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ABSTRACT. When G is a profinite group and H and K are closed subgroups,
with H normal in K, it is not known, in general, how to form the iterated ho-
motopy fixed point spectrum (ZhH)hK/H, where Z is a continuous G-spectrum
and all group actions are to be continuous. However, we show that, if G = G,
the extended Morava stabilizer group, and Z = E(En/\X), where L is Bousfield
localization with respect to Morava K-theory, E;, is the Lubin-Tate spectrum,
and X is any spectrum with trivial G,-action, then the iterated homotopy fixed
point spectrum can always be constructed. Also, we show that (EZH)hK/H is
just EZK, extending a result of Devinatz and Hopkins.

1. INTRODUCTION

Let G be a profinite group and let X be a continuous G-spectrum. Thus, X is
the homotopy limit of a tower

X X1 = Xg e or e Xj -+

of discrete G-spectra that are fibrant as spectra (see Section 2 for a quick review of
this notion that is developed in detail in [2]). Let H and K be closed subgroups of
G, with H normal in K. Note that H is closed in K, and K, H, and the quotient
K/H are all profinite groups.

It is easy to see that the fixed point spectrum X# is a K/H-spectrum and

Now, there is a model category 7 of towers of discrete G-spectra and homotopy
fixed points are the total right derived functor of
lim(—)%: T — spectra
K3

(see [2, Section 4, Remark 8.4] for more detail). Thus, as noted in [5, Introduction],
since homotopy fixed points are defined in terms of fixed points, it is reasonable
to wonder (a) if the H-homotopy fixed point spectrum X" is a continuous K/H-
spectrum; and (b) assuming that (a) holds, if there is an equivalence

(11) (XhH)hK/HﬁXhK,

(XhH)hK/H

where is the iterated homotopy fixed point spectrum.
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It is not hard to see that, if H is open in K, then the isomorphism of (1.1) always
holds; see Theorem 3.4 for the details. However, if H is not open in K, then the
situation is much more complicated. In this case, it is not known, in general, how
to construct X as a K /H-spectrum, and, even when we can construct X hH a5
a K/H-spectrum, it is not known, in general, how to view X"# as a continuous
K/H-spectrum. Thus, when H is not open in K, additional hypotheses are needed
just to get past step (a) - see Sections 3 and 4 for a discussion of this point.

Now we consider the above issues in an example that is of interest in chromatic
stable homotopy theory. Let n > 1, let p be a fixed prime, and let K(n) be the
nth Morava K-theory spectrum (so that K (n), = F,[vF!], where |v,| = 2(p" —1)).
Then, let E,, be the Lubin-Tate spectrum: E,, is the K(n)-local Landweber exact
spectrum whose coefficients are given by Ey. = W (Fpn)[[u1, ..., up—1]][u™!], where
W (Fpn) is the ring of Witt vectors of the field Fyn, each u; has degree zero, and
the degree of u is —2.

Let S, be the nth Morava stabilizer group (the automorphism group of the
Honda formal group law T',, of height n over F,») and let

Gn = S’n, X Gal(Fpn /Fp)

be the extended Morava stabilizer group, a profinite group. Then, given any closed
subgroup K of G, let E"X be the construction, due to Devinatz and Hopkins,
that is denoted E"¥ in [8]. This work ([8]) shows that the spectra E4*X behave
like homotopy fixed point spectra, though they are not constructed with respect to
a continuous K-action on F,,.

As in [2], let E'E be the K-homotopy fixed point spectrum of E,,, formed with
respect to the continuous K-action on E,. In [4] (see [1, Theorem 8.2.1] for a
proof), the author showed that

(1.2) EhE ~ pahk.

for all K closed in G,,. Now, as explained in [5, pg. 8], the profinite group K/H
acts on B4 Suppose that H is open in K, so that K/H is a finite group. Then,
Devinatz and Hopkins (see [8, Theorem 4 and Section 7]) showed that the canonical
map
is a weak equivalence. Thus, by applying (1.2), we obtain that (ER)ME/H ~ phi
Alternatively, as mentioned earlier, since E,, is a continuous K-spectrum and H is
open in K, this same conclusion follows immediately from Theorem 3.4. Therefore,
it is clear that, for F,, and the finite quotients K/H, the iterated homotopy fixed
point spectrum behaves as desired - that is, the equivalence of (1.1) is valid.
However, when K/H is not finite, the papers [8, 5] do not construct (E)E/H
and hence, they are not able to consider the question of whether this spectrum is
just EI"K_ Thus, in this more complicated situation, we show how to construct
(EdnH )hK/ H_ More precisely, we prove the following result, where L denotes the
Bousfield localization functor Lg ).

Theorem 1.3. Let H and K be any closed subgroups of G,,, such that H is a
normal subgroup of K, so that EW"H carries the natural K/H-action. Also, let
X be any spectrum (with no K/H-action). Then the spectrum L(EI" A X) is a
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continuous K/H-spectrum, with K/H acting diagonally on E(Efth A X) (X has
the trivial K/H-action,).

The theory of [2] (reviewed in Section 2), applied to Theorem 1.3, automatically
yields
(LB 7 X))/

as the homotopy fixed points with respect to the continuous K/H-action. Running
through the argument for Theorem 1.3 again, by omitting the (— A X) everywhere,
gives the desired object (E4H)hK/H By applying (1.2), we immediately find that
the iterated homotopy fixed point spectrum (E"H )hK/ H ig always defined.
In Section 6, we use the descent spectral sequence for (E(Efth A Ep))
where K/H is acting trivially on (the second) E,, to prove the following result,
which says that the iterated homotopy fixed point spectrum for E,, behaves as in
(1.1), if one smashes with E,, before taking the K/H-homotopy fixed points.

hK/H
)

Theorem 1.4. If H and K are as in Theorem 1.3, then
(L(E™H A E)VEH ~ T(EWE A E,).

In Section 7, we use (1.2) to prove that the iterated homotopy fixed point spec-
trum for F,, behaves as desired.

Theorem 1.5. Let H and K be as above. Then there is an equivalence

(EhH)hK/H ~ EhK.

These iterated homotopy fixed point spectra, (EM)MS/H  play a useful role in
chromatic homotopy theory. A major conjecture in this field is that ., (E(SO)) isa
module of finite type over the p-adic integers Z,. An important way to tackle this
conjecture is due to Devinatz (see [6, 7]), and a key part of his program is to find
a closed subgroup Hy of G, and a finite spectrum Z that is not rationally acyclic,
such that 7, (E!o A Z) is of finite type and Hj is a part of a chain

Hy<xH, <« ---<H =G,

of closed subgroups.
For suppose that, for some i < t, m,(EM: A Z) is of finite type. By [5, (0.1)]
and Theorem 7.6, there is a strongly convergent descent spectral sequence

HE (oo His (R A 2)) = m_ (BLF M/ He p 7).

where the Es-term is continuous cohomology for profinite Z,,[[H;+1/H;]]-modules
(defined just above (6.3)). As explained in [6, pg. 133], various properties of these
cohomology groups and the spectral sequence imply that

m (BRI Z) o (BT 1 2)

has finite type. Thus, induction shows that m, (E"®» A Z) 2= «,(L(Z)) is of finite
type, since E"Gn ~ L(5°) (by [8, Theorem 1(iii)], [1, Corollary 8.1.3]). In partic-
ular, since Z is not rationally acyclic, it follows that 71*(2(50)) would then have
finite type (see [7, pg. 2]).

Other examples of the utility of the K/H-action on E*M! with K/H an infinite
profinite group, are in [8, Section 8] and [13, Section 2]: in the first case, the action

~

helps (see [8, Proposition 8.1]) to construct an interesting element in m_;(L(S°)),
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for all n and p ([8, Theorem 6]), and, in the second case, the action plays a role
(see [13, Theorem 10]) in computing 7, (L2V (1)), at the prime 3.

