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1. SUMMARY
If X is a finite spectrum, there is an Adams-Novikov spectral sequence
HS(Sn; Wt(En A X)) = W(Fpn) ®Zp Ty (LK(n)X)

It is well-known that taking Gal(Fp/F,)-fixed points of this spectral sequence
yields the spectral sequence

HZ(Sn % Gal(Fpn /Fp); mi(En A X)) = mu(Lg(n) X)-
Part of this last assertion is the statement that
HE (S mi(Ey A X)) G2 22 H3(S,, x Gal(Fpn /F,); m(Ey A X)).

In this note, we give a proof of this isomorphism.

2. THE DETAILS

Let E, be the Lubin-Tate spectrum with E,. = W(Fpn)[[u1, ..., un—1]][u*?],
where the degree of u is —2 and the complete power series ring over the Witt
vectors is in degree zero. Let G,, = S, x Gal(F,n /F,), where S, is the nth Morava
stabilizer group.

Definition 2.1. Let Ky . (X) = lim ; 7, (En A My A X), for an arbitrary spectrum
X.

We recall Proposition 7.4 of [4]: If K, (X)) is finitely generated over E,., then
there is a spectral sequence

(2.1) B = H (Sn; Knw (X)) = W(Fpn) @z, Tu(Li(n)X)-

Remark 2.2. The second “x” in the superscript of the continuous cohomology
above has the following meaning: if N, is a graded G,-module,

H'(Sp; No) = HE(Sn; Ny).

Spectral sequence (2.1), constructed by Hopkins and Ravenel (see [3, §2.2], [5,
pg. 241], [7, pg. 46], and the proof in [4, pg. 116]), is constructed by taking an
inverse limit over {I} of Adams-Novikov spectral sequences of the form

E;" =W (Fpr)Qz,Extp gp(BPs, BPo(Ly XAMp)) = W(Fpn)®z, me (L X AMf),
and applying the Morava change of rings isomorphism

W (Fpn) ®z, Extyh pp(BPe, BP.(LyX A Mp)) & H*(Sp; 7 (En A My A X)),
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Now assume that X is a finite spectrum, so that K, .(X) = m.(E, A X) is a
finitely generated E,.-module.

Notice that Gal acts on the abutment of (2.1) by acting only on the Witt vec-
tors. There is also a canonical action of Gal on the E5 term: given o € Gal, the
automorphism

o: Map, (S, 7. (E,, A M7 A X)) — Map,(S¥, 7. (E,, A M1 A X))
is defined by
(o -Rh)(s1,.r88) =0 -h(o L s1,..., 07 sp).
This induces the action of Gal on
H3(Sn; Kn (X)) = lim 1 HX(Sn;m(En A M1 A X)).
We recall the following definition from [1, Lem. 5.4] and [2, proof of Lem. 3.22].

Definition 2.3. Let N be a W(Fp»)-module and a Gal-module. If Gal acts by Z,-
module automorphisms and if o(em) = (oc¢)(om), whenever o € Gal, ¢ € W(Fpn),
and m € N, then N is called a twisted Gal-W (Fp») module.

We will make use of the following, a version of [1, Lem. 5.4].

Lemma 2.4. If N is a twisted Gal-W (Fn) module, then the inclusion NG — N
extends to a Gal-equivariant isomorphism

W (Fpn) ®z, N - N
of W (Fpn)-modules.

Lemma 2.5. If N is a twisted Gal-W (Fpn) module with the discrete topology, then,
for any j >0, Map,(S2, N) is a twisted Gal-W (Fpn) module.

Proof. 1t is clear that Map,(S7, N) is a W (Fp» )-module, and the Gal-action is as
above.
We verify that the module structure is twisted:

(0 - ch)(s1,.y85) = 0 - ((ch) (0 s1,...,07 1 s5)) = (0¢) (0 - (o s, .,07 1 s)

= (o¢)((o - h)(s1,..., 55)) = ((o¢) (o - h))(s1, .., 55).
Finally, the following shows that Gal acts by Z,-homomorphisms, using the fact
that Gal acts trivially on Z,: for any p-adic integer c,

(o - (ch))(s1,-wy85) = c(a - h(o ™ 51, .07 85)) = (c(o - R)) (515, 55)-
(]

Lemma 2.6. If N is a finite twisted Gal-W (F,n) module with the discrete topology,
then
H*(Gal;N) =0, s>0.

Proof. Since S,, <, Gy, the continuous projection G,, = G, /S, = Gal makes N
a discrete Gp-module. Thus, the hypotheses imply that IV is a discrete twisted
Gn-W (Fpn) module [2, Def. 3.21].

Recall [op. cit., pg. 23] that given a discrete twisted Gp-W (Fpn) module N and
a closed subgroup H of G,, there is a cochain complex D%, (N) with H*(D}(—))
equivalent to HY(H;—) on the category of discrete twisted G,-W (Fpn) modules.
The cochains are given by

D}{(N) = Mapﬁ(sngrl? N)Ha
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where the action on h € Mapﬁ(S’,’j, N), by (g,0) € Sp, x Gal = Gy, is given by
((g,0)R) (51, ..o 1) = - h(c (g7 s1),0 s, ..y 0 sy,
and the differential 6: Map®(SJ*!, N)# — Map®(Si+2, N)H is defined by

6h(80, S1y-eey Sj+1) :( gzo(—l)ih(SQ, ey SiSi41y eeny Sj+1))

+ (—1)j+18j7ﬁ1h(8(), ceey Sj).

