THE HOMOTOPY FIXED POINT SPECTRA OF PROFINITE
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ABSTRACT. Let E be a k-local profinite G-Galois extension of an E-ring
spectrum A (in the sense of Rognes). We show that E may be regarded as pro-
ducing a discrete G-spectrum. We show that if E is a faithful k-local profinite
extension which satisfies certain extra conditions, then the forward direction of
Rognes’s Galois correspondence extends to the profinite setting. We show the
function spectrum Fa((E"T)y, (EM<)}) is equivalent to the homotopy fixed
point spectrum ((E[[G/H]])"¥); where H and K are closed subgroups of G.
Applications to Morava E-theory are given.
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1. INTRODUCTION

In [30], John Rognes develops a Galois theory of commutative S-algebras which
mimics Galois theory for rings. Let k be a spectrum, and let (—); denote Bousfield
localization with respect to k. Given a cofibrant commutative k-local S-algebra
A, and a cofibrant commutative k-local A-algebra E, Rognes gives the following
definition of a finite k-local Galois extension.

Definition 1.0.1 (Finite Galois extension). The spectrum F is a k-local G-Galois
extension of A for a finite group G if it satisfies the following conditions:

(1) G acts on E through commutative A-algebra maps.

(2) The canonical map A — E" is an equivalence.

(3) The canonical map (E A4 E)r — Map(G, E) is an equivalence.
E is said to be k-locally faithful over A if (M A4 E)j ~ % implies that M), ~ x for
every A-module M. In the context of k-local Galois extensions we shall simply to
such extentions as being faithful.

IThe first author is supported by the NSF.
2The second author is supported by NSF grant DMS-9983601.
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Rognes does not require that A and F be k-local, but for convenience, we do.

Remark 1.0.2. Rognes (see also Baker-Richter [1]) shows that a G-Galois exten-
sion is faithful if and only if the additive form of Hilbert’s Theorem 90 holds:

(B, ~ %

We will always consider faithful Galois extensions, because these are the Galois
extensions for which the fundamental theorem of Galois theory holds. It is not
known whether there exist non-faithful Galois extensions.

Let G be a profinite group. Rognes defines a (faithful) k-local profinite G-Galois
extension E of A to be a colimit (in the category of commutative S-algebras) of
(faithful) k-local G/U,-Galois extensions E, of A, for a cofinal system of open
normal subgroups U, of G (see Definition 6.2.1). Since a colimit of k-local spectra
need not be k-local, the spectrum FE is not necessarily k-local.

In [5], the second author develops a category of discrete G-spectra and defines
their homotopy fixed points (see also [35], [19], [26], [10], [21]). In this paper we
examine profinite k-local G-Galois extensions E of A as objects in the category of
discrete G-spectra, and study the spectra of A-module maps between the various
homotopy fixed point spectra of E. Unfortunately, to say meaningful things it
seems that we must impose more hypotheses on our profinite Galois extensions.

Assumption 1.0.3. In this paper we shall only concern ourselves with localizations
(—)k which are given as a composite of two localization functors ((—)r)a where
(=)r is a smashing localization and (—),s is a localization with respect to a finite
spectrum M. The spectra S, HF,, E(n), and K(n) are all examples of such
localizations [3],[15].

For a cofibrant commutative S-algebra B and a cofibrant commutative B-algebra
C, the k-local Amitsur derived completion B,QC is the homotopy limit of the cosim-
plicial spectrum
Cr=> (CApC)y = (CABCABC)g---

(see, for example, [30]).
Definition 1.0.4. Let F be a profinite k-local G-Galois extension of A.
(1) The extension F is consistent if the k-local Amitsur derived completion
A — A,Q B
is an equivalence.
(2) The extension E is of finite virtual cohomological dimension (finite ved)
if the profinite group G has an open subgroup U of finite cohomological

dimension (there exists a d so that HS(U, M) = 0 for each s > d and each
discrete U-module M).

Assumption 1.0.3 ensures that if E has finite ved, then the condition of E being
consistent is equivalent to requiring that the map

A — (EhG)k

is an equivalence. This is proven as Corollary 6.3.2.
It will then follow that the maps

E, — (E"a)y,
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are equivalences (Lemma 6.3.4). The consistency hypothesis may be unnecessary,
since we do not know of any profinite Galois extensions which are not consistent.

The main concern of this paper is the study of the intermediate homotopy fixed
point spectra EM with respect to closed subgroups H of G. We prove the “forward”
direction of the Galois correspondence.

Theorem (7.2.1). Suppose that E is a consistent faithful k-local G-Galois exten-
sion of A of finite ved, and that H is a closed subgroup of G.

(1) The spectrum FE is k-locally H-equivariantly equivalent to a consistent
faithful k-local H-Galois extension of (E"H), of finite ved.

(2) If H is a normal subgroup of G, then the spectrum E" is k-locally equiv-
alent to a faithful k-local G/H-Galois extension of A. If the quotient G/H
has finite ved, then E™ is consistent (and of finite ved) over A.

We also identify the function spectra of A-module maps between any two such
homotopy fixed point spectra.

Theorem (7.3.1). Let E be a k-local consistent faithful profinite G-Galois exten-
sion of finite ved, and let H and K be closed subgroups of G. Then there is an
equivalence

(L.1) Fa((B" )i, (BM)) =~ (BIG/H])" k.

The spectrum E[[G/H]] that appears on the right-hand side of (1.1) is the con-
tinuous G-spectrum with the diagonal action. The case where K = H = {e} is the
trivial subgroup of G was handled by Rognes [30, Sec. 8].

Example 1.0.5. One important example of a profinite Galois extension is given
by Morava E-theory. Let k = K(n) be the nth Morava K-theory spectrum and let
A = Sk(n) be the K(n)-local sphere spectrum. Let G' = G, be the nth extended
Morava stabilizer group S, x Gal(F,» /F,). Since the group G,, is a p-adic analytic
group, it has finite virtual cohomological dimension, but for general n the group G,
does not have finite cohomological dimension. Let E,, be the nth Morava E-theory
spectrum, where (E,,). = W(Fyn)[[u1, ..., un—1]][u®!], such that the degree of u is
—2 and the complete power series ring is in degree zero. Goerss and Hopkins [11],
building on work of Hopkins and Miller [29], have shown that G,, acts on E,, by maps
of commutative S-algebras. Devinatz and Hopkins [7] have given constructions of
homotopy fixed point spectra E" for closed subgroups H of G,. In particular,
they show that there is an equivalence

EZG” ~ SK(n) .

Thus, the homotopy fixed point spectra of E,, are intimately related to the nth
chromatic layer of the sphere spectrum. Also, these homotopy fixed point spectra
coincide with those given for continuous G-spectra [4]. Rognes [30] observed for U
an open normal subgroup of G,,, that the work of Devinatz and Hopkins proves
that B}V is a K(n)-local G, /U-Galois extension of Sk (). Therefore, the discrete
Gp-spectrum

F, = coli(gl EZU

is a profinite K'(n)-local G,-Galois extension of Sk (). The spectrum E, is recov-
ered by the equivalence [7]
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Consistency and faithfulness follow immediately from the fact that we are working
K (n)-locally. In this context, (1.1) was proven in [9] for H and K finite. It was
also suggested by the authors of [9] that (1.1) should be true for arbitrary closed
subgroups of G,. Another source of motivation for this work arises from the fact
that a special case of (1.1) (Corollary 7.3.2) was needed in an essential way by the
first author in [2].

The paper is organized as follows. Our notion of homotopy fixed point spectra
uses the framework of equivariant spectra (with respect to a profinite group) as
developed by second author [5]. The foundations in [5] use Bousfield-Friedlander
spectra. Since we need to work with structured ring spectra to do Galois theory,
it is essential for this paper that we reformulate the second author’s work in the
context of symmetric spectra. A terse summary of these foundations appears in
Section 2. In Section 3 we describe properties of the homotopy fixed point functor.
In Section 4, we describe continuous G-spectra, generalizing somewhat the setting
of [5]. In Section 5, we explain how to extend our constructions to categories of
modules and commutative algebras of spectra. In Section 6 we explain how profinite
Galois extensions give rise to discrete G-spectra, and show that the homotopy fixed
points with respect to open subgroups of the Galois group give rise to intermediate
finite Galois extensions. In Section 7 we prove our results concerning the homotopy
fixed point spectra with respect to closed subgroups of the Galois group.
Acknowledgments. This paper is an extension of ideas contained in [7], [9], and
[30]. The first author benefited from the input of Halvard Fausk and Daniel Isaksen.
The authors also thank Paul Goerss for helpful discussions related to this work.