To study the iterated homotopy fixed points of E,, we consider the notion of
a hyperfibrant discrete G-spectrum, and we show that, for such a spectrum, the
iterated homotopy fixed point spectrum is always defined in a natural way (see
Definitions 4.1 and 4.5). Also, Lemma 4.9 shows that if a discrete G-spectrum X
is a hyperfibrant discrete K-spectrum, then, for any H closed in G and normal in
K, (1.1) is valid. Additionally, we show that, for a totally hyperfibrant discrete
G-spectrum, (1.1) holds for all H and K closed in G, with H normal in K (see
Definition 4.10).

Given distinct primes p and ¢, for G = Z/p x Z;, Ben Wieland has found an
example of a discrete G-spectrum X that is not a hyperfibrant discrete G-spectrum.
In the Appendix, Wieland and the author provide the details for this example. As
explained in Section 3 (after Theorem 3.4), for discrete G-spectra that are not
hyperfibrant, there are situations where it is not known how to define a continuous
K /H-action on X" so that it is also not known how to define the K/H-homotopy
fixed points of X"# | with respect to a continuous K/H-action.

At the end of Section 7, we point out that the results in this paper apply to
certain other spectra that are like F,, in that they replace the role of F,» and the
height n Honda formal group law I',, with certain other finite fields and height n
formal group laws, respectively.

In [1, Theorem 7.1.1], Mark Behrens and the author show that if a spectrum E
is a consistent profaithful k-local profinite G-Galois extension of A of finite ved,
then the map ¢(E)§ of (3.5) is a k.-equivalence, for all K closed in G, where
Ly(=) ~ Ly Lp(—), with M a finite spectrum and 7' smashing, and A is a k-local
commutative S-algebra. Behrens and the author use this result to show that if the
closed subgroup K is normal in G, then (EM5)G/K ~ EhG (see [1, Proposition
7.1.4, Theorem 7.1.6]), where, for example, (=)™ is the right derived functor
of the fixed points (—)%, with respect to the k-local model structure on discrete
G-spectra (see [1, Section 6.1]).

We point out that, independently of our work, in [11, Sections 10.1, 10.2], Hal-
vard Fausk considers the iterated homotopy fixed point pro-spectrum for pro-G-
orthogonal spectra, and the associated descent spectral sequence, by making gen-
eral use of Postnikov towers. However, our approach to iterated homotopy fixed
points is different in technique from his: instead of Postnikov towers, we rely on
the notion of hyperfibrancy, which, in the case of F,,, makes use of technical results
about the Morava stabilizer group (see [8, the proof of Theorem 4.3]).

In [10, Lemma 10.5], it is shown that, if G is any discrete group, with K any
normal subgroup, and, if X is a G-space, then X" is homotopy equivalent to
(XK )hG/ K This result, described as verifying a “transitivity property” of ho-
motopy fixed points, is, as far as the author has been able to determine, the first
reference to iterated homotopy fixed points in the literature. Given an S-module
F and a faithful F-local G-Galois extension A — B of commutative S-algebras,
where G is a stably dualizable group, [20, Theorem 7.2.3] shows that, if K is an
allowable normal subgroup of G, then (B"¥)hG/K ~ BhG,

We make a comment about notation in this paper. If a limit or colimit is in-
dexed over N, as in limy G/N, then the (co)limit is indexed over all open normal
subgroups of GG, unless stated otherwise.
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2. A SUMMARY OF THE THEORY OF CONTINUOUS (G-SPECTRA AND THEIR
HOMOTOPY FIXED POINTS

This section contains a quick review of material from [2] that is needed for our
work in this paper. We begin with some terminology.

All of our spectra are Bousfield-Friedlander spectra of simplicial sets. Let G be a
profinite group. A discrete G-set is a G-set S such that the action map G x S — S
is continuous, where S is regarded as a discrete space.

Definition 2.1. A discrete G-spectrum X is a G-spectrum such that each simplicial
set X}, is a simplicial object in the category of discrete G-sets. Spt, is the category
of discrete G-spectra, where the morphisms are G-equivariant maps of spectra.

Theorem 2.2 (]2, Theorem 3.6]). Sptq is a model category, where f in Sptes is a
weak equivalence (cofibration) if and only if it is a weak equivalence (cofibration) of
spectra.

It is helpful to note that, by [2, Lemma 3.10], if X is fibrant in Spt, then X is
fibrant as a spectrum. In this paper, we often take the smash product (in spectra)
of a discrete G-spectrum X with a spectrum Y that has no G-action (and we never
take the smash product in the case where Y has a non-trivial G-action). Then
(following [2, Lemma 3.13]), since X, where N is an open normal subgroup of G,
is a G/N-spectrum, the isomorphisms

XANY = (cojl\'}mXN) ANY = cojlvim(XN AY)
show that X AY is also a discrete G-spectrum.

Definition 2.3. If X € Sptg, then let X — Xy g — * be a trivial cofibration
followed by a fibration, all in Spt. Then X% = (X; )€,

When G is a finite group, this definition is equivalent to the classical definition
of X"¢ for a finite discrete group G (see [2, Section 5]).
Definition 2.4. A tower of discrete G-spectra {X;} is a diagram
X()<—X1HX2<—~--
in Spt, such that each X is fibrant as a spectrum.
Definition 2.5. If {X;} is a tower of discrete G-spectra, then holim; X; is a con-
tinuous G-spectrum. Also, holim,(X;)"“ is the G-homotopy fized point spectrum of

the continuous G-spectrum holim; X;. Given a tower {X;}, we write X = holim; X;
and XhG = holim,- (Xi)hG.

We call the above construction “homotopy fixed points” because: (1) if G is a
finite discrete group, then the above definition agrees with the classical definition
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of X" (see [2, Lemma 8.2]); and (2) it is the total right derived functor of fixed
points in the appropriate sense (see [2, Remark 8.4]).

Before going further, we note the following. Given a tower {X;} of discrete
G-spectra, the continuous G-spectrum X and its homotopy fixed points are inde-
pendent of the tower in the following sense. Suppose that {X;} — {Y;} is a map of
towers of discrete G-spectra (that is, {Y;} is a tower of discrete G-spectra; for each
1, there is a morphism X; — Y; in Spt; and, for each ¢ > 0, the diagram

Xi—— Y,

I

Xig—Y

is commutative) such that each map X; — Y; is a weak equivalence in Spt.. Then,
since each X; — Yj; is also a weak equivalence of spectra, with both the source and
target fibrant spectra, the G-equivariant map X = holim; X; — holim; ¥; =Y is a
weak equivalence of spectra.

Additionally, let H be any closed subgroup of GG. By using functorial fibrant
replacement, each map (X;); g — (Y3)r,m is a weak equivalence in Spty, so that
each map (X;)" — (V)" is a weak equivalence of spectra, with both the source
and target fibrant spectra (by [2, Corollary 3.9]). Hence, the map

XM = holim(X;)"™ — holim(Y;)M! = yhH
is a weak equivalence.

Definition 2.6. We say that G has finite virtual cohomological dimension (finite
ved), and we write ved(G) < oo, if there exists an open subgroup U in G such that,
for some positive integer m, H:(U; M) = 0, for all s > m, whenever M is a discrete
U-module.

It is useful to note that if G is a compact p-adic analytic group, then G has finite
ved (see the explanation just before Lemma 2.10 in [2]).

Before stating the next result, we need some notation. When X is a discrete set,
let Map_.(G, X) denote the discrete G-set of continuous maps G — X, where the
G-action is given by (g- f)(¢') = f(d'g), for g,¢’ € G. Now consider the functor

Ta: Sptg — Sptg, X — I'g(X) = Map, (G, X),

where the action of G on Map, (G, X) is induced on the level of sets by the G-action
on Map,.(G, (Xg)1), the set of l-simplices of the pointed simplicial set Map_.(G, X),
where k,1 > 0.

Let Spt denote the category of spectra. Then the right adjoint to the forget-
ful functor U: Spt; — Spt is the functor Map.(G, —). Also, as explained in [2,
Definition 7.1], the functor ' forms a triple and there is a cosimplicial discrete
G-spectrum I', X. Given a tower {M;} of discrete G-modules, let H, (G; {M;})
denote continuous cohomology in the sense of Jannsen (see [17]).