Again, we point out that in the above, o~ !s; refers to the action of Gal on S,
instead of being the product of two elements in G,,.

When H = Gal, the Gal-action specified above is identical to the action defined
previously. Also, we need to verify that the Gal-action on the cochain complex
Map, (STt N) is by maps of cochain complexes. We compute:

(0-8(h))(S0y -y Sj+1) = 0 - (§(R) (0 50, ey 0 5511))
= (X0 (—1) 0 h(0 50, ey (07 8:) (07 8i41), ooy 0 5541))
+ (=1 o (07 sj01) Th(o s, s 0t s))).
Recall that for s € S,, 0s = oso~!, where the right-hand side is a product of
elements in Gy, and for (s,0),(s',0') € S, x Gal, (s,0)(s',0") = (s(o - §'),00").
Therefore,
(07181‘)(0'718141) = 0'7181‘0'0'7181410' =gt (si8i+1).

Also,

o (07 sj11) th(o s,y 07ts)) = (0(0 7 s541) ) - Ao tsg, .y 0t s)),

1

where o(071s;11)7! is a product of elements in G,,. Thus,

o(0 7 sj01) = 0(07 sj00) 7 = (1,0) (07 s5 0, 1)
=(o- (o_ls;_:lg),a) = (8;_&1,0).

Also,

(6(ch))(s0, -y Sj41) = ( g:()(_l)i(ah)(so,~~,5¢8i+1,~~,5j+1)) +
(—l)jﬂsj__&l(ah)(so, 0y S5)
= ( gzo(—l)ig . h(O’flso, ...,0’71 . (si8i+1), ...,0’718]41)) +

(—l)jﬂsj_j1 (o-h(o 50,y 07 1s5)).

Since sj_jla = (sj_jl, 1)(1,0) = (sj_ﬁl,a), we see that o - 6(h) = §(ch), so that o is

indeed a map of cochain complexes.

Since Map, (57, N) is a twisted Gal-W (F,» ) module, there is a Gal-equivariant
isomorphism

W(FP") ®Zp Mapc(S'Z,v N)Gal - Ma’pc(S'Z,? N)
of W (Fpn )-modules. Asin [1, proof of Lem. 5.15], since Gal acts by maps of cochain

complexes and the above isomorphism is induced by the inclusion, there is actually
an isomorphism

W(FP") ®Zp Mapc(SZJrlv N)Gal — Mapc(sz+17 N)
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of cochain complexes. Since W(Fpn) = @), Z, is a free Zy,-module, there is an
isomorphism

@i H*(Gal; N) = @ H* (Map, (S5, N))
= H*(Map.(S;*!,N)) = H*({e}; N).

Because H*({e}; N) = 0, whenever s > 0, the conclusion of the theorem follows. O
Theorem 2.7. If X is a finite spectrum, then for all s and t,

HE(Sp;me(En A My A X)) 22 HS(G s e (Bn A My A X)).
Proof. Consider the canonical restriction map

HE(Gr; (B A My A X)) = HE(Sp; mi(En A My A X))S2
and the Lyndon-Hochschild-Serre spectral sequence

EY? = HP(Gal; HY(Sy; mi(En A My A X)) = HPTY(Gy; mi(En A My A X)).
It is enough to prove that E5'? =0 for all p > 1,q > 0, since this implies that
HY(Gp;m(Ep A Mp A X)) =2 H(Gal; H(S,; 7 (B A M1 A X))
= HI(S,; mi(En A My A X))

As a finite Gy,-module, m(E, A M1 A X) is also an E,, o-module with the E, o-
module structure map G,-equivariant (since G,, acts on E,. by ring automor-
phisms). Then W (F,») C E,, o implies that m¢(E, AM1AX) is a twisted Gal-W (Fpn)
module.

By the preceding result, we only have to prove that

H = HY(Sp; m(En A My A X))

is a finite twisted Gal-W (Fp» ) module with the discrete topology. Since Sy, is a com-
pact p-adic analytic group, by [8, Prop. 4.2.2], H is a finite discrete abelian group.
By [6, Remark 7.2.2], Gal acts on H by automorphisms, and it is easy to check that
these automorphisms are Z,-homomorphisms. Since each Map,(S7, 7 (E, A M1 A
X)) is a W(Fpn)-module, the maps in the cochain complex of continuous cochains
are W (Fpn )-homomorphisms, so that H is a W (Fp»)-module. Also, it is easy to
check that H is twisted, since the continuous cochains are. Thus, H is a finite
twisted Gal-W (FF,») module and a discrete abelian group. O

Corollary 2.8. If X is a finite spectrum, then, for all s and t,
H2 (S0 Ko (X)) 22 HE (G (B A X)),
Proof. We have:
HE (83 K (X)) 22 lim ot Ui 1 HE (S mi(En A My A X))
> lim ; H)(Gp;m(En A M1 A X)).
O

Therefore, as stated in [7, pg. 46], after taking Gal-fixed points, the spectral
sequence in (2.1) becomes

(2.2) H (G (B A X)) = T Lic(ny X)-
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