2. DISCRETE SYMMETRIC G-SPECTRA

Let G be a profinite group. We begin this section by describing the basic cate-
gories of discrete G-objects that will be used in this paper. We then describe and
compare the model structures on the categories of discrete G-objects of Bousfield-
Friedlander and symmetric spectra. We end this section with descriptions of some
basic constructions in the category of discrete G-spectra. More detailed accounts
of some of these model categories and constructions can be found in [5].

2.1. Simplicial discrete G-sets. A G-set Z is said to be discrete if for every
element z € Z, the stabilizer Stag(z) is open in G. We may express this condition
as saying that Z is the colimit of its fixed points:

Z = colim ZY,
U<,G

where the colimit is taken over all open subgroups. These conditions are equivalent
to the condition that the action map G x Z — Z is continuous, when Z is given the
discrete topology. A simplicial discrete G-set is a simplicial object in the category
of discrete G-sets.

2.2. Discrete G-spectra. Define the category of discrete G-spectra Spg to be the
category of Bousfield-Friedlander spectra of simplicial discrete G-sets. An object
X € Spg consists of a sequence {X;};>0, where each X; is a pointed simplicial
discrete G-set, together with G-equivariant maps

ag; . Sl /\Xz — X,’+1.

Here, S* is given the trivial G-action.
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A map f: X — Y of discrete G-spectra is a sequence of G-equivariant maps
of simplicial sets f; : X; — Y; which are compatible with the spectrum structure
maps.

2.3. Discrete symmetric G-spectra. Define the category of discrete symmetric
G-spectra XSps to be the category of symmetric spectra of simplicial discrete G-
sets (see [16], [28], [32] for accounts of symmetric spectra). An object X € ESpg
consists of a sequence {X; };>0, where each X; is a pointed simplicial discrete G x ;-
set, together with suitably compatible G x ¥; x ¥;-equivariant maps
04,5 ¢ Si A Xj — Xi+j'

Here, S* = (S1)" is given the trivial G-action, and X% permutes the smash factors.
When G is finite, a discrete symmetric G-spectrum is a simply a naive symmetric
G-spectrum, and not a genuine equivariant symmetric G-spectrum in the sense of
[25].

Maps f : X — Y of discrete symmetric G-spectra are sequences of G x ¥;
equivariant maps of simplicial sets f; : X; — Y; which are compatible with the
spectrum structure maps.

2.4. Model structures. Let G —Setsys be the site of finite G-sets. Consider the
following categories.

PreSp(G—Setsqy) = category of presheaves of spectra on G —Setsgy.
ShvSp(G —Setsqr) = category of sheaves of spectra on G —Setsgy.
(G—Setsgr)
( )

ShvXSp(G —Setsqr) = category of sheaves of symmetric spectra on G —Setsgy.

= category of presheaves of symmetric spectra on G'—Setsgy.

Then we have the following diagram of categories and Quillen adjoint pairs of
functors.

c? L
(2.1) PreSp(G —Setsqr) __ ShvSp(G —Setsqs) _ Spa
U R
U| |Ppre U| |Psho U| |Ps
c? L
PreXSp(G—Setsqy) ShvESp(G —Setsqy) YSpe
U R

The functors U are forgetful functors, the functors £2 are sheafification functors,
and the functors P(_) are prolongation functors (left Kan extensions). The functor
L applied to a sheaf F gives the discrete G-spectrum

([:]ogliorgf(G/U).
It has a right adjoint R which, given a discrete G-spectrum X, returns the sheaf F
whose values on orbits are given by
F(G/U) = Mapy(G/U, E).
The top row of Diagram 2.1 is studied in detail in [5]. The pairs (L, R) are

equivalences of categories. Therefore, the model structures on ShvSp(G — Setsqy)
[12] and ShvESp(G —Setsqr) [22] give model structures on Spg and XSp.
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The model category structures on the categories of presheaves are defined so
that the pairs (£2,U) are Quillen equivalences [13], [22]. Jardine [22] also shows
that the pair (Ppye,U) is a Quillen equivalence. We therefore have the following
proposition, which explains how to translate the results of [4], which take place in
the category Spg, to the category XSpg.

Proposition 2.4.1. The pair of functors (Pyx;,U) gives a Quillen equivalence be-
tween Spy and XSpg.

The model structure on Sp¢ is shown in [5] to have a concrete description: the
cofibrations and weak equivalences are detected by forgetting the G-action, and, as
usual, this determines the fibrations. The same is also true of the model structure
on XSpg.

From this point on, we shall be working in the world of symmetric spectra, and
shall refer to a symmetric spectrum as simply a spectrum.

2.5. Mapping spectra. Let K and L be discrete G-sets. Then the set of (non-
equivariant) functions Map(K, L) is a G-set with G acting by conjugation. For
g€ Gand f € Map(K, L), g- f is the map
(9-F)(z) =gf(g72).

Observe that Map(K, L) is not in general a discrete G-set, but it is if K is finite.

For a finite set K and a spectrum X, we define the mapping spectrum Map(K, X)
to be the discrete G-spectrum whose mth space is given by

Map(K, X),, = Map(K, X,,),

where the n-simplices of Map(K, X,,) is the set Map(K, (X,,)n). If X is a discrete
G-spectrum, then Map(K, X) is as well.

If K = lim; K; is a profinite set and X is a spectrum, then the spectrum of
continuous maps is the spectrum

Map®(K, X) = co%im Map(K;, X).
If K is a continuous G-set and X is a discrete G-spectrum, then Map®(K, X) is a
discrete G-spectrum.
Lemma 2.5.1. Let K = lim; K; be a Mittag-LefHler profinite set. The functor
Map®(K,—) : ¥Sp — XSp
preserves all stable equivalences.

Proof. A map of symmetric spectra is a stable equivalence if and only if it induces
isomorphisms on all generalizes cohomology theories. Let f : X — Y be a stable
equivalence of symmetric spectra, and let E be a generalized cohomology theory.
The Milnor sequences give the following commutative diagram

0 — E*(X)[[K]] — E*(Map“(K, X)) — lim;' E*(X)[K;] —=0
0 — E*(Y)[[K]] — E*(Map®(K,Y)) — lim;' E*(Y)[K;] —= 0

where the top and bottom rows are exact. The five lemma implies that the map
f« : Map®(K, X) — Map®(K,Y)
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is an E*-isomorphism. Since F was arbitrary, we conclude that f is a stable equiv-
alence. [

2.6. Permutation spectra. Let K be a discrete G-set. Then for X a discrete
G-spectrum, we may define the permutation spectrum X[K]| to be the spectrum
whose nth space is given by

X[K]p, =X, NK,.
This is a discrete G-spectrum with G acting diagonally.

2.7. Smash products. Given discrete G-spectra X and Y, we define their smash
product
XAY

to be the smash product of the underlying symmetric spectra with G acting diag-
onally. It is immediate from the definition of the smash product that this action is
discrete. There is an isomorphism

X ASIK] = X[K],

where S is the sphere spectrum.

3. HOMOTOPY FIXED POINTS OF DISCRETE (G-SPECTRA

Much of the material in this section is assembled from [35], [20], [10], [21], [27],
[23], and [5]. Let G be a profinite group. We begin this section with an account of
the model category theoretic definition of G-homotopy fixed points. We then de-
scribe the comparison with hypercohomology spectra. Finite index restriction and
induction functors, as well as iterated homotopy fixed points for finite index sub-
groups are then discussed. We explain how continuous homomorphisms of groups
induce various “change of group functors,” of which induction, coinduction, fixed
points, and restriction functors are all special cases. We then describe the various
technical difficulties related to the fixed point construction for closed subgroups of
G. The technical difficulties are observed to vanish if G has finite cohomological
dimension.

3.1. The homotopy fixed point spectrum. For a discrete G-spectrum X, we
define the fixed point spectrum by taking the fixed points level-wise
(X9 = (X,)“.
The G-fixed point functor is right adjoint to the functor ¢riv which associates to a
spectrum the associated discrete G-spectrum with trivial G-action.
triv : £Sp = XSpg : (—)¢.
Lemma 3.1.1. The adjoint functors (triv, (—)¢) form a Quillen pair.

Proof. The functor triv preserves cofibrations and weak equivalences. O

Let ag,x : X — Xyg denote a functorial fibrant replacement functor for the
model category ¥Spg, where ag x is a trivial cofibration of discrete G-spectra.
The homotopy fixed point functor (—)"“ is the Quillen right derived functor of
(—)¢, and is thus given by

X" = (X46)°.
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3.2. Hypercohomology spectra. The functor I'¢ = Map®(G, —) is a coaug-
mented comonad on the category of spectra, with coproduct
¢ :Tg =Map®(G,—) — Map®(G x G,—) =TgoTlqg
induced from the product on G, counit
I'c = Map®(G, —) — Map®(pt,—) =1d
induced from the unit on G, and coaugmentation
Id — Map“(G, —)

given by the inclusion of the constant maps.

