fpn)-modules.

Lemma 2.5. If N is a twisted Gal-W (Fpn) module with the discrete topology, then,
for any j ≥ 0, Mapc(S

j
n, N) is a twisted Gal-W (Fpn) module.

Proof. It is clear that Mapc(S
j
n, N) is a W (Fpn)-module, and the Gal-action is as

above.
We verify that the module structure is twisted:

(σ · ch)(s1, ..., sj) = σ · ((ch)(σ−1s1, ..., σ
−1sj)) = (σc)(σ · h(σ−1s1, ..., σ

−1sj))

= (σc)((σ · h)(s1, ..., sj)) = ((σc)(σ · h))(s1, ..., sj).

Finally, the following shows that Gal acts by Zp-homomorphisms, using the fact
that Gal acts trivially on Zp: for any p-adic integer c,

(σ · (ch))(s1, ..., sj) = c(σ · h(σ−1s1, ..., σ
−1sj)) = (c(σ · h))(s1, ..., sj).

�
Lemma 2.6. If N is a finite twisted Gal-W (Fpn) module with the discrete topology,
then

Hs(Gal;N) = 0, s > 0.

Proof. Since Sn Co Gn, the continuous projection Gn → Gn/Sn ∼= Gal makes N
a discrete Gn-module. Thus, the hypotheses imply that N is a discrete twisted
Gn-W (Fpn) module [2, Def. 3.21].

Recall [op. cit., pg. 23] that given a discrete twisted Gn-W (Fpn) module N and
a closed subgroup H of Gn, there is a cochain complex D∗H(N) with H∗(D∗H(−))
equivalent to H∗c (H ;−) on the category of discrete twisted Gn-W (Fpn) modules.
The cochains are given by

Dj
H(N) = Map`c(S

j+1
n , N)H ,
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where the action on h ∈Map`c(S
k
n, N), by (g, σ) ∈ Sn oGal = Gn, is given by

((g, σ)h)(s1, ..., sk) = σ · h(σ−1(g−1s1), σ−1s2, ..., σ
−1sk),

and the differential δ : Map`c(S
j+1
n , N)H → Map`c(S

j+2
n , N)H is defined by

δh(s0, s1, ..., sj+1) =
(∑j

i=0(−1)ih(s0, ..., sisi+1, ..., sj+1)
)

+ (−1)j+1s−1
j+1h(s0, ..., sj).

Again, we point out that in the above, σ−1si refers to the action of Gal on Sn,
instead of being the product of two elements in Gn.

When H = Gal, the Gal-action specified above is identical to the action defined
previously. Also, we need to verify that the Gal-action on the cochain complex
Mapc(S

∗+1
n , N) is by maps of cochain complexes. We compute:

(σ · δ(h))(s0, ..., sj+1) = σ · (δ(h)(σ−1s0, ..., σ
−1sj+1))

=
(∑j

i=0(−1)iσ ·h(σ−1s0, ..., (σ
−1si)(σ

−1si+1), ..., σ−1sj+1)
)

+ (−1)j+1σ · ((σ−1sj+1)−1h(σ−1s0, ..., σ
−1sj)).

Recall that for s ∈ Sn, σs = σsσ−1, where the right-hand side is a product of
elements in Gn, and for (s, σ), (s′, σ′) ∈ Sn o Gal, (s, σ)(s′, σ′) = (s(σ · s′), σσ′).
Therefore,

(σ−1si)(σ
−1si+1) = σ−1siσσ

−1si+1σ = σ−1 · (sisi+1).

Also,

σ · ((σ−1sj+1)−1h(σ−1s0, ..., σ
−1sj)) = (σ(σ−1sj+1)−1) · h(σ−1s0, ..., σ

−1sj),

where σ(σ−1sj+1)−1 is a product of elements in Gn. Thus,

σ(σ−1sj+1)−1 = σ(σ−1sj+1σ)−1 = (1, σ)(σ−1s−1
j+1σ, 1)

= (σ · (σ−1s−1
j+1σ), σ) = (s−1

j+1, σ).

Also,

(δ(σh))(s0, ..., sj+1) =
(∑j

i=0(−1)i(σh)(s0, ..., sisi+1, ..., sj+1)
)

+

(−1)j+1s−1
j+1(σh)(s0, ..., sj)

=
(∑j

i=0(−1)iσ · h(σ−1s0, ..., σ
−1 · (sisi+1), ..., σ−1sj+1)

)
+

(−1)j+1s−1
j+1(σ · h(σ−1s0, ..., σ

−1sj)).