Theorem 2.7 ([2, Theorem 8.8]). If G has finite ved and { X;} is a tower of discrete
G-spectra, then there is a conditionally convergent descent spectral sequence

ESt = wt_s(hoym(xi)hc) = m_o(XPE),
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where Ey' = m°m;(holim; (T8 (X;) 1.q)¥). If the tower of abelian groups {m:(X;)}
satisfies the Mittag-Leffler condition for each t € Z, then

Ey" 2 Hpo (G {m(X0)}).

3. ITERATED HOMOTOPY FIXED POINTS - A DISCUSSION

Let G be a profinite group, and let X be a continuous G-spectrum, so that
X = holim; X;, where each Xj is a discrete GG-spectrum that is fibrant as a spectrum.
(Every discrete G-spectrum Z is a continuous G-spectrum, in the sense that there
is a weak equivalence Z — holim; Zr ¢ that is given by the composition

7 =5 Zp g — lim Zy. ¢ — holim Z; g,
3 K3

which is G-equivariant, where holim; Z ¢ is a continuous G-spectrum and the limit
and holim are each applied to a constant diagram.) In this section, we consider
more carefully the iterated homotopy fixed point spectrum (X" )hK/ H and its
relationship with X"

The author thanks Mark Behrens and Paul Goerss for help with the next lemma
and its proof.

Lemma 3.1. Let G be a profinite group and let H be an open subgroup of G. If X
is a fibrant discrete G-spectrum, then X is a fibrant discrete H-spectrum.

Remark 3.2. If H is normal in G, then Lemma 3.1 is a consequence of [18, Remark
6.26], using the fact that the presheaf of spectra Homg(—, X) is globally fibrant in
the model category of presheaves of spectra on the site G—Setsgs (for an explanation
of this fact, see [2, Section 3]).

Proof of Lemma 3.1. Note that the forgetful functor U: Spt; — Spty has a left
adjoint Indg: Spty — Spty, where, as a spectrum, Indg(Z) can be identified with
the finite wedge \/G/H Z of copies of Z indexed by G/H.

Let X be a fibrant discrete G-spectrum. To show that X is fibrant in Spt,
we will show that the forgetful functor U preserves all fibrations. To do this, it
suffices to show that Indg preserves all weak equivalences and cofibrations. Thus,
we only have to show that if f: Y — Z is a map of discrete H-spectra that is a
weak equivalence (cofibration) of spectra, then IndZ (f) is also a weak equivalence
(cofibration) of spectra.

If f is a weak equivalence, then, as a map of spectra, . (Indg (f)) is equivalent
to @/ am«(f), which is an isomorphism, so that Indg (f) is a weak equivalence.

Now let f be a cofibration of spectra. Given n > 0, let, for example, Y,, be
the nth pointed simplicial set of Y (a Bousfield-Friedlander spectrum of simplicial
sets). Then fo: Yy — Zy and each induced map (S* A Z,) Ugsiny,) Yot1 — Zntr
are cofibrations of simplicial sets. It is easy to see that

WaZ(f)o: \/ Yo— \ %
G/H G/H
is a cofibration of simplicial sets. Also, the composition
(S* A \/Zn) U(S1AV ¢ Vo) (\/ Yo1) & \/ ((S" A Zp) Uisiay,) Yos1) — \/Zn+1
G/H G/H G/H G/H

is a cofibration of simplicial sets. Thus, Indg (f) is a cofibration of spectra. O
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Let G and H be as in Lemma 3.1. If X is a discrete G-spectrum, then Lemma
3.1 implies that

(3.3) X" = (X;.0)",

since X — Xy ¢ is a trivial cofibration in Spty.

For the rest of this section, let H and K be closed subgroups of G, with H normal
in K. The following result shows that, if H is open in K, then the equivalence of
(1.1) always holds.

Theorem 3.4. Let G be a profinite group with closed subgroups H and K, with H
normal in K. Given {X;}, a tower of discrete G-spectra, let X = holim; X; be a
continuous G-spectrum. If H is open in K, then there is a weak equivalence

XhK N (XhH)hK/H.

Proof. Since each X is a discrete H- and K-spectrum, X is a continuous H- and
K-spectrum. By (3.3),
X" = holim(X;)"! = holim((X;) s x)"

Since Homg (—, (X;)s k) is a fibrant presheaf of spectra on the site K —Setsyy, the
canonical map

X)) =H X; holim H K/H, (X; =~ holim((X; H

()" = Home (s, (X,).) — holim Homc (K/H, (X)) * ol ((X0) 1.1
is a weak equivalence, by [18, Proposition 6.39]. By (3.3), there is the equality
holim /77 ((X:) )™ = holimy, 5 (X;)"7, so that the previous sentence yields a
weak equivalence

X)) = holim(X;)".
(Xi) —>Ig/lgl( )

Note that both the source and target of this weak equivalence are fibrant spectra,
since, for any profinite group L, the functor (—)¥: Spt; — Spt preserves fibrant
objects (see [2, Corollary 3.9]).

Thus, there is a weak equivalence

XM = holim(X;)"® — holim holim(X;)" = holim X",
i i K/H K/H

Since the identity map X" — X"H where X" = holim; ((X;) k) is, of course,
a weak equivalence and a K/H-equivariant map, with X"# fibrant, we can make
the identification holim g, g XMH — (XhHYRE/H - completing the proof. O

It will be useful to define the following map. Given a discrete G-spectrum X,
the fibrant replacement X; ¢ — (Xs.¢)r,x and the identity

CGhNK _ 1 NK
cojl\}mX = cojl\}m(Xfyg) ,
which applies (3.3), induces the map
(3.5) Y(X)F: colim XMV 2 (X 6)" — (Xp)pa)™ = X5,

where the last equality is due to the fact that X — Xy o — (Xr.q)rk is a trivial

cofibration in Spty, with (Xfq)s k fibrant in Sptg. For convenience, we will

sometimes write ¢(X)$ as just 1.
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Now we consider the case when (1.1) is more difficult to understand; for the rest
of this section, unless stated otherwise, we assume that H is not open in K. Also,
since, when H = {e}, we have

(Xh{e})hK/{e} _ ((Xf,G){e})hK ~ )(hK7

we will assume that H # {e}. Additionally, we simplify the situation some by
assuming that the continuous G-spectrum X is a discrete G-spectrum.

First of all, in this case, consider the statement that Xy x is a fibrant object in
Spty;. When H is open in K, this statement is Lemma 3.1, which we proved by
showing that the forgetful functor U: Spty — Spty preserves fibrations, and we
did this by using the fact that U is a right adjoint. However, in general, when H is
not open in K, the forgetful functor U need not preserve limits, so that, in general,
it need not be a right adjoint (see [1, Section 3.6]).

Ben Wieland has found an example of a profinite group G’, with finite ved and
a closed normal subgroup H’, and a discrete G’'-spectrum Y, such that Y} ¢ is not
fibrant as a discrete H'-spectrum. For, if Y} ¢ is fibrant as a discrete H'-spectrum,
then the map ¥(Y)$, of (3.5) is a weak equivalence. But ¥(Y)%, is not a weak
equivalence. The details of this example are in the Appendix. This example proves
that, when H is closed and not open in K, a fibrant object in Spt - is not necessarily
fibrant in Spty;.

The above considerations show that, in general, there is no reason to expect that
Xy i is fibrant in Spty, and, without this fact, the above proof of Theorem 3.4
fails to work.

Now suppose that K has finite ved. By [3, Theorem 4.2], there is a map

: : . N
X — ]%oglirlr}(hokm I'c(Xsx))

that is a weak equivalence in Spty;, such that the target is a fibrant discrete H-
spectrum. Then, by [3, Corollary 5.4], we can make the identification

hH _ : . o N\H ~ . o H
X" (colimn(holim (X 1c)) )" = (holim T (X7.10))”.

so that X" is the K/H-spectrum (holima T'% (X k).