Discrete G-spectra are coalgebras over the comonad I'. In [5], the homotopy
fixed point spectrum was shown to have the following alternate description, pro-
vided G is sufficiently nice (see also [26], [10], [20]).

Theorem 3.2.1. Suppose that G has finite ved. Then there are equivalences
X"C ~ holim ' X s
o~ hokm rsXx
= H.(G; X)
Here, H.(G; X) is the hypercohomology spectrum.

Proof. A proof of the first equivalence may be found in [5] (the cosimplicial ob-
ject defining the hypercohomology spectrum is different, but isomorphic to that
appearing in [5]). The second equivalence follows since the fibrant replacement
map X — Xy¢ is an equivalence. The functor I'¢(—) preserves equivalences by
Lemma 2.5.1, and the homotopy limit construction sends level-wise equivalences to
equivalences since it is a Quillen derived functor. ([

3.3. Iterated homotopy fixed points. Let U be an open normal subgroup of G,
so that G/U is finite.

Proposition 3.3.1. Let X be a discrete G-spectrum.
(1) The U fixed point spectrum (X ;)Y is fibrant as a G /U-spectrum.
(2) The fibrant G-spectrum X ¢ is fibrant as a discrete U-spectrum.
(3) The homotopy fixed point spectrum X"V is naturally equivalent to a G /U-
spectrum.
(4) There is an equivalence X¢ ~ (XhU)hG/U,

Proof. To prove (1), observe that since U is normal, for any discrete G-spectrum Y,
the U-fixed point spectrum YV is naturally a G /U spectrum. There is an adjoint
pair of functors (Resg/U7 (—)Y)

Resg/U . ESPG = ESpG/U . (—)U,

where the Resg Ju is restriction along the quotient homomorphism G — G JU. Since
Resg /U preserves cofibrations and weak equivalences, the functor (—)V preserves
fibrant objects.

(2) is similar (compare with [21, Rmk. 6.26]). Define the induction functor on a
discrete U-spectrum Y to be the Borel construction

mdfY =Gy Ay Y.
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Here, the Borel construction is taken regarding G and U as being discrete groups,
but this is easily seen to produce a discrete G-spectrum since U is a normal subgroup
of finite index. The induction functor is the left adjoint of an adjunction

Ind : £Sp, S BSpg : Resy,

where Resg is restriction along the inclusion U — G. Since non-equivariantly we
have an isomorphism

md$Y = G/U,L AY,

we see that Indg preserves cofibrations and weak equivalences, from which it follows
that ResY, preserves fibrant objects.

The spectrum (X 7)Y is a G/U-spectrum. By (2), the spectrum X ;¢ is fibrant
as a discrete U-spectrum, so there is a weak equivalence of U spectra

XfG — XfU.
This gives an equivalence
(Xre)" = (Xpu)” = X",

This proves (3).
(4) is proven using our fibrancy results. There are equivalences:

XhG ~ X?G — (XfUG)G/U ~ (XhU)hG/U
(]

3.4. Homomorphisms of groups. If f: H — G is a continuous homomorphism
of profinite groups, we may regard discrete G-sets as discrete H-sets. For a discrete
H-set Z, we define the coninduced discrete G-set by

f+Z = CoInd§, Z = Map$, (G, Z) = %og]irgMapH(G/U, 7).

An element g € G acts on an element a € Mapy(G/U, Z) by the formula
(g-)(g'U) = alg'gU).

This construction extends to simplicial discrete G-sets and discrete G-spectra in
the obvious manner to give a functor

The functor f, is the right adjoint of an adjoint pair (f*, f.), where
f*=TRes& : ©Sp, — XSpy

is the restriction functor along the homomorphism f. Since f* clearly preserves
cofibrations and weak equivalences, we have the following lemma.

Lemma 3.4.1. The adjoint functors (f*, f.) form a Quillen pair. In particular, f,
preserves fibrations and weak equivalences between fibrant objects.

We make the following observations.

(1) The Quillen pair (f*, f.) gives rise to a derived adjoint pair (Lf*, Rfs).
(2) Since the functor f* preserves all weak equivalences, there are equivalences
Lf*X ~ f*X for all discrete G-spectra X.
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If j : H — G is the inclusion of a closed subgroup, then for a discrete
H-spectrum X, we have a non-equivariant isomorphism

j«X = Map% (G, X) = Map®(G/H, X).

By Lemma 2.5.1, we see that j. preserves weak equivalences, and therefore
there is an equivalence j. X ~ Rj,. X.

The adjoint pair (triv, (—)%) of Section 3.1 agrees with the adjoint pair
(r*,r.) where r : G — e is the homomorphism to the trivial group. There-
fore, the homotopy fixed point functor is given by (—)"“ = Rr,.

tHLGL Kisa composible pair of continuous homomorphisms, there
are natural isomorphisms (g o f). = g. o f. and (go f)* = f* o g*. We get
similar formulas on the level of derived functors.

If i : U — G is the inclusion of an open subgroup, then the induction
functor iy = Ind{; (Proposition 3.3.1) is the left adjoint of a Quillen pair

(i, 1%).

We use these derived functors to prove a version of Shapiro’s Lemma.

Lemma 3.4.2. Let X be a discrete G-spectrum, and suppose that H is a closed
subgroup of G. Then there is an equivalence

Map®(G/H, X)h¢ = X",

Proof. Consider the following diagram of groups.

J

N

H

If Z is a discrete G-set, there is a G-equivariant bijection

§: juj*Z = Map$ (G, Z) = Map®(G/H, X).

The map § sends a map « in Map$; (G, Z) to the map

() : gH — ga(g™).

The inverse map §~! sends a map 8 in Map®(G/H, Z) to the map

5 HB): g gBg " H).

The isomorphism § induces for a discrete G-spectrum Y an isomorphism

§: 4. Y 5 Map®(G/H,Y).

By Lemma 3.4.1, the functor j, sends H-fibrant objects to G-fibrant objects. There-
fore we have equivalences:

Map(G/U, X)"¢ = Rr,j.j* X
~ Rr Rj.j* X
~ Rs,j* X
= X"
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3.5. Iterated fixed points for closed subgroups. Let j : H — G be the in-
clusion of a closed subgroup. We wish to extend the results of Section 3.3 to the
closed subgroup H. The following proposition may be compared to [21, Lem. 6.35]

Proposition 3.5.1. Let N be a closed normal subgroup of G, and let X be a
discrete G-spectrum. Then there is an equivalence

((XfG)N)hG/N ~ XhG.

Proof. Consider the following diagram.

There is an equivalence
(Xa)V)"S/N = Rs,Rq. X ~ Rr, X = X"C.
O

The reader might hope that X ;g was fibrant as a discrete H-spectrum, but this
does not appear to hold for closed subgroups H. We discuss these difficulties in
Section 3.6. The mysterious spectrum (X c)? may be identified as the following
colimit.

Corollary 3.5.2. Let G be of finite cohomological dimension. Then there is an
equivalence

X)) ~ colim X",
(Xra) HoHm

Proof. Since H acts discretely on X ¢, we have an equality
Xie)® = colim (X;q)Y.
(Xpe)™ = colim (Xsc)

By Proposition 3.3.1, the spectrum X is fibrant as a discrete U-spectrum, so
there are equivalences (X q)V ~ X"U. O

If we confine ourselves to the case where G has finite cohomological dimension,
then the iterated homotopy fixed point theorem takes on a more satisfactory form.

Proposition 3.5.3. Suppose that G has finite cohomological dimension, and sup-
pose that X is a discrete G-spectrum. Then the natural map

colim XM — xhH
H<U<,G

is an equivalence.

Corollary 3.5.4. Let G be of finite cohomological dimension, and let X be a
discrete G-spectrum.
(1) There is an equivalence (X sg) ~ X",
(2) Suppose H is normal in G. Then, using the above model for the H-
homotopy fixed point spectrum, there is an equivalence (X")hG/H ~
Xha,
In Section 7.1 we will see that we may extend Proposition 3.5.3 to groups of finite
virtual cohomological dimension provided that the thing we are taking homotopy
fixed points of is a consistent faithful profinite Galois extension.
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3.6. The difficulties concerning arbitrary closed fixed points. Let H be a
closed subgroup of an arbitrary profinite group G. We would be able to remove
the finite cohomological dimension hypothesis in Section 3.5 if we knew that the
restriction functor

Resf : 2Spy — BSpy

sent G-fibrant objects to H-fibrant objects. While we know of no counterexamples,
we also doubt that this is true in general.

