A PROOF OF |1, THEOREM 8.5]

DANIEL G. DAVIS

In [1, Theorem 8.5] and the paragraph that follows it, the author remarks that
the Es-term of the spectral sequence of Theorem 8.5 is given by

Eg’t = lim® A fi} m(T&((Zi)1.6)%)-

However, in [1], we did not provide the details of the proof of Theorem 8.5, since it

is a special case of a more general result that appears with proof in [2, Proposition

3.1.2]. But in this note, we spell out a proof of Theorem 8.5, in case the reader is

interested in a less general proof that deals only with the setting considered in [1].
We begin with a definition.

Definition 0.1. Let DMod(G)N denote the category of diagrams in discrete G-
modules of the form --- — My — My — My. Define HZ, (G;{M;}), the continu-

ous cohomology of G with coefficients in the tower { M, }, to be the sth right derived
functor of the left exact functor

lim ; (—)¢: DMod(G)Y — Ab, {M;} + lim ; ME.
— —
(This version of continuous cohomology is developed in [3].)

The next two results are special cases of statements in [2, Lemma 3.1.3] and its
proof, for the site G —Setsgs. Recall that im® o xn (—) is the sth right derived
functor of lim A xy (—): ALAN  Ab.

Lemma 0.2. If I = {I;} is an injective object in DMod(G)N, then, for s > 0,
lim® axy (T&1)Y = 0.

Proof. Let (j,i) be a typical element of A x N. The functors lim ; (—): AbY — Ab
and

lim o (=) AbY M — ABY, {43} — {lima 4}
are left exact functors. Also, the functor lim A (—) is right adjoint to the diagonal
functor ¢: AbY — Ab®*N that sends {4;} in Ab" to the diagram with A;; = A;,
for every j € A. Since c is exact, lim o (—) preserves injectives. Thus, there is a
Grothendieck spectral sequence

Byt =lim®; (lim’ o (T51)C) = Hm®** on (TG 1)C.

Since [ is an injective object, each I; is injective in DMod(G), and every map
d;: I;41 — I; is split surjective, with section r; [3, Proposition 1.1]. This implies
that d;: I, — IF is surjective for each i: if m € I, then m = d;(r;(m)), and
g-ri(m) =ri(g-m) =r;(m), for all g € G, so that r;(m) € I&,. Thus, {IF} is a
Mittag-LefHler tower of epimorphisms.

Then

lim' o (D816 = HY(T51)%) = HY(G: L),
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which equals 0 whenever ¢ > 0, and is I¢ when t = 0. Thus, for ¢ > 0, E‘Qg’t =0, so
that, for s > 0,
lim® AxXN (Fa]l)G = E;’O = liins i IZG =0.

Theorem 0.3. Let {M;} be in DMod(G)N. Then for all s >0,
lim® axr (PgM:)© 22 HEy (G5 {Mi}).
Proof. By definition,
Hon (G5 {M;}) 2= HP ((lim (=) ) (1° — I — --+)),

where 0 — {M;} — I° — I* — ... is an injective resolution in DMod(G)N. If {N;}
is in DMod(G)Y, then

lim asy (TEN:) & lim ; lim A (TG N;)€ 2= lim ; HO(TEN;))

>~ lim ; HY(G; N;) = lim ; NE.
p— C pa—

Thus,

Hon (G5 {M;}) 22 HP (lim s (TE1°)9 — (P& — --+)),
which is associated to the sequence
(0.4) 0— (C*{M})¥ — (T — (T 1) — -
in Ab®*N. Since Ab®*MN is an abelian category with enough injectives, and the

functor lim axn (=) : Ab®*N — Ab is left exact, if (0.4) is a (lim axy (—))-acyclic
resolution of (I'*{M;})%, then

H(font(G; {Ml}) =~ lim” AXN (F.MZ)G
Fix any ([j],k) € A x N and consider the sequence

(0.5) 0 — (VMY — (VHIE — (DIHHE — ...
Since 0 — My, — I — I} — --- is exact in DMod(G),
(0.6) 0— DVFAG — TIF ) I

is exact. Since H:(G;T9H11™) = 0, for any m > 0 and s > 0, (0.6) is a resolution
of T9+1 M, by (—)%-acyclics, and thus,

H* (DT IR)S — (D) — ) = HE (G TV M) = 0,
for s > 0. Since (—)¢ is left exact, it follows that (0.5) is an exact sequence. Thus,

(0.4) is an exact sequence in Ab™*Y,
The proof is finished by applying Lemma 0.2. (]
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