Notice that K/H is an infinite profinite group: if not, then H is a closed subgroup
of K with finite index, so H must be open in K, contrary to our assumption.
To form the K/H-homotopy fixed points of X" we need to know that X"
can be regarded as either a discrete K/H-spectrum or as a homotopy limit of a
tower of discrete K/H-spectra (or, more generally, as in [1], the homotopy limit
of a cofiltered diagram of discrete K/H-spectra), for these are the cases where
the K /H-homotopy fixed points are defined. However, in general, it is not known
how to do this. For example, the Appendix shows that Y"# " can not be regarded
as a discrete G /H'-spectrum (if it could be, then 7, (Y"#') is a discrete G’/H'-
module, which is false), so that, in general, it can not be assumed that X hH g a
discrete K/H-spectrum. Also, it is not known, in general, how to realize X" as
the homotopy limit of a tower or cofiltered diagram of discrete K/H-spectra. (For
example, letting []* denote cosimplicial replacement,

XhH ~ hogm(r;((Xf,K))H = Tot(IT"(T% (X ;1))

& hfln Tot,,(TT" (D% (Xf.x))™7)
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presents X"H as the limit of a tower of K/H-spectra, with each (I'% (X x))
a discrete K/H-spectrum (by the discussion just above Lemma 4.6). However,
Tot,, ([T°(T'% (X)) is not necessarily a discrete K/H-spectrum, since the in-
finite product HZ(F}((Xf_,K))H need not be a discrete K/H-spectrum, so this at-
tempt to present X" as a continuous K/H-spectrum fails.)

Let us consider in more detail whether or not X*¥ can be regarded as a discrete
K /H-spectrum. Note that

hH ~ . ° ) H ~ . . o . NH
X7 2 holim(I' (X, x))™ 2 holim colim (I (X7,5)) ™.

Also, there is a canonical K/H-equivariant map
U(X)K: colim X"V . xhl
N K
that is defined to be

1%04110% XMNH o ]cvo<1]i:§ hogm(r;((XﬁK))NH — holim vaoqhor}l((r;((xm))w.
Notice that the canonical map K/H — K/(NH) makes the source of ¥(X)K a
discrete K/H-spectrum, since holima (I'% (X x))V# is a K/(NH)-spectrum and
K/(NH) is a finite group.

If U(X)E is a weak equivalence, then X" can be identified with the dis-
crete K/H-spectrum colimy o, holima (% (X7 x))V#, and, thus, in this case,
(XPHYRE/H g defined (as (colimy , x holima (T4 (X x )V )M/ H) However,
once again, (X)X does not have to be a weak equivalence: if U(Y)$, were a
weak equivalence, then mo(Y"") must be a discrete G/H’-module, and this is
false.

Another way to express the failure of ¥(X)E to always be a weak equivalence is
by saying that the above holim and filtered colimit do not have to commute. How-
ever, there are conditions that guarantee that the holim and colimit do commute
(up to weak equivalence). Let J be any closed subgroup of K. Then there is a
homotopy spectral sequence E*(J) that has the form

Ey'(J) = H(J;m (X)) = m—s(holim(I (X 1))

(see the proof of [2, Lemma 7.12]). Notice that there is a map of spectral sequences

colim EX*(NH) — E**(H),
N, K

such that
. s,t _ . s . ~ I7S . _ st
IC\/O<11111%E2 (NH)—%oglirlr%Hc(NH,ﬂt(X))_HC(H,ﬂ't(X)) E5*(H).

By [19, Proposition 3.3], if
(i) there exists a fixed p such that H3(NH;m(X)) =0 for all s > p, all ¢t € Z,
and all N<,K; or
(ii) there exists a fixed ¢ such that HS(NH;m(X)) =0 for all t > ¢, all s > 0,
and all NV,

then the colimit of spectral sequences has abutment equal to the colimit of the
abutments, so that ¥(X)E is a weak equivalence, and, hence, X" can, as above,
be regarded as a discrete K/H-spectrum.
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The two conditions above imply that X"# can be identified with the discrete
K /H-spectrum colimy o, x X"V if, for example, one of the following conditions
is satisfied:

e K has finite cohomological dimension (that is, there exists some p such that
H:(K;M) =0 for all s > p and all discrete K-modules M), so that there
is a uniform bound on the cohomological dimension of all the N H; or

o there exists some ¢ such that m,(X) =0 for all ¢t > gq.

We conclude that when K has finite ved, unless certain additional hypotheses are
in place, it is not known how to show that X" is a continuous K/H-spectrum, so
that, in such situations, it is not known how to form the iterated homotopy fixed
point spectrum (X"1)PE/H yith respect to the natural K/H-action.

The above discussion used the hypercohomology spectra holima (I'% (X x))”,
for various J closed in K. But suppose we are in a situation where these are not
available to us. (If K has finite vcd, these are always available. If K does not have
finite ved, there are other conditions that permit the use of the hypercohomology
spectra: these conditions are similar to those listed above and can be deduced from
considering the proofs of Theorem 7.4 and Lemma 7.12 in [2].) Further, suppose
that X  is not fibrant in Spty; and that (X; r)® 2 (X; 1), so that the discrete
K/H-spectrum (X s x)# = colimy o, x (X7 )VH = colimy o, x X"MH fails to be a
model for X"

Under these assumptions, the only model for X"# that is available to us is the
definition (X7, m)H, and, in this case, the abstract X ¢, is not known to carry a
K-action, so that (X7 ) is not known to be a K/H-spectrum (with non-trivial
K /H-action). In such a situation, apart from assigning X" the trivial K/ H-action
(which typically is not a natural thing to do), it is not known how to consider its
K /H-homotopy fixed points.

4. HYPERFIBRANT AND TOTALLY HYPERFIBRANT DISCRETE (G-SPECTRA

In this section, we consider a situation in which the iterated homotopy fixed
point spectrum is always defined. As before, throughout this section, we let H and
K be closed subgroups of the profinite group G, with H normal in K.

It is easy to see that the map 1: colimy X"NE — X"K of (3.5) is a weak
equivalence for all K open in G, since Xy ¢ is always fibrant in Spty, for such K.
If X¢ ¢ is fibrant in Spty for all closed K, then 7 is a weak equivalence for all
closed K, but, in the Appendix, Wieland and the author prove that this does not
always happen. This motivates the following definition.

Definition 4.1. Let X be a discrete G-spectrum. If ¢ is a weak equivalence for
all K closed in G, then X is a hyperfibrant discrete G-spectrum.

As alluded to above, there do exist profinite groups G for which there is a
discrete G-spectrum that is not a hyperfibrant discrete G-spectrum: the map

YV ,>o X"H(Z/p [Z/q”]))%ixz", considered in the Appendix, is not a weak equiv-
alence.
For the example below and the paragraph after it, we assume that G has finite

ved.

Example 4.2. Let X be any spectrum (with no G-action), so that Map_.(G, X),
as defined in Section 2, is a discrete G-spectrum. The descent spectral sequence for
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Map, (G, X)"¥ has the form
H (K3 Map, (G, m(X))) = s (Map,(G, X)").
Since HZ(K;Map,(G,m(X))) =0, for s > 0,
. (Map,(G, X)") = HJ(K; Map, (G, m.(X))) = Map, (G, (X))~
= Map, (G/K, m.(X)) = m.(Map (G, X)),

and thus, Map,(G, X)"® ~ Map_(G, X)X, for any K closed in G. Therefore, we
have:

Map, (G, X)"* =~ Map, (G, X)™ = colim Map, (G, X)"*
~ colim Map, (G, X)MNE
Thus, for any spectrum X, Map,.(G, X) is a hyperfibrant discrete G-spectrum.

For any discrete G-spectrum X,

XhE =~ hoiim cojl\irm(FE;(Xf,G))NK,

and similarly,
lim X"V & = colim holim(I'% (X NE,
COI\}II’I C J\} im(I't;(Xr,q))

Thus, if ¢ is a weak equivalence, for some K, then the canonical map (by a slight
abuse of notation, we also call this map )

(4.3) W+ colim hoiim(Fé(XﬁG))NK — holim cojlvim(rg;(xf,g))”

is a weak equivalence. Hence, if X is hyperfibrant, then, for all K, the colimit and
the holim involved in defining ¢ commute.

Lemma 4.4. If X is a discrete G-spectrum and K is normal in L, where L is a
closed subgroup of G, then colimy X"VE is a discrete L/K -spectrum.