We saw in Proposition 3.3.1 that for U an open subgroup of G, the presence of
an induction functor Ind{} which was a left Quillen adjoint to ResY allowed us to
prove that Resg preserved fibrant objects.

However, as pointed out to the second author by Jeff Smith, Resg cannot possess
a left adjoint, since it does not preserve limits. This can be seen as follows.

For a profinite group K, and a diagram {X,} in the category XSpy, let

nglKXa

denote the limit computed in the category of discrete K-spectra. This limit is give
by the following formula:

lim™ X, = colim(lim*? X )Y,

Ko = goiplin ™ Xo)
Here, the limit 1im®P is the limit computed in the underlying category of symmetric
spectra.

Thus, given a diagram {X,}, the restriction of the limit is given by
Res lim© X, = colim(lim®? X,,)Y .
e Ud

—0 o

However, the limit of the restriction is computed to be

lim? Resg X, = colim(limSan)V.
« V4, H «

These subspectra of lim, P X, in general do not agree.
One might suspect that one could still prove that the map

colim XM — xhG
H<U<L,G

is an equivalence if G was a group of finite virtual cohomological dimension by a
comparison of descent spectral sequences. This approach, however, also presents
difficulties. For K a profinite group of finite ved, and Y a discrete K-spectrum, let
{E,(K;Y)} denote the conditionally convergent descent spectral sequence

Ey(K;Y) = Hi (K;m,(Y)) = m (Y"5).
There is a map of spectral sequences
E,(H;X) = colim E.(U;X)— E.(H;X)
which can be shown to be an isomorphism on the level of Es-terms. The problem

is that the colimit of the spectral sequences does not converge to the colimit of the
abutments in general.
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4. CONTINUOUS G-SPECTRA

For us, a continuous G-spectrum is a pro-object in the category of discrete G-
spectra. In this section we extend some of our constructions for ¥Sps to the
category of continuous G-spectra. For continuous G-spectra that are indexed over
{0~ 1«2« ...} part of this material appears in greater depth in [5].

4.1. Pro-objects in discrete G-spectra. Following standard usage, a pro-object
in a category C is a cofiltered diagram in C. We define the category of continuous
G-spectra Y.Spg to be the category of pro-objects in ¥Sp,. Thus, a continuous
G-spectrum is a cofiltered diagram X = {X,};cr of discrete G-spectra. Maps in
the category of continuous G-spectra are given by

¥Spe(X,Y) = lim colim XSp(X;,Y;).
j i

Any pro-spectrum X = {X;} gives rise to a spectrum X via the homotopy limit
functor:
X = holim Xj.
(]

We shall always denote our pro-spectra by boldface type and their homotopy limits
with non-boldface type.

Remark 4.1.1. A more general theory of pro-spectra, including a model category
structure, has been developed by Isaksen [18]. Fausk and Isaksen are developing a
category of continuous genuine G-spectra where G is a pro-Lie group. The notion of
continuous G-spectrum in this paper should then correspond to a naive G-spectrum.

4.2. Continuous mapping spectra. Let K = lim; K; be a profinite G-set. Given
a continuous G-spectrum X, the continuous mapping spectrum Map®(K,X) is
defined to be the continuous G-spectrum

{Map®(K, X;)};-

We denote the homotopy limit of Map“(K,X) by Map®(K, X). If the derived
functors lim; Map®(K, 7¢(X;)) = 0, for all s > 0 and all ¢ € Z, then the Bousfield-
Kan spectral sequence

lim} Map®(K, 7¢(X;)) = 7. (Map“(K, X))
collapses, and thus,

m«(Map®(K, X)) = Map®(K, li;(n T (X5)).

4.3. Continuous permutation spectra. Let K be as above, and let each finite
set K; be a discrete G-set. Also, let X be a continuous G-spectrum. Define the
permutation spectrum X[[K]] to be the continuous G-spectrum given by the pro-
spectrum

(XK} s
We denote the homotopy limit of X[[K]] by X[[K]].

Note that if F is a discrete G-spectrum, then E[[K]] is the continuous G-spectrum
{E[K;]} ;. If limg ; m(X5)[K;] = 0, for all s > 0 and all ¢ € Z (where m(X;)[Kj] is
an abelian group), then

m (X[[K]) 2 i, (X)) = lim . (X)[[K])

2¥)
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4.4. Continuous homotopy fixed points. For a continuous G-spectrum X, de-
fine the homotopy fixed point spectrum X"¢ to be the pro-spectrum given by

(XY
We denote the homotopy inverse limit of X" by X"C.

Example 4.4.1. Consider the G,-Galois extension F,, of Sg(y) (Example 1.0.5).
Let {M;}; be a cofinal collection of generalized Moore spectra [17]. Let H be a
closed subgroup of G. Then the pro-spectrum E, = {F,, A M} is a continuous
H-spectrum. Using the fact that F,, is E(n)-local, the homotopy fixed points are
identified by

Eh — lim FMA My

Thus the homotopy fixed points of the continuous H-spectrum E,, coincide with
the K (n)-localization of the homotopy fixed points of the discrete H-spectrum F,.

4.5. Continuous hypercohomology spectra. Define a coaugmented comonad
I'¢ : (pro—spectra) — (pro—spectra) by

I'¢(X) = Map®(G, X).

Let I'(X) be the homotopy inverse limit of I'(X).
If X is a continuous G-spectrum, then it is a coalgebra over I'¢. The following
theorem is proven in [5].

Theorem 4.5.1 ([5]). Suppose that X = {X;} is a continuous G-spectrum, and
suppose that G has finite ved. Let X ¢ be the continuous G-spectrum given by
the pro-spectrum {(X;)sc}. Then there is are equivalences:

XhG ~ holim Map®(G*®, Xg) = He(G; X16) ~ He(G; X).
4.6. Homotopy fixed point spectral sequence. Assume that G has finite ved.

The homotopy fixed point spectral sequence is the Bousfield-Kan spectral sequence
that computes the homotopy groups of the spectrum

XhG ~ holim holim Map®(G*, X;).
Thus, the homotopy fixed point spectral sequence has the form
Byt = m*m (holim Map®(G*, X;)) = T (X1,
If lim{ Map®(G*, 7:(X;)) = 0, for all s > 0, all k > 0, and all ¢ € Z, then the
Bousfield-Kan spectral sequence
lim{ Map®(G*, 7,(X;)) = m.(holim; Map®(G*, X;))
collapses, and thus,
B3 2 (lim Map?(G®, (X))
~ H*(Map®(G®, lizmm(Xi))
= H*(Map®(G*, m (X))
= H (G, m(X)).
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4.7. Completed smash products. Although we do not use it in this paper, we
remark that there is a well behaved smash product on the category of continuous
G-spectra. If X and Y are continuous G-spectra, we define the completed smash
product X A, Y to be the continuous G-spectrum given by the pro-spectrum

{Xi N}

Remark 4.7.1. The reader may notice that we have not defined for continuous
G-spectra X and Y a continuous function spectrum F.(X,Y). The difficulty is
that some sort of finiteness condition must be placed on X similar to the case of
Map®(K, X) to ensure that the terms in the pro-system are discrete. We do not
pursue these subtleties here.

5. STRUCTURED MODULES AND ALGEBRAS OF DISCRETE (G-SPECTRA

Let A be a commutative symmetric ring spectrum, and let G be a profinite group.
In this section we describe the model categories of discrete G-A-modules and com-
mutative discrete G-A-algebras, and form the homotopy fixed point spectra within
these categories. These new homotopy fixed point constructions are observed to
agree in the stable homotopy category with the old ones. We then spend some time
commenting on the comparisons between filtered homotopy colimits and filtered
colimits of modules and commutative algebras, and conclude that, when properly
interpreted, they all coincide in the stable homotopy category. We close the section
by describing how to make the hypercohomology spectra of commutative discrete
G-A-algebras take values in the category of commutative A-algebras.

5.1. Modules of G-spectra. Let A be a commutative symmetric ring spectrum.
By a discrete G-A-module, we shall mean a discrete G-spectrum X which also
possesses the structure of an A-module. We require these structures to be compat-
ible in the following sense: for every element g € G, the following diagram must
commute.

ANX S X

1l 5 l

ANX — X

Here £ is the A-module structure map. Let Modg, 4 denote the category of discrete
G-A-modules. Following [28], the general framework of [31] may be applied to our
situation to provide the following model structure on Modg, 4.

