A potential definition for the classifying space
BG,,, from the chromatic perspective

Daniel Davis

November 13, 2004

Let S,, be the nth Morava stabilizer group, and let
Gn = S, 1 Gal(Fpn /),

the extended Morava stabilizer group. One can consider the classifying space
BG,,, with the hope that the consideration will be useful in understanding
chromatic stable homotopy theory. But since BG,, ignores the profinite topology
of G, maybe the standard definition of BG,, is not useful. Let

Gn=Us>U12U3>---2U; >---

be a descending chain of open normal subgroups of G, such that () ;U; =
{e} and G,, = lim; G,,/U;. Then, for the chromatic perspective, perhaps the
appropriate definition of BG,, is the tower of classifying spaces

{B(G,/U:)}
of maps
B(G,/Uy) « B(Gn/Uy) + B(Gy,/Uz) + -+ + B(Gp/U;) < --- .
Note that each group G,,/U;, in the tower {B(G,/U;)}, is a finite group.
Here is a way that the tower {G,,/U,} appears in the chromatic perspective.
Let E,, be the Lubin-Tate spectrum with coefficients
Te(Bn) = W(Fpn)[[ur, -, un—1]][u™"],

where the degree of u is —2. Recall from [1] that the K (n)-local E,-Adams
spectral sequence E;** with abutment 7. (L (,,)(S°)) has the form

Ey' = H3 (G mi(En)) = Ti—s (L (n) (S°)).
Let {M;} be a tower of generalized Moore spectra such that

L (n)(S°) 2 holim 1 L () (M).



Also, let F,, = colim; E"Ui. Then we make the following observation:

Hi(Gp;m(Ey)) 2 lim 1 H (Gr; me(En A My))
> lim ; H(Gp; 7 (Fy A M)
> lim ; H: (lim ; G, /U;; colim ; 7y (E"Yi A M7))
> lim ; colim ; H*(Gy, /Uy; m (E"Yi A M7)).
The last isomorphism uses the functoriality of the main construction of [1]: E!Vi
is a (G, /U;)-spectrum, so the abelian group m(E"Yi AMj) is a (G, /U;)-module.

Note that H*(G,, /Uy; m(E"Vi A My)) is the Ez-term of the descent spectral
sequence E**(i,I) that has the form

EyY(i,I) = H3 (G /U m(EMYe A M) = mp_o((ERY A My )RGR/U)
and, by [1],
m((BRYE A MM /U)o (B)O™ A M) 2= (L (ny (M)
Thus, E*(i,I) is the spectral sequence
(1) H*(Gn /Ui mi(BRYi N My)) = m— s (Lic(n) (M)
Also, I think that
(2) lim ; colim; E*(i,I) =2 EX*.

In conclusion, I wonder if the tower {B(G,/U;)} of classifying spaces of fi-
nite groups might be interesting or useful in chromatic theory, due to a possible
connection with the spectral sequences (1), and the relationship (2) between
spectral sequences (1) and . (L g () (S 9)). I don’t know the answer to this ques-
tion.
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