Proof. Note that the spectrum X"V = (X )V¥ is an NL/N K-spectrum, where
NL/NK is a finite group. The continuous map L/K — NL/NK, given by
IK — INK, makes (X ;c)V¥ a discrete L/ K-spectrum. Since the forgetful functor
Sptr, k. — Spt is a left adjoint, colimits in Spty,/x are formed in the category of
spectra, so that colimy (X7.c) V¥ is a discrete L/K-spectrum. O

Given a hyperfibrant discrete G-spectrum, there is a natural way to define the
K /H-homotopy fixed points of X",

Definition 4.5. Let X be a hyperfibrant discrete G-spectrum, so that the map
P(X)G: colimy XMVH — XhH i a weak equivalence. Notice that the source of
this map, colimy X"V is a discrete K/H-spectrum, and the closely related K/H-
equivariant map v of (4.3), also from colimy X"V to X" is a weak equivalence.
Thus, we can identify X"# with the discrete K/H-spectrum colimy X"V and,
hence, the K/H-homotopy fixed points of X" are given by

(XhH)hK/H _ (Co}\i[thNH)hK/H'
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Let X be any discrete K-spectrum. As in the proof of Lemma 4.4, colimy XVH
where the colimit is over all open normal subgroups of K, is a discrete K/H-
spectrum, so that the isomorphism X 22 colimy XV implies that X¥ is also a
discrete K/H-spectrum. Hence, there is a functor (=) : Spt, — Spty/p-
The author thanks Mark Behrens for help with the next lemma, which is basically
a version of [18, Lemma 6.35], which is for simplicial presheaves.

Lemma 4.6. The functor (—)": Spty — Spty, g preserves fibrant objects.

Proof. Tt is easy to see that the functor (—) has a left adjoint ¢: Sptx/m — Sptg
that sends a discrete K/ H-spectrum X to X, where now X is regarded as a discrete
K-spectrum via the canonical map K — K/H. It suffices to show that ¢ preserves
all weak equivalences and cofibrations, since this implies that (=) preserves all
fibrations.

If f is a weak equivalence (cofibration) in Spty,y, then f is a K/H-equivariant
map that is a weak equivalence (cofibration) of spectra. Since, as a map of spectra,
t(f) = f, t(f) is a weak equivalence (cofibration) of spectra. Because ¢(f) is also
K-equivariant, it is a weak equivalence (cofibration) in Spt - 0

This lemma implies the following result, giving another useful property of hy-
perfibrant discrete G-spectra.

Lemma 4.7. If X is a hyperfibrant discrete G-spectrum and K is any closed normal
subgroup of G, then (XMEIG/K ~ xXhG,

Proof. This result follows immediately from Lemma 4.9 below, by letting K = G
and H = K. O

Now let X be a hyperfibrant discrete G-spectrum and suppose that the closed
subgroup K is a proper subgroup of G. Let us consider if there is an equivalence
(XPHNRE/H ~ XhK  Notice that

(XM = (colim (X y.) M) = (((Xp.6)™) gy mr) <

and
XM= colim(X.6)"F = (X1.0)" = ((Xp0)™) /M.

Thus, (XM )RE/H ~ XK if the canonical map

(4.8) (X)) = (Xp.e) ™) gasm) T

is a weak equivalence.
If (X;.c)" were fibrant in Spty g, then, in Sptyj, the map

(X1.6)" = (X1.6)") g/

is a weak equivalence between fibrant objects, so that the map in (4.8) is a weak
equivalence (by [2, Corollary 3.9]). Thus, if Xy is fibrant in Spty, then the
preceding observation and Lemma 4.6 imply that (X"1):E/H ~ XK But, as
we saw with Y ¢ not being fibrant in Spty,, the forgetful functor Spty — Spty
does not necessarily preserve fibrant objects. Also, we do not know of any general
argument, for K not open in G, that would show that (X,g)¥ is fibrant in Sty m-

In conclusion, though we do not have an example of (X*)ME/H ~ XK fajling to
hold when X is a hyperfibrant discrete G-spectrum, we also do not know of any
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general argument that shows that, when X is hyperfibrant, this equivalence must
always hold. This leads us to the following considerations.

Lemma 4.9. Let X be a discrete G-spectrum and let K be a closed subgroup of
G. If X is a hyperfibrant discrete K-spectrum, then there is a weak equivalence
(XRHNRK/H ~ XPE yphere H is any closed subgroup of G that is also normal in
K.

Proof. Since X is hyperfibrant in Spt -, ¥: colimy X"V — X" is a weak equiva-
lence, where the colimit is over all open normal subgroups of K. Thus, by Definition
4.5,

(XhH)hK/H — (CO}\}thNH)hK/H — (CO]l\irm(Xf,K)NH)hK/H ~ ((Xf,K)H)hK/H.

Since X f is fibrant in Spt z-, Lemma 4.6 implies that (X x)¥ is fibrant in Spti,/u-
Also, the identity map (X; k)" — (Xjx)" is a trivial cofibration in Spt .
Thus, we can let (X7 x)? = ((X7,x)")s,x/u, and hence,

(X )M = (X p0)™) g ) T = (X)) = (X g ) = XM
O

This lemma implies that if the discrete G-spectrum X is hyperfibrant as a dis-
crete K-spectrum, for all K closed in G, then not only is the iterated homotopy
fixed point spectrum always defined, but (1.1) is always true. Thus, we make the
following definition.

Definition 4.10. Let X be a discrete G-spectrum. If X is a hyperfibrant dis-
crete K-spectrum, for all K closed in G, then X is a totally hyperfibrant discrete
G-spectrum. Therefore, if X is a totally hyperfibrant discrete G-spectrum, then
(XPHNRE/H ~ XK for any H and K closed in G, with H normal in K.

Example 4.11. For any spectrum X, Map,.(G, X) is a totally hyperfibrant discrete
G-spectrum. To see this, let K be any closed subgroup of G, and let L be any closed
subgroup of K. Since L is closed in G, Map,(G, X)"" is defined. Also, if N is an
open normal subgroup of K, then NL is closed in K, since K is a profinite group
and NL is an open subgroup of K. Thus, NL is a closed subgroup of G, so that
Map,.(G, X)"NE is defined. Then, by Example 4.2 and by taking the colimit over
all open normal subgroups N of K, we have:

cojl\}m Map, (G, X )"V ~ coIl\;mMapc(G,X)NL >~ Map,. (G, X)¥ ~ Map_(G, X)"L.

5. ITERATED HOMOTOPY FIXED POINTS FOR FE,,

In this section, we show that it is always possible to construct the spectrum
(EAhHYREK/H = Ag mentioned in the Introduction, applying (1.2) allows us to identify
EIH with EM | yielding the iterated homotopy fixed point spectrum (EM)E/H
We begin with some notation.

We use (—)s to denote functorial fibrant replacement in the category of spectra.
Let E(n) be the Johnson-Wilson spectrum, with E(n), = Z,)[vi, ..., vn—1][vE!],

where the degree of each v; is 2(p® — 1). Let
MOHMlHMQH"‘
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be a tower of generalized Moore spectra such that L(S°) ~ holim; (L, M, )¢, where
L, is Bousfield localization with respect to E(n). This tower of finite type n spectra
exists by [16, Proposition 4.22]. Let {U;};>0 be a descending chain of open normal
subgroups of G, with (; U; = {e} (see [8, (1.4)]), so that G,, = lim; G,,/U;. Also,
let H and K be closed subgroups of G,,, with H normal in K.

We recall the following useful result from [15, Section 2].

Lemma 5.1. If Z is an E(n)-local spectrum, then there is an equivalence

LZ ~ holim(Z A M;)e.

By [8, Definition 1.5], E¢"H ~ L(colim; Ex"""*"), and, by [16, Lemma 7.2], there
is an equivalence L(colim; EfthjH) A M; ~ Ly (colim; EghUjH) A M;. Thus, since
each ES"V" is | (n)-local, we immediately obtain the following result.

Lemma 5.2. For each i, EI"" A M; ~ colim; (ELYH A M,).

The following definition, which we recall from [2], defines a useful spectrum.