Proposition 5.1.1. The category Modg, 4 is a model category, where the fibrations
and weak equivalences are the fibrations and weak equivalences of the underlying
discrete G-spectra, and the cofibrations are the cofibrations of the underlying A-
modules (as defined in [28]).

Given a G-A-module X, let X¢ca denote a functorial fibrant replacement. We
define the homotopy fixed point A-module to be the fixed point spectrum

X}LAG _ (XfGA)G~

The nature of our model category structures immediately gives the following lemma.
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Lemma 5.1.2. The spectrum X g4 is fibrant as a discrete G-spectrum, and there
exists a weak equivalence

XfG =, XfGA-

Since (—)% is preserves weak equivalences between G-fibrant spectra, there is an
equivalence
XhG =, xhaG

The monad T'g(—) = Map®(G, —) restricts to the category of discrete G-A-
spectra, with the A-module structure given by the composition

A AMap®(G, X) — Map®(G, A A X) =5 Map®(G, X).

Given discrete G-A-modules X and Y, their smash product X A4 Y is easily seen
to be a discrete G-A-module with the diagonal action.

The category Modg 4 of continuous G-A-modules is the category of pro-objects
in MOdG7A.

Let X be a discrete or continuous A-module. Since X;ag is G-fibrant, the
following proposition is an immediate consequence of Theorem 3.2.1.

Proposition 5.1.3. Suppose G is of finite ved. Then there is an equivalence of
A-modules

Xh1aG ~ holim Map®(G, X jga) =~ H.(G; X).

We shall henceforth drop the distinction between (—)*4% and (—)"“. All homo-
topy fixed points of A-modules will implicitly be taken in the category of A-modules.

5.2. Algebras of discrete G-spectra. By a discrete commutative G-A-algebra,
we shall mean a discrete G-A-module E together with a commutative A-algebra
multiplication

pw:ENsE— FE

such that G acts through maps of A-algebras. Let Alg, , denote the category
of discrete commutative G-A-algebras. The arguments of [28] go through in this
context to give the following result.

Proposition 5.2.1.

(1) The category of discrete G-spectra admits a positive model structure, which
we denote ESpE, where the cofibrations are the positive cofibrations of
underlying symmetric spectra, the weak equivalences are the stable equiv-
alences of underlying symmetric spectra, and the positive fibrations are
determined.

(2) The identity functor from discrete G-spectra with the positive model struc-
ture to discrete G-spectra with the stable model structure is the left adjoint
of a Quillen equivalence.

(3) The category of discrete commutative G-A-modules admits a model struc-
ture where the cofibrations are the cofibrations of underlying commutative
symmetric ring spectra, the weak equivalences are the stable equivalences of
underlying symmetric spectra, and the fibrations are the positive fibrations
of discrete G-spectra.

We consequently have the following corollary.
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Corollary 5.2.2. We have the following Quillen adjoint pairs:
triv : ¥SpT = BSpf, 1 ()¢,
triv: Alg, S Algy ¢ (=),

For a discrete G-spectrum X we denote X;g+ to be the functorial fibrant re-
placement in the positive model structure, and denote the corresponding homotopy
fixed point spectrum by

+
Xh ¢ == (Xf+G)G.

We have the following lemma

Lemma 5.2.3. There is an equivalence

XWG =, xhe,
Proof. Since fibrant discrete G-spectra are positively fibrant discrete G-spectra,
there is an stable equivalence

oz:Xf+G—>ng.

Since (—)¢ preserves stable equivalences between positively fibrant discrete G-
spectra, « induces an equivalence

XM= (Xpra)? 2 (Xpe)? = XM
]

For a discrete commutative G- A-algebra E, we shall denote the functorial fibrant
replacement by Etga—alg. We define the homotopy fixed point A-algebra to be the
fixed point spectrum

EM"S = (Brga-aig)”

We have the following lemma.

Lemma 5.2.4. If F is a discrete commutative G-A-algebra, there is a zig-zag of
equivalences
EhG (i Eh+G i} EhAlgG.

We shall henceforth not distinguish between the various equivalent types of ho-
motopy fixed points discussed here. Homotopy fixed points of discrete G- A-algebras
will always implicitly be taken in the category of discrete G-A-algebras.

5.3. Filtered colimits. We will make frequent use of filtered colimits. Filtered
colimits of spectra of simplicial sets are rather well behaved. We have the following
lemma, given in [35], [27] in the context of Bousfield-Friedlander spectra, whose
proof in the context of symmetric spectra is identical. We remind the reader that
a fibrant spectrum is positively fibrant.

Lemma 5.3.1. In the category of symmetric spectra of simplicial sets, filtered
colimits preserve cofibrations and (positive) fibrations. Filtered colimits preserve
weak equivalences between (positively) fibrant spectra.

Corollary 5.3.2. Given a filtered diagram { X, }nes of (positively) fibrant spectra,
there is an equivalence

hocolim X, — colim X,,.
« «
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Proof. Let {X4} 2, {Xa} be a cofibrant replacement in the category of I-shaped
diagrams of spectra, so that ¢ is a level-wise acyclic fibration. Then each spectrum

X, is (positively) fibrant, and we have
hocolim X, = colim )?a 2, colim X,.
(Il

Corollary 5.3.3. (Positively) fibrant discrete G-spectra are (positively) fibrant as
non-equivariant spectra.

Proof. Let X be a (positively) fibrant discrete G-spectrum. Let U be an open
normal subgroup of G. By Proposition 3.3.1, X is (positively) fibrant as a discrete
U-spectrum. Therefore, by Lemma 3.1.1, the U-fixed points XU is (positively)
fibrant as a non-equivariant spectrum. The formula

X = colim XY

o

shows that X is (positively) fibrant as a non-equivariant spectrum. [

Lemma 5.3.4. Filtered colimits computed in the category of A-modules agree
with those computed in the category of spectra.

Proof. Let {E,} be a filtered diagram of commutative A-algebras. Then the colimit
is easily seen to have the structure of a commutative A-algebra with multiplication
given by

(colim E,) Aa (colﬂim Ej) = colim colﬁim Ey Na Eg
= colim E, Ay B,
«

— colim F,,.
(03
This filtered colimit is easily seen to satisfy the universal property. (Il

We shall henceforth never take homotopy colimits of spectra, but only colimits,
with the understanding that we may have to implicitly take functorial (positively)
fibrant replacements before computing the filtered colimit if the terms in the colimit
are not already (positively) fibrant.

If X, is a diagram of commutative discrete G-A-algebras, when we are taking a
filtered colimit, we shall implicitly be taking the filtered colimit colim, X¢ca—alg
of the functorial fibrant replacements. The underlying spectrum of X ga_aig is
positively fibrant.

For the sake of comparing our filtered colimits of commutative algebras with
those homotopy colimits of A-algebras appearing in [7], we present the following
lemma, whose proof is identical to that of Corollary 5.3.2.

Lemma 5.3.5. Suppose that {E,} is a filtered diagram of fibrant commutative
A-algebras. Then there is an equivalence

colim E,, ~ hocolim™#E,,,
« «

where the homotopy colimit hocolim®® is taken in the category of commutative
A-algebras.
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5.4. Hypercohomology algebras. Let E be a commutative discrete G-A-algebra.
For any finite set K, the the mapping spectrum Map(K, E) is naturally a commuta-
tive A-algebra, using the diagonal on K. Therefore, by Lemma 5.3.4, the continuous
mapping spectrum

Map®(G, E) = %0<llir(r;1 Map(G/U, E)

is a commutative A-algebra.
Since the category of spectra with the positive model structure is equivalent to
the category of spectra with the stable model structure, there is an equivalence

HM(G;E) = hoiinﬁ Map(G*, E) ~ holim Map*(G*, E) = H(G; E)

between the homotopy limits computed in the positive and stable model structures.
Since the homotopy limit of commutative A-algebras is computed in the underlying
positive model structure, we have the following lemma.

Lemma 5.4.1. The hypercohomology spectrum H.(G; E) is equivalent to a com-
mutative A-algebra H} (G; E).

When we take hypercohomology spectra of A-algebras, we shall always implicitly
be taking the homotopy limit with respect to the positive model structure.

6. PROFINITE GALOIS EXTENSIONS

Although the homotopy limit of k-local objects is k-local, it is not true in gen-
eral that k-localization commutes with homotopy limits. We begin this section
by explaining how, under appropriate hypothesis, Assumption 1.0.3 allows us to
commute these two functors. We then explain how a profinite Galois extension
naturally gives rise to a discrete G-spectrum, and how our consistency hypothesis
allows us to recover the intermediate finite Galois extensions using the homotopy
fixed point construction.