Since s−1
j+1σ = (s−1

j+1, 1)(1, σ) = (s−1
j+1, σ), we see that σ · δ(h) = δ(σh), so that σ is

indeed a map of cochain complexes.
Since Mapc(S

j
n, N) is a twisted Gal-W (Fpn) module, there is a Gal-equivariant

isomorphism

W (Fpn)⊗Zp Mapc(S
j
n, N)Gal → Mapc(S

j
n, N)

of W (Fpn)-modules. As in [1, proof of Lem. 5.15], since Gal acts by maps of cochain
complexes and the above isomorphism is induced by the inclusion, there is actually
an isomorphism

W (Fpn)⊗Zp Mapc(S
∗+1
n , N)Gal → Mapc(S

∗+1
n , N)
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of cochain complexes. Since W (Fpn) ∼=
⊕n

i=1 Zp is a free Zp-module, there is an
isomorphism ⊕n

i=1H
∗(Gal;N) ∼=

⊕n
i=1H

∗(Mapc(S
∗+1
n , N)Gal)

∼= H∗(Mapc(S
∗+1
n , N)) ∼= H∗({e};N).

BecauseHs({e};N) = 0, whenever s > 0, the conclusion of the theorem follows. �

Theorem 2.7. If X is a finite spectrum, then for all s and t,

Hs
c (Sn;πt(En ∧MI ∧X))Gal ∼= Hs

c (Gn;πt(En ∧MI ∧X)).

Proof. Consider the canonical restriction map

Hs
c (Gn;πt(En ∧MI ∧X))→ Hs

c (Sn;πt(En ∧MI ∧X))Gal,

and the Lyndon-Hochschild-Serre spectral sequence

Ep,q2 = Hp(Gal;Hq
c (Sn;πt(En ∧MI ∧X)))⇒ Hp+q

c (Gn;πt(En ∧MI ∧X)).

It is enough to prove that Ep,q2 = 0 for all p ≥ 1, q ≥ 0, since this implies that

Hq
c (Gn;πt(En ∧MI ∧X)) ∼= H0(Gal;Hq

c (Sn;πt(En ∧MI ∧X)))

∼= Hq
c (Sn;πt(En ∧MI ∧X))Gal.

As a finite Gn-module, πt(En ∧MI ∧X) is also an En,0-module with the En,0-
module structure map Gn-equivariant (since Gn acts on En∗ by ring automor-
phisms). Then W (Fpn)⊂ En,0 implies that πt(En∧MI∧X) is a twisted Gal-W (Fpn)
module.

By the preceding result, we only have to prove that

H = Hq
c (Sn;πt(En ∧MI ∧X))

is a finite twisted Gal-W (Fpn) module with the discrete topology. Since Sn is a com-
pact p-adic analytic group, by [8, Prop. 4.2.2], H is a finite discrete abelian group.
By [6, Remark 7.2.2], Gal acts on H by automorphisms, and it is easy to check that
these automorphisms are Zp-homomorphisms. Since each Mapc(S

j
n, πt(En ∧MI ∧

X)) is a W (Fpn)-module, the maps in the cochain complex of continuous cochains
are W (Fpn)-homomorphisms, so that H is a W (Fpn)-module. Also, it is easy to
check that H is twisted, since the continuous cochains are. Thus, H is a finite
twisted Gal-W (Fpn) module and a discrete abelian group. �

Corollary 2.8. If X is a finite spectrum, then, for all s and t,

Hs
c (Sn;Kn,t(X))Gal ∼= Hs

c (Gn;πt(En ∧X)).

Proof. We have:

Hs
c (Sn;Kn,t(X))Gal ∼= lim←− Gal lim←− I H

s
c (Sn;πt(En ∧MI ∧X))

∼= lim←− I H
s
c (Gn;πt(En ∧MI ∧X)).

�

Therefore, as stated in [7, pg. 46], after taking Gal-fixed points, the spectral
sequence in (2.1) becomes

H∗c (Gn;π∗(En ∧X))⇒ π∗(LK(n)X).(2.2)
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