Definition 5.3. Let F,, = colim; Ethj, a discrete G,,-spectrum.
Remark 5.4. Using [2, Corollary 9.8] and (1.2), Lemma 5.2 implies that
(Fp A M)~ BIME AN~ colim(EEPYViH A M)

J

~ colim(F,, A Mi)hUjH ~ cojl\;m(Fn A Mi)hNHv
J

where the last colimit is over all open normal subgroups of G,,. Therefore, since
Lemma 5.2 is valid if H is replaced with any closed subgroup of G,, F,, A M; is a
hyperfibrant discrete G,,-spectrum.

For the rest of this section, we let X be any spectrum, with no K/H-action.

Lemma 5.5. The spectrum colim, (EthjHAMi AX)s is a discrete K/ H -spectrum.

Proof. Note that Eg'"" is a U;K/U, H-spectrum. Thus, Ea"""" A M; A X is a

U;K/UjH-spectrum. By functoriality, (EthjH A M; N X)¢ is also a U; K/U;H-
spectrum. The argument is completed as in the proof of Lemma 4.4. ([l
Corollary 5.6. The spectrum

L(EM A X)) ~ holim(colim(EViH A M; A X)s)
i J

is a continuous K/H-spectrum. In particular,
EIRH ~ ho}im(co&im(EﬁhUiH A M;)g)
is a continuous K /H -spectrum.
Proof. By Lemma 5.1,
L(EMH A X) ~ holim(E;" A M; A X)s
o~ ho%im(col_im(EghUjH AM; AX)e).
dhU,; H ’ dhU; H

Since (Ey A M; A X)¢ is fibrant, so is colim;(En A M; A X)g, so that the
homotopy limit is of a diagram of fibrant spectra, as required. O
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Remark 5.7. We can just as well phrase Corollary 5.6 as saying that
L(E A X) = holim ((colim EXViH) A M; A X) f. /-
i J

In particular, note that EZ"H ~ holim;((colim, EghUjH) N M;) ¢ k- Now recall

that E, =~ holim;(F, A M;)¢,q,. Thus, colim; EﬁhUjH is playing the same role as
F,, and is the analogue of F,,.

Note that, since E(EZhH/\X) is a continuous K /H-spectrum (that is, we identify
this spectrum with holim; (colimj(EghUjH A M; A X)¢)), Definition 2.5 gives

(L(EX A X)"E/H = holim((colim(EXViH A M; A X)g )M/,
% J

6. THE DESCENT SPECTRAL SEQUENCE FOR L(EYH A X)

Let H and K be closed subgroups of G,,, with H normal in K. By [9, Theorem
9.6], if G is a p-adic analytic group, U a closed subgroup of G, and N a closed
normal subgroup of G, then U and G/N, with the quotient topology, are p-adic
analytic groups. Thus, we obtain the following useful result.

Lemma 6.1. The profinite group K/H is a compact p-adic analytic group and
ved(K/H) < oo.

Since, by Corollary 5.6, E(E,‘th A X) is a continuous K/H-spectrum, for any
spectrum X with trivial K/ H-action, Theorem 2.7 gives a descent spectral sequence

(6.2) Byt = m (DB A X))ME/H),

where
E3" = m*m(holim(T'y  ; (colim(EZ"YH A M; A X)g)) K/ H).
i J

Let HS (G; M) denote the continuous cohomology of continuous cochains of G,
with coefficients in the topological G-module M (see [22, Section 2]). Given a tower
{M;} of discrete G-modules, [17, Theorem 2.2] implies that, if the tower of abelian

groups {M,} satisfies the Mittag-Leffler condition, then
Hon (G {M;}) = Hi (G lim M;),

cts
for all s > 0. Therefore, if the tower of abelian groups {m;(E¥H AM; A X)}; satisfies
the Mittag-Leffler condition for each t € Z, then

By = HS (K/H; {m(L(ES A M; A X)}) 22 HE(K/H; (LB A X)),

cont

Now let X be a finite spectrum. Then /L\(Er‘fhH A X) ~ EIH A X and the
hypotheses of the preceding sentence are satisfied, so that

Ey' = HS (K/H;m(B& A X)).

cts

Additionally, 7, (B A X) 22 lim; m (ESH A M; A X) is a profinite Z,[[K/H]|-
module, and, in this case, the continuous cohomology has more structure. In gen-
eral, if M is a profinite Z,[[K/H])-module with M = lim, M,, where each M, is a
finite discrete Z,[[/K/H]]-module, then

He(K/H; M) = lim HY (K/H; My,) =: HZ (K/H; M),
«
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for all s > 0, where the rightmost term can also be defined as the Ext group
Ext) 1k m)(Zp, M) (see [5, pg. 137] and [21, (3.7.10)] for more detail). Putting
the above facts together, we obtain that spectral sequence (6.2) has the form

(6.3) Hi(K/H; m(BEMM A X)) = m(B&H A XM,
Recall from [5] that there is a Lyndon-Hochschild-Serre spectral sequence
(6.4) H:(K/H;m (B A X)) = 1o (B3I A X)),

where X is a finite spectrum. The fact that spectral sequences (6.3) and (6.4) have
identical Fy-terms suggests that there is an equivalence (B H)ME/H ~ pdhK Ty
the next result, we use descent spectral sequence (6.2), when X = E,,, to show that
this equivalence holds after smashing with E,,, before taking K/H-homotopy fixed
points. First of all, we define the relevant map.
Let
C; = colim(EYiH A M; A E,,)s.
j

Then there is a map
0: L(E™E A E,) — (L(EXM A E,))ME/H

which is defined by making the identifications

L(EMS ANE,) = hoym(coym(EgthK AM; A Ey)e)
and

(L(EM A B = holim(((C) g, /) /™),

and by taking the composite of the canonical map

ho%im(co%im(EthjK AM; NEy)s) — Il(i}r;}(ho%im Cy),

the map

lim (holim C}) = holim lim C; — holim ((C;)%/#),
K/H % t  K/H %

and the map

ho%im((Ci)K/H) — ho%im(((Ci)f’K/H)K/H).

To avoid confusion, we point out that, in the expression (Z(Efth A Ep))EIH
the lone E,, has trivial K/H-action, as stated just after Lemma 6.1.
Theorem 6.5. The map
(6.6) 0: L(EWE A E,) =5 (L(EM A E,))ME/H
is a weak equivalence.
Proof. By [8, Proposition 6.3],
1 (BMH A B, A M;) = Map (G /H, 71i(En A M;)).

Thus, since {m:(E,, A M;)} satisfies the Mittag-Leffler condition for every integer ¢,
the tower {m;(EI"™ A E,, A M;)} does too, because Map, (G, /H,—): Ab — Ab,
where Ab is the category of abelian groups, is an exact and additive functor.
Therefore, descent spectral sequence (6.2) takes the form

Ey" = He(K/H; Map, (G /H, m(En))) = me—s (LB A B,))MH).
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Since the continuous epimorphism 7: G,,/H — G, /K has a continuous section
o: Gn/K — G,/H, such that o(eK) = eH, there is a homeomorphism

h: K/H x G,/K — G,/H, (kH,gK)w— kH -0(9K)

(see [5, proof of Lemma 3.15]). Notice that h is K /H-equivariant, with K/H acting
on the source by acting only on K/H, since

KH - (kH,gK) = (K'kH, gK) v K'kH - 0(gK) = K'H - (kH - 0(gK)).
Thus,
Map,(Gn/H, 7 (En)) = Map (K/H, Map (Gn/ K, m(En)))
is an isomorphism of topological K/H-modules. Therefore,
Ey" = lim HZ(K/H; Map,(K/H,Map, (G /K, m(Eq A M),
which is 0, for s > 0, and equals Map (G, /K, m(E,)), when s = 0. Thus,
T (LB A Ep))"S/T) 2 Map, (G /K, 74(En)) 2 m (LB A Ey)).