6.1. Properties of k-localization. Recall that we have assumed that the k-
localization functor is given by ((—)r)as, where localization with respect to T is
smashing, and M is a finite spectrum (Assumption 1.0.3). These localizations are
the functorial fibrant replacements in appropriately localized model categories. In
this section we shall establish some lemmas concerning such k-localizations.

Lemma 6.1.1. If X is a k-local spectrum, then it is a T-local spectrum.

Proof. Let f: A — B be a T-local equivalence. Then it induces an equivalence on
T-local spectra
fT : AT i> BT

and hence on the M-localization
fk . Ak ~ (AT)M E—> (BT)M ~ Bk.

Therefore, f is a k-local equivalence, and since X is k-local, the induced map

f7 B, X] = [A, X]

is an isomorphism. Since this is true for every T-local equivalence f, we deduce
that X is T-local. (]
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Lemma 6.1.2. Let X; be a diagram of spectra. Then there is an equivalence

(holim X;) ps =~ holim(X;) .
K3 K3

Proof. The homotopy inverse limit holim(X;) s is M-local, so there is a map
f : (hohm Xi)]\/[ — hohm(XZ)M

Smashing with M, and using the fact that M is a finite complex, we have the
following diagram of equivalences

M A holim; X; —— holim; (M A X;)

gl lz

M A (holimi Xi)]\/[ fTM> hOlimi(M N (Xz)M)

from which we deduce that f is an M-local equivalence. Since f is a map between
M-local spectra, the map f is an equivalence. (I

Arbitrary localizations do not commute with homotopy inverse limits. Our rea-
son for making Assumption 1.0.3 on k-localization is that we may deduce the fol-
lowing corollary.

Corollary 6.1.3. Let X; be a diagram of T-local spectra. Then there is an equiv-
alence

(holim X;) =~ holim(X; ).

Proof. Since the spectra X; are T-local, the homotopy inverse limit holim; X; is
T-local. Using Lemma 6.1.2, we have equivalences:
(holiimXi)k o~ (ho%im Xi)m
~ ho%im(Xi) M
~ ho%im(Xi)k.
O

Since T-localization is smashing, it possesses the following pleasant properties.

Lemma 6.1.4.

(1) Colimits of T-local spectra are T-local.
(2) If X is a T-local spectrum, and Y is any spectrum, X AY is T-local.
(3) If X is T-local, then Map®(G, X) is T-local.

We end this section with the following lemma.

Lemma 6.1.5. Suppose that f: X — Y is a k-local equivalence of T-local discrete
G-spectra. Then the induced map

f* : Hc(GaX)k - Hc(Gay)k

is an equivalence.
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Proof. Using Lemma 6.1.4, we see that the hypercohomology functor
Hc(Gv _) = hogm Mapc(G., _)

sends T-local spectra to T-local spectra. Therefore, we just need to check that the
map

fv 1 H(G; X) — H(G;Y)

is an M-local equivalence. Since M is finite and f is an M-local equivalence we see
that M A f, is an equivalence. Indeed, it is equivalent to the composite

M ANH(G; X) ~ H.(G; M A X)

WD g (G MAY)

~ M ANH(G;Y).
(I

6.2. Profinite Galois extensions as discrete G-spectra. We first recall some
terminology from [30]. Let A be a cofibrant k-local commutative symmetric ring
spectrum, let E be a commutative A-algebra, and let G be a profinite group.

Definition 6.2.1 (Profinite Galois extension). The spectrum E is a (faithful) k-
local G-Galois extension of A if

(1) There is a directed system of (faithful) finite k-local G /U,-Galois extensions
E,, of A for U, a cofinal system of open normal subgroups of G.

(2) All of the maps E, — Eg are G-equivariant and are cofibrations of under-
lying commutative A-algebras.

(3) For a < f3, letting K, 3 denote the quotient U,/Ugs, the natural maps
E, — EZ;K“”’ are equivalences.

(4) The spectrum E is the filtered colimit colim, E,.

Remark 6.2.2. The spectra F, are k-local, but the spectrum FE need not be
k-local. Our assumptions on k-localization do imply that E is T-local.

For the remainder of this section, we shall assume that E is a faithful k-local
G-Galois extension of A. We shall make the following additional assumptions on
E.

e E is consistent over A: the map A — AQ, g is an equivalence.
e FE has finite ved over A: the profinite group G has finite virtual cohomo-
logical dimension.

Proposition 6.2.3 (Rognes [30]). Then there are natural equivalences:
(EAa E)i, = (Map®(G, E))s,
(E[[GI)x = Fa(Eg, Ey).
Proposition 6.2.4. The spectrum E is a discrete commutative G-A-algebra.

Proof. Clearly, E, is a commutative discrete G-A-algebra. Discrete G-A-algebras
are closed under filtered colimits. (I
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6.3. The consistent hypothesis.

Proposition 6.3.1. Assume that the Galois extension F of A has finite ved. Then
there is a natural equivalence

AR g — (E")

between the k-local Amitsur derived completion and the k-localization of the ho-
motopy fixed point spectrum.

Proof. By iterating Proposition 6.2.3, the natural map
(EAaENg - Na E)ry — (Map®(G™, E))x

n+1

is an equivalence. Totalizing the associated cosimplicial spectra and using Corol-
lary 6.1.3 and Theorem 3.2.1, we have:

Ayp = hoiim(EA“H)k
= hoEm(Mapc(G', E))g
~ (hoiim Map®(G*, F))x
= (E"S),.
O

Corollary 6.3.2. Let F is be a k-local profinite G-Galois extension of A of finite
ved. Then the extension is consistent if and only if the natural map

A — (E"G),
is an equivalence.
We shall say that a k-local A-module X is k-locally dualizable if the map
(Da(X) A4 X)) — Fa(X, X)

is an equivalence. Here, Da(—) = Fa(—, A) is the Spanier-Whitehead dual in the
category of A-modules. We shall repeatedly use the following dualizability result
[30, Sec. 6], [1].

Proposition 6.3.3. If F is a finite k-local Galois extension of A, then F is a
k-locally dualizable A-module. There is a natural map (the discriminant map)

E — Da(E)
which is an equivalence.
Being consistent implies the following consistency result.

Lemma 6.3.4. Suppose that E = colim, E,, is a consistent k-local profinite G-
Galois extension of finite ved. Then for each «, the natural map

E, — (E"Ve),

is an equivalence.
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Proof. Since E,, is G/U,-Galois over A, we have a chain of equivalences:

(E /\AE)k— E, /\AcohmE@)

(
~ (coll
(cohmMap(G/UmE ) NE. Eg)k
~ (

cohm Map(G /Uy, Eg))
 (Mab(G /U, B

By Corollary 6.3.2, the natural map

(6.1) A — (E",

is an equivalence. Smashing (6.1) over A with E,,, using Theorem 3.2.1, employing
the fact that E,, is k-local, and k-locally dualizable, and applying Corollary 6.1.3
and Shapiro’s Lemma (3.4.2), we have equivalences:

Ey ~ (EqAa A)g
~ (E, Ag E"O),,
~ (Eq Aa hoiim Map®(G*®, E))k
o~ (hoiiml\/lapc(G'7 Eo A4 E))i
~ hoiim Map®(G®, Eq A4 E)y;
o~ hoiim Map®(G*,Map(G /U, E))x
~ (hoiimMapc(GﬂMap(G/Ua,E)))k
~ (Map®(G/Ua, E)"“)1
~ (E"Ye),.
(]

Adding the faithful hypothesis allows us to forget the system of finite Galois
extensions which gave F.

Proposition 6.3.5. Let E be a consistent faithful k-local profinite G-Galois ex-
tension of A of finite ved.
(1) For each open normal subgroup U of G, (E"V), is a faithful k-local G /U-
Galois extension of A.
(2) If U < V are a pair of open subgroups of G with U normal in V, then
(EMY),, is a faithful k-local V/U-Galois extension of (E"V);.

Proof. (1) We repeatedly use the fundamental theorem of Galois theory. Choose
a so that U, is contained in U. Then by Lemma 6.3.4, there is an equivalence
E, ~ (E"a), so (E"U«), is a faithful k-local G /U,-Galois extension of A. Propo-
sition 3.3.1 implies that there is an equivalence

(EhU)k ~ ((EhUOL)hU/UQ)]C ~ (Ea)hU/U"‘.

Galois theory therefore implies that (E"Y)y is a faithful k-local G /U-Galois exten-
sion of A.
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(2) Let N be an open normal subgroup of G contained in U. By (1) we know
that (E"V), is a faithful k-local G /N-Galois extension of A. By Proposition 3.3.1,
we have

(EhV)’c ~ ((EhN>hV/N)k ~ ((EhN)k)hV/N.
The fundamental theorem of Galois theory [30] implies that (E"V); is a faithful
k-local V/N-Galois extension of (E"V);. Again, by Proposition 3.3.1, we have
(EhU)k ~ ((EhN)hU/N)]C ~ ((EhN)k)hU/N.

Since U/N is normal in V/N, with quotient V/U, the fundamental theorem of
Galois theory implies that (E"Y), is a faithful k-local V/U-Galois extension of
(E" ). O

7. CLOSED FIXED POINTS OF PROFINITE (GALOIS EXTENSIONS

Let E be a consistent faithful k-local profinite G-Galois extension of A of finite
ved. We begin by showing that under these hypotheses, the H-fixed points functor
is extremely well behaved for H an arbitrary closed subgroup of G. We then prove
the forward part of the profinite Galois correspondence, and compute the homotopy
type of the function spectrum between arbitrary k-local closed homotopy fixed point
spectra.

7.1. Iterated Galois fixed points. In this section we will extend the results of
Section 3.5 to all closed subgroups H of G. Let j : H — G be the inclusion. In
this section we shall prove the following theorem, and derive consequences from it.

Theorem 7.1.1. Suppose that G has finite ved. Then the natural map

(,colim E") — (EMD),,

is an equivalence.
We shall first need the following fundamental lemma.

Lemma 7.1.2. Suppose that V is an open normal subgroup of G, and that H is
a closed subgroup of G. Then the natural map

((Ehv)k /\(Eh'HV)k EhH)k N (Eh(HﬁV))k
is an equivalence.

Proof. Let @ be the finite group HV/V = H/(H NV'). By Proposition 6.3.5, the
extension
(B"TV)), — (EM),,
is a k-local @-Galois extension. Under the isomorphism
Ex= (Ehv)k NERV Y, E

the G action on E is transformed to the diagonal action on (E"Y). Agnvy, E.
Therefore, under the equivalences

((Ehv)k /\(Eh,HV)k E)k = ((Ehv)k /\(EhHV)k (Ehv)k /\(EhV)k /\E)k
~ (Map(Q, E" )i A(grvy, AE)
~ Map(Q, E)x
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the G-action on FE is transformed to the conjugation action on Map(Q, E). Using
Theorem 3.2.1, the fact that (E"), is a k-locally dualizable (E"V);-module
(Proposition 6.3.3), and Shapiro’s Lemma (Lemma 3.4.2) we have:

(B")i Agrivy, EMD) =~ (B"Y)e Aggravy, Ho(H; E))i
~ (He(H; (E") Agnivy, E))i
(E"™ )i A (BERHVY, E)M),

~ (Map(Q, E)""),,
= (
(

1R

1%

Map(H/(HNV), E)");
o~ Eh(HﬁV))

O
Proof of Theorem 7.1.1. Choose an open normal subgroup V of G of finite coho-
mological dimension. By Proposition 3.5.3 we see that the map

(7.1) colim EMUNY) _, ph(HNV)
H<U<,HV

is an equivalence. Let Q@ = HV/V = H/(H N'V) be the finite quotient group. For
each open subgroup U of HV containing H, we have UV = HV. Therefore there
is an isomorphism Q = UV/V 2 U/(U NV). By Proposition 6.3.5, the extensions

(E}LU)kH(Eh(UnV)k,
(EhUV)k N (Ehv)k
are faithful k-local @-Galois extensions. Therefore, by Remark 1.0.2, the norm
maps
(E"U ) gk — (EMUTVIRR),
(E"n@)k — (B")"9),

are equivalences. We therefore have, using Proposition 3.3.1 and Lemma 7.1.2, the
following sequence of equivalences:

li hU ~ li hU
(yeolim  E™7)p = colimy  E77)y

~ : RUNV)\RQ
o (chglglf,nHv(E 7

~ : h(UNV)
= (, golim (E @)k

~ ((_ colim EMU), o),

(Ehv)k /\(EhHV)k EhH)hQ)k
(Ehv>hQ)k /\(EhHV)k EhH)k
(E")'9), Agnirvy, EM),
( h(HV/V))

&S|
>
=

k /\(EhHV)k EhH)k

hH)

)k /\(EhHV)k E k
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O
Using the methods of Section 3.5, Theorem 7.1.1 has the following corollary.

Corollary 7.1.3.

(1) There is an equivalence ((Efg)™)), ~ (EM);.
(2) If H is a closed normal subgroup of G, then, using the model for H-
homotopy fixed points given by part (1), there is an equivalence

((EhH)hG/H)k ~ (EhG)k.
7.2. Intermediate Galois extensions. In this section we will prove the forward
direction of the profinite Galois correspondence.
Theorem 7.2.1. Suppose that H is a closed subgroup of G.

(1) The spectrum FE is k-locally H-equivariantly equivalent to a consistent
faithful k-local H-Galois extension of (E"H); of finite ved.

(2) If H is a normal subgroup of G, then the spectrum E" is k-locally equiv-
alent to a faithful k-local G/H-Galois extension of A. If the quotient G/H
has finite ved, then E* is consistent (and of finite ved) over A.

Remark 7.2.2. It is useful to note that if G is a compact p-adic analytic group,
then for any closed normal subgroup H of G, then the quotient group G/H is a
compact p-adic analytic group, and therefore must also have finite ved [8, Theorem
9.6] [34].

Proof of part (1). Since H is a closed subgroup of G, a group of finite ved, we may
conclude that H has finite ved. The system {H NV }y <, is cofinal in the system
of open normal subgroups of H. Let U = H NV be one of these open normal
subgroups.

(E"Y)y is k-locally H/U-Galois over (E");,. We must check that the extension
satisfies the two conditions of Definition 1.0.1. By Proposition 3.3.1 and Corol-
lary 6.1.3, we have

((EhU)k)hH/U ~ ((EhU)hH/U)k
~ (EM)y,

which verifies the first condition. The second condition is verified through the use of
Lemma 7.1.2, and the fact that (E""); is a faithful k-local HV/V-Galois extension
of (EHV); (Proposition 6.3.5):

(B" )i Agprmy, (B")i)k
~ ((B") Ngnavy, E" )i Aggray, (B™)e Aggravy, EM )ik
~ ((EM) Aggravy, (E")k Aggravy, E™ )i
~ ((E"M"); Aggnavy, Map(HV/V, (E"V);.))k
= ((BM")k Apravy, Map(H /U, (E"V)i))x
~ Map(H/U, ((E"™)), A(gnuvy, E" i)
~ Map(H /U, (E"Y)).
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(E"Y)y is k-locally faithful over (E™),. Suppose M is an (E"7);-module and
that we have

((EhU)k /\(Eh,H)k M)k ~ ok,
We must show M, is null. We use Lemma 7.1.2 to deduce

*

1R

((Ehv /\(EhHV)k (EhH)k)k /\(EhH)k M)k,
~ ((Ehv)k N(EREV)Y, /\M)k.

By Proposition 6.3.5, we deduce that (E"); is k-locally faithful over (E*V); so
we may conclude that Mj is null.

EhHﬂV)

Let L be the colimit colimy«, k- The spectrum L is a faithful k-local

H-Galois extension of (E"M),.

FE is k-locally H -equivariantly equivalent to L. By Corollary 7.1.3, for each V we
have

((EfG)Hmv)k ~ (EhHﬂV)k.
Since Fyq is a discrete H-spectrum, we have:

)HﬂV)

Ea)p = (colim(E
(Erc)k (g/oﬁlolg( G K

~ (%og]irg(EhHmV)k)k
= Lj.

The fibrant replacement map F — Ej¢ is an H-equivariant equivalence.

L is consistent over (E"),. By Corollary 6.3.2, we just need to check that the
map

(7.2) (BN — (LM,

is an equivalence. We have already seen that the map E — L is a k-local equiva-
lence. By Theorem 3.2.1 and Lemma 6.1.5, we see that the map of Equation (7.2)
is an equivalence. ([l

Proof of part (2). Let K be the colimit colimyg,c(E"#Y);. Since H is normal
in G, the groups HU is are open normal subgroups of G. By Proposition 6.3.5,
the spectra (E"V),, are k-local faithful G/ HU-Galois extensions of A. Therefore,
K is a k-local faithful G/H-Galois extension of A. The spectrum K is k-locally
equivalent to E" by Theorem 7.1.1.