(]

Remark 6.7. In Theorem 7.3, by using (1.2), we will show that (EM)ME/H ~

EME | Therefore, using (1.2) again, (6.6) implies that taking K /H-homotopy fixed
points commutes with smashing with E,,:

(L(EM A B )M ~ L(EMS A E).
This is interesting because such a commutation need not hold in general, unless
one is smashing with a finite spectrum. However, (6.6) is not surprising, because it
is known that, for all H,
L(EM™ A Ey) = (L(Ey A B))™,
where on the right-hand side, the second E,, has the trivial H-action. This last
equivalence follows from the fact that

T (L(EZM™ A Ey)) 2 Map, (G, En)™ 2w (L(E, A Ex)"),

where the second isomorphism is obtained from the descent spectral sequence for
(L(E, A E,))"M and the fact that m,(L(E, A E,)) = Map.(Gy, En.) (see the last
paragraph of [2]).

7. A PROOF OF (1.1), IN THE CASE OF E,, AND SOME CONSEQUENCES

In [4] (see [1, Theorem 8.2.1] for a more efficient proof), the author showed that,
as stated in (1.2), E"X can be identified with EZ"¥  for all closed subgroups K of
G,,. In this section, we use this result to show that (1.1) holds when X equals E,,.

Lemma 7.1. Let K be any closed subgroup of G, and let L be any closed subgroup
of K. Then the canonical map colimy (EIWNE A M) — EL A M;, where the
colimit is over all open normal subgroups N of K, is a weak equivalence.

Proof. Both L and NL are closed subgroups of G,,, so that E¥L and ENL are
defined. Since both the source and target of the map are E,-local, it suffices to
show that the associated map

cojlvim(EfthL A E, N M;) — EME A B, A M;
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is a weak equivalence. For any integer ¢, by using [8, Proposition 6.3] and the
fact that Map, (G, m(En A M;)) is a discrete K-module (since it is a discrete
G,-module), we have:

iy (colim (B A B, A M;)) 22 colim Map, (G, m(En A M;)) ™

= Mapc(Gna 7"'t(En A Mz))L
=~ 1, (BN B, A M),
completing the proof. ([

Corollary 7.2. For each i, the spectrum F, \ M; is a totally hyperfibrant discrete
G, -spectrum.

Proof. Let K be any closed subgroup of GG,, and let L be any closed subgroup of
K. Then, by [2, Corollary 9.8] and Lemma 7.1,

(Fo A MM ~ EMA M ~ BV A M ~ cojl\’}m(EghN LA M)
o~ cojl\‘}m(EZNL A M;) ~ co}l\}m(Fn A M;)"NE
where the colimit is over all open normal subgroups N of K. (I

Now let H be any closed subgroup of G,, that is also normal in K. Since E*M ~
EdhH - we identify these two spectra, so that the construction of (EzhH)hK/H au-
tomatically yields the iterated homotopy fixed point spectrum (E! )hK/ ,

Theorem 7.3. For any H and K, there is an equivalence
(EMHYRK/H o phK

Proof. By applying Lemma 4.9 to Corollary 7.2, we have that

((Fn /\Mi)hH)hK/H ~ (Fn /\Mi)hK.
Thus, we obtain:

(EMIREIH — (holim(F, A M;)"HYME/H = holim((F,, A M;)"H)hE/H
~ holim(F,, A M;)" = EhE,
O

Let X be any finite spectrum and continue to let H and K be closed subgroups
of G, with H < K. Also, recall from Lemma 6.1 that, for any closed subgroups
J and L in G, with J < L, the profinite group L/J has finite ved. Then, by [2,
Remark 7.16], L/J-homotopy fixed points commute with smashing with X. We
use the equivalence E" ~ EJ as needed. Thus, (6.3) gives a descent spectral
sequence that has the form

(7.4) H(K/H;m(EM A X)) = m_ (EMRE/H A X)),

By [5, (0.1)] (see (6.4)), there is a strongly convergent Adams-type spectral sequence
that has the form

(7.5) HE (K Him (B A X)) = m o (BRS A X).

The following result shows that these two spectral sequences are isomorphic to each
other.
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Theorem 7.6. The descent spectral sequence of (7.4) is isomorphic to the strongly
convergent spectral sequence of (7.5) from the Ea-terms onward.

Proof. By Theorem 7.3, the abutment of (7.4) can be written as m,_¢(E" A X).
Then, it is not hard to see that spectral sequence (7.4) is an inverse limit over ¢ > 0
of conditionally convergent descent spectral sequences E**(H, K, ) that have the
form

EyY(H,K,i) = HS(K/H; 7 (EM A M; A X)) = 70 o(B" A M; A X)

(e.g., see the proof of [14, Proposition 7.4]). Similarly, spectral sequence (7.5) is
an inverse limit over ¢ > 0 of strongly convergent Adams-type spectral sequences
E5*(H, K,i) that have the same form as EX*(H, K, 1):

ES'(H, K,i) = HS(K/H; m(EM A M; A X)) = 1 o(EM A M; A X).

Hence, to prove the theorem, it suffices to show that there is an isomorphism
EX*(H,K,i) 2 E~*(H, K, i) of spectral sequences, from the Es-terms onward, for
each 1.

Notice that the limit lim; U; K/U; H presents K/H as a profinite group and there
is an isomorphism

colim By (U; H, U; K, i) = colim H*(U; K /U; H; wi(E"ViH A M; A X))
J J

~ H:(K/H;m(EM" A M; A X)),
where the isomorphism applies Lemma 5.2. Thus, noting that each spectral se-

quence EX*(U;H, U; K, i) has abutment w*(EZUjK A M; A X) and using Lemma 5.2

again, it is easy to see that there is an isomorphism
(7.7) Er*(H, K, i) = cogimEf.’*(UjH, U,K,1)
of spectral sequences. Now, since each U;K/U;H is a finite group, [5, Theorem
A.1] shows that there is an isomorphism
E*(U;H,U;K,i) = E*(U;H,U; K, i)
of spectral sequences, for all j. Thus,

E»*(H, K,i) = colim E2*(U; H,U; K, i) = EX"(H, K, i),
j
where the last isomorphism is verified in the same way that (7.7) is. (]

The results in this paper apply to other spectra that are closely related to E,.
Let k be any finite field containing F,». By [12, Section 7], for any height n formal
group law T" over k, there is a commutative S-algebra E(k,T") with

E(k7 F)* = W(k)[[uh (s unfl]] [ui1]>

graded in the same way that E,,, is. Ethan Devinatz has informed the author that
all the results of [8] and [5] go through as is, with FE,, replaced with E(k,T") and
G, replaced with G(k) = S, x Gal(k/F,), a compact p-adic analytic group. Thus,
[8] implies that (a) there is an isomorphism

7 (L(E(k, T)™ A E(k,T))) = Map,(G(k), 7. (E(k,T)))X;

and (b) E(k,T)%K ~ E(colimj E(k,T)UiK) " where {U;} is a nested sequence of
open normal subgroups of G(k), as before.
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By (b), there is a continuous G(k)-spectrum
E(k,T) ~ holim((colim E(k, T)%Yi) A M;),
i J

so that, for any closed subgroup K of G(k), E(k,I')"¥ exists. Then
E(k,T)"K ~ B(k,I)%"K,

by using the arguments of [1, Theorem 8.2.1] and [4]. Also, (a) and (b) imply that
(colim; E(k,I)%Ui) A M; is a totally hyperfibrant discrete G(k)-spectrum, so that

(E(k, T)M)MH = Bk, 1),
for any H closed in G(k) and normal in K.

A. APPENDIX: AN EXAMPLE OF A DISCRETE (G-SPECTRUM THAT IS NOT
HYPERFIBRANT

DANIEL G. Davis, BEN WIELAND

Let G be a profinite group. In this appendix, we give an example, due to the
second author, of a discrete G-spectrum X that is not a hyperfibrant discrete
G-spectrum (for the meaning of this term, see Definition 4.1). All spectra are
Bousfield-Friedlander spectra of simplicial sets.

Let p and ¢ be distinct primes, let Z, = lim,,>9 Z/q", and let

G=1Z/pxZ,.