Suppose that G/H is of finite ved. We are left with showing that K is consistent
over A. By Corollary 6.3.2, it suffices to check that the map

A — (KhC/HY),



28 MARK BEHRENS AND DANIEL G. DAVIS

is an equivalence. Using Corollary 6.1.3, Theorem 7.1.1, Corollary 7.1.3, and the
fact that E is consistent over A, we have:

(KhG/H)k — ((%Oqlirg(EhHU)k)hG/H)k

~ ((Cquh%l EhHU)hG/H)k

~ (((Bye)™)"M),

7.3. Function spectra. In this section, we prove the following theorem.

Theorem 7.3.1. Let H and K be closed subgroups of G. Then there is an equiv-
alence

FA((E") ., (B")) = ((E[[G/H]]))" ).

Corollary 7.3.2. If H and K are closed subgroups of GG, and the left action of K
on G/H is trivial, then there is an equivalence

Fa((BM), (BM)y) = (E"¥[[G/H]))s.
Proof. We have the following sequence of equivalences:
Fa((B" )i, (BM)) ~ (BIG/H]) )k

=~ (H}%OUHSIEIG(E[G/U])’LKM

= (gl 16/

~ (E"[[G/H]))x-
O

Remark 7.3.3. The conclusion of Corollary 7.3.2 is typically far from true for
arbitrary H and K. For instance, let n be odd. It is shown in [33] that in the case
of k = K(n), A= Sk@m) E=F,, G=G,, H=c¢,and K = G,, the K(n)-local
Spanier-Whitehead dual of E,, is given by:

F(E,,E!®") ~ F(E,, Sg(n) ~ X" E, % E,.

We give a criterion that guarantees that the hypothesis of Corollary 7.3.2 is met.
First, we recall the definition of a standard concept in group theory.

Definition 7.3.4. The core Hg of H in G is the normal subgroup
He =NgecgHg™"
The core Hg is the largest normal subgroup of G that is contained in H.

Lemma 7.3.5. Let H and K be closed subgroups of G. Then K acts trivially on
the left G-set G/UH, for all open normal subgroups U of G, if and only if K is
contained in Hg.
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Proof. Suppose that k- gUH = gUH, for all U, all k € K, and all g € G. Since U
is normal in G, this condition is equivalent to the condition that k is contained in
UgHg~'. Since H is closed, gHg™ ! is a closed subset of G, so that

NvUgHg™ ' = (NuvU)gHg™* ={e}gHg ' = gHg™".

Thus, G acts trivially on the left G-set G/UH, for all U, if and only if k is an
element of gHg™!, for all k € K and all g € G. This is equivalent to requiring that
KcNgeGgHg ' = Hg. O

The remainder of this section will be spent proving Theorem 7.3.1. We first
prove some technical lemmas. Recall that an A-module X is said to be k-locally
F-small if the natural map

colim F4 (X,Y;) — Fa(X,colimY;)
K3 3

is a k-local equivalence for every filtered diagram {Y;}; of A-modules. Observe that
if X is a k-locally dualizable A-module, then it is k-locally F-small, since we have:

(COljm FA(Xai/z))k ~ (COlim(DA(X) AA }/z))k
~ (DA(X) Ay colimY;)g
~ Fy(X,colimY;)g.

Lemma 7.3.6. Suppose that X is a spectrum which is k-locally F-small. Let
T = lim; T; be a profinite set. Then the natural map

Map®(T, Fa(X,Y))r — Fa(X,Map®(T,Y))
is a weak equivalence.
Proof. We have:
Map®(T, Fa(X,Y))r = (coliimMap(Ti,FA(X, YY)k
= (coliim Fa(X,Map(T;,Y)))
~ Fa(X, coliim Map(T;,Y))x
= F(X,Map®(T,Y)).
O

Lemma 7.3.7. Let {Y;} be any filtered diagram of spectra, and let T' = lim; T} be
a profinite set. Then the natural map

colim Map“(7,Y;) — Map“(T, colim Y})
J J
is an equivalence.

Proof. We have:
colim Map®(7,Y;) = colim colim Map(T;, Y;)
J J 4
= colim Map(T;, colim Y;)
i J

= Map“(T, colim Y;).
J
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Lemma 7.3.8. Let U be an open subgroup of G, and suppose that V' is an open
normal subgroup of G contained in U. Then there is an equivalence

vy (B"[G/UDe = Fa((E"), (B")i).

Proof. By Proposition 6.3.5, the spectrum (E"V),, is a k-local G/V-Galois extension
of A, and by Proposition 3.3.1, there is an equivalence
EMU ~ (Ehv)hU/v_

By Proposition 6.3.3, the A-module (E""), is k-locally A-dualizable. Using Corol-
lary 6.1.3, we have:

(E" )i Aa (B" )i,

| 2

(B )k Aa (B"™)MIV) )

(B )i Aa (B"))" Y )y

((B" ) Aa (B ) )"0V ),
Map(G/V, (E"" )"0V

~ Map(G/U, (E");

12

1

| l

)
)-

l

Applying Figrvy, (—, (E")}1,) to both sides, we have:

FaA((E" )k, (B™)g) = Fignvy, (E™ ) Aa (B")g, ("))
~ Fipmv ), (E™ )k Aa (B"™ )i )k, (B")1)
~ Fgnvy, (Map(G/U, (Ehv)k), (Ehv)k)

~ Fipnvy, (B" )i, (E"V[G/U)1)

~ (E"[G/U))y.

O

Lemma 7.3.9. Let U be an open subgroup of G, and let V' be an open normal
subgroup of G, such that V' < U. Then there is a map of discrete G-A-modules

€: AlG/U] Ay EMY — BNV

where G acts on the source of £ by acting only on A[G/U].
Proof. To produce the map &, it suffices to construct the adjoint map of sets

£:G/U — Mod4(E"Y , E").
Observe that the multiplication map

g:E—F
descends to a map
EgU)=g: " — E".

It is easy to check that this map is independent of choice of coset representative. To

show that & is G-equivariant we merely must show that & is G-equivariant, where
G acts on the morphism set Mod4(E", E?V') by postcomposition. This is clear

from the definition of S |
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Lemma 7.3.10. Let U be an open subgroup of G. There is an equivalence of
discrete G-spectra

0 (EIG/UDk = colim | Fa((E" )i, (E™ ).

Here, G is acting diagonally on the left hand side and acting only on each (E"V),
on the right hand side.

Remark 7.3.11. Let V be an open normal subgroup of G. Since E"Y is a G/V-
spectrum, the function spectrum Fa((E")g, (E"V):) is a discrete G-spectrum,
where G is acting only on the spectrum E"Y. The colimit

. hU hV
vg(z,()Gll,gl<U FA((E" )k, (™ i)

is therefore a discrete G-spectrum.

Proof of 7.3.10. The map ¢ is given as the composite

(BIG/UD. = ((colim(E"™ ))[G/U])
~ (cvoﬂliolfg(EW[G/U])k)zc

. hU hV
BN (Vﬂi%}glgUFA((E s (™ )1)) k-

The map 1 is the colimit of maps

Yy (B"[G/UN)e = Fa((E")r, (B"))

whose adjoints JV are given by the composites

INAE
—

by (E" )i Aa (A[G/U] A (B"V)y) (E" )k Aa (E" )i

i} (Ehv)k,

where p1: (E"V)p Aa (E"Y), — (E"); is the multiplication map of the A-algebra
(Ehv)k.

Non-equivariantly, the maps ¥y correspond to those of Lemma 7.3.8, and are
therefore equivalences. Therefore v is an equivalence, so ¢ is an equivalence. (I
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Proof of Theorem 7.3.1. We have equivalences:

(E([G/H]|" ) =  holim holim Map*(K*, E[G/U]);

=~ holim holim Map®(K*, (E[G/U))k)k

~ holim_holim Map*(K*®, colim_ Fa((E"")x, (E")i))
~ holim holim( _colim  Map®(K*, Fa((E"")x, (E"")i)))
2 holim hogm(vﬂg%'}glgUFA((EhU)k, Map®(K*, (E")1)))x
~ th(;}ISHIG holim Fa (E"Y)y, Vﬂcooé%r‘pgj Map®(K*®, (E™)i)x
~ holim _holim Fa((E""), Map®(K*, colim_ (E"")y)):
~ H}gi&; hogm FaA((E"Y)),, Map®(K*®, E))

~ holim Fa((E")s, holim Map®(K*, E))

~  fholim Fa((E" ), (E")y)

R

: hU hK
FA(H%OI}IQG(E s (B k)

~ Fa((E")g, (E")y).
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