For each n > 0, let Z/q¢™ act on itself by translation. Denote by Z/p[Z/q"]
the free (Z/p)-module on this set and by H(Z/p[Z/q"]) the Eilenberg-MacLane
spectrum of that abelian group. By the functoriality of these constructions, this
is a (Z/q™)-spectrum, for each n. By letting Z/p act trivially on H(Z/p[Z/q"]),
H(Z/p|Z/q"]) is a (discrete) (Z/p x Z/q"™)-spectrum. Let G act through the canon-
ical surjection G — Z/p x Z/q", making H(Z/p[Z/q"]) a discrete G-spectrum.
By letting G act trivially on S™, the spectrum X" H(Z/p[Z/q"]) is also a discrete
G-spectrum. Let

Hn =X"H(Z/p[Z/q"])
and set
X =V,>0 Hn-
Since the colimit in the category of discrete G-spectra is formed in the category of
spectra, X is a discrete G-spectrum. We will show that X is not a hyperfibrant
discrete G-spectrum. In particular, we will show that the map ¥(X)§ /p Of (3.5) is
not a weak equivalence.

It is well-known that c¢d,(Z/p) = co. But, since cd4(Z,) = 1 and Z, is open in
G, it follows that G has finite virtual cohomological dimension. Thus, if K is a
closed subgroup of G, then, by [3, Theorem 5.2], there is an identification

XhE — hOEm(F&(Xf,G))K.
There is a canonical map

- ealim XYANZ/D _ 1 e NZ/p L Te Z/p _ yhZ/p
P vaoqhorg X JCVO<1110I8 hoilm(l"G(Xf’G)) — hoilm(I‘G (Xt,a)) X"erp,

Since Z/p < G, NZ/p < G, for each N. Hence, the above identification im-
plies that X"V%/? is a (G/(NZ/p))-spectrum, so that X"V%/P is also a discrete
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G-spectrum, since G/(NZ/p) is finite. This implies that X"N%/? is a discrete
Zg-spectrum, so that colimyg, g XMNZ/p  the source of v, is also a discrete ZLg-
spectrum. Notice that X"%/? is a (G/(Z/p))-spectrum; that is, the target of 1 is a
Zg-spectrum. Also, it is easy to see that the map 1 is Zg-equivariant.

Now suppose that X is a hyperfibrant discrete G-spectrum. Thus, ¥ is a weak
equivalence, so that m,(¢) is a Zg-equivariant isomorphism between Zg -modules,
such that the source is a discrete Zgs-module. This implies that . (X hZ/P) must
also be a discrete Z,-module. Hence, to show that X is not a hyperfibrant discrete
G-spectrum, it suffices to show that m, (X hz/ P) is not a discrete Zg,-module. In
particular, we only have to show that mo(X hZ/p ) fails to be a discrete Zg,-module.

We now compute mo(X"%/P) explicitly as a Z,-module. If K is any group and Z
is a K-spectrum, let Z — Z; be a weak equivalence to a fibrant spectrum; by the
functoriality of fibrant replacement, Z¢ is a K-spectrum and the weak equivalence
is K-equivariant. If Z is any spectrum, we let Sets(K, Z) be the spectrum that
is defined by Sets(K, Z), = Sets(K, Z;), for each | > 0, where Sets(K, Z;) is the
pointed simplicial set with k-simplices equal to Sets(K, Z; ), for all & > 0. Also,
let EK, be the usual free contractible simplicial K-set, with FKj, = K**1  so that
Sets(E K, Zz) is a cosimplicial spectrum. Then

Xh2/p — holim Sets(E(Z/p)e, X¢)2/P = }[1]311211 Sets((Z/p)"*", X¢)™/7,
E

where the (Z/p)-fixed points are taken with respect to the (Z/p)-action on the
spectrum Sets((Z/p)¥*t, X¢) that is given by conjugation, so that, given h € Z/p,
f € Sets((Z/p)*+', Xz), and (hi); € (Z/p)**,

(b £)((hi)i) = b f((h7 ha)i) = F((h™ ha)a),
where the last equality is due to the fact that X has the trivial (Z/p)-action (since
X does). (Here, and elsewhere, we write maps in terms of elements because of
the simplicial sets that constitute all of our spectra.) Additionally, X"%/? is a
Zg4-spectrum, where the Zg,-action is defined by

(g H)((hi)i) = g F((hi)s),
for g € Z, and f € Sets((Z/p)**!, X;)%/P. Notice that, given h € Z/p,

(- (g- ((hi)) =g~ fF(B" - (h)) =g (W71 F((hi)) = (g F)((ha)),

so that g - f € Sets((Z/p)*+!, X¢)%/P, as required.

For each n, m.(Hy,) is Z/p[Z/q"] in degree n and zero elsewhere, so that the
G-equivariant map

¢: X = \/7120 H, — ano H,,

with G acting diagonally on the target, is a weak equivalence. Since ¢ induces the
composition Xz — ([[,50Hn)t — ([1,>0(Hn)¢)s, which is G-equivariant and a
weak equivalence, there are weak equivalences

X2/ = holim Sets((Z/p)**, X)%/? 5 holim Sets((Z/p)***, (T] (Hy)z)z)™/?
BN [klea n>0

& holim Sets((Z/p) 1, T] (Hn)f)Z/p
[kleA n>0

~ T holim Sets((Z/p)*+1, (H,)¢)2/? = T HM'/».
n>0 [Kl€A n>0
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The maps in the above zigzag are Zg -equivariant, so that there are Zg,-equivariant
isomorphisms

o (X"2/P) 2 7o ([Tymo Hn™'") = TTs0 mo(HA™/P),

with Z, acting diagonally on ][, -, WO(HQZ/p).
For each n > 0, there is a descent spectral sequence

Ey' = H*(Z/p;m(H,)) = m_s(H}"P),
where, for all s, ¢, Eg’t is H*(Z/p;Z/p|Z/q"]) when t = n and zero otherwise. Thus,

|V H"YZ/p; Z/p[Z/q")), ift<n;
m(HQZ/p){O (Z/p; Z/plZ/ ") o<

In particular,

mo(H“/7) = H"(Z/p; Z/plZ/q"]) = €D H"(Z/p:Z/p) = D Z/p,
z/q» z/q»
where the second isomorphism uses the fact that Z/p[Z/q"] is a free (Z/p)-module,
with each copy of Z/p having the trivial (Z/p)-action. Therefore,

(A.1) mo(X"/P) 2 11,50 Z/p[Z/q").

By naturality of the above constructions, it is immediate that (A.1) is a Z4-
equivariant isomorphism of Z,-modules, where the action on the right-hand side is
defined as follows: given g € Z, and an element ((75, jn);, )n>0 in [1,,~o Z/p[Z/q"],

where (7}, jn);, € Z/p|Z/q"],

9 ((rj.dn)s)nz0 = ((r5.97n)j )n>0-
(In the notation (7}, jn);,, €ach r;, is an element in Z/p and j,, runs through the
elements of Z/q™.) It only remains to show that [],.,Z/p[Z/q"] is not a discrete

7 4-module.
Consider the injection of sets

it Zy = W Z/q" — TLoo Z/p[2/0"),  (@n)azo = (i@ ja)in)s nzo:
where «,, € Z/q"™ and
. . L if g = ap;
i(an, jn) = o
0, if j, # ay.
It is easy to see that i is Zg-equivariant, so that we can regard the Z,-set Z, as a
Zg-subset of [, <, Z/p[Z/q"].

Now suppose that [[, -, Z/p[Z/q™] is a discrete Zs-module. Let G be the profi-
nite group Z, and let the G-set Z, have the discrete topology. Then the composition

G x Zy 2 G x ([0 2/p12/0") % M0 2/p[2/4")

is continuous, and, since the image of this map is inside Z,, the induced action
map G xZ, — Z, is continuous, so that Z, is a discrete G-set. But this is a
contradiction, since Z, is a profinite G-space and not a discrete G-set. Therefore,
[L.>0Z/p[Z/q™] is not a discrete Z4-module.

This completes the proof that X is not a hyperfibrant discrete G-spectrum. The
same construction also works in the case that p = ¢, but the analysis is a little
more complicated. This realizes a suggestion of the referee of this paper, who had
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suggested to the first author, independently of the second author’s work, that there
might exist a non-hyperfibrant discrete (Z/p x Zp)-spectrum.
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