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ABSTRACT

The Lubin-Tate Spectrum and its Homotopy Fixed Point Spectra

Daniel Glen Davis

Using the work of Devinatz and Hopkins, we show that the Lubin-Tate spectrum FE,
is a continuous G,-spectrum, where G,, is the extended Morava stabilizer group. For
G closed in G, and any finite spectrum X, we use this continuous action to define the

homotopy fixed point spectrum (F, A X )hG with the associated descent spectral sequence
HE (G m(Ey A X)) = m—s(Bn A X)"C).

We show that this spectral sequence is isomorphic to the strongly convergent K (n).-local
FE,-Adams spectral sequence abutting to W*(EQG A X). We also have a descent spectral

sequence for (L K(n) (B, N X ))hG, where X satisfies a particular finiteness condition.
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CHAPTER 1

Introduction

Let E, be the Lubin-Tate spectrum with E. = W (Fpn)[[u1, ..., un—1]][u™?], where
the degree of u is —2 and the complete power series ring over the Witt vectors is in
degree zero. Let G, = S, x Gal(Fyn /Fp), where S, is the nth Morava stabilizer group,
and let G be a closed subgroup of G,,. Morava’s change of rings theorem yields a spectral

sequence

(1.1) H (G (B AN X)) = T L () (X)),

where the Fo-term is continuous cohomology and X is a finite spectrum. Using the G-
action on F, by maps of commutative S-algebras (work of Goerss and Hopkins ([15],
[16]), and Hopkins and Miller [39]), Devinatz and Hopkins [9] constructed spectra E'“

with strongly convergent spectral sequences

(1.2) H(G;mo(Ey A X)) = m (EMC A X).

Also, they showed that E!n A X ~ Lgny(X).
When K is a discrete group and Y is a K-spectrum, there is a homotopy fixed point

spectrum Y"X = Map, (EK,,Y), where EK, is a free contractible K-space. Also,



there is a conditionally convergent spectral sequence

Eyt = H¥(K;m(Y)) = m_ (Y,

where the Fs-term is group cohomology [34, §1.1]. Such spectral sequences are called
descent spectral sequences.

Thus, by comparison, E, appears to be a continuous G,-spectrum with “descent”
spectral sequences for “homotopy fixed point” spectra EQG A X. Indeed, we explain how
their work implies that F,, is a continuous G,-spectrum - F,, is a homotopy inverse limit
of discrete G,,-spectra. Using this continuous action, we define homotopy fixed point
spectra (E, A X)"C that are weakly equivalent to E"“ A X, and we construct descent
spectral sequences having the form of 1.2.

In more detail, the K (n).-local spectrum FE,, has an action by G, as a commutative
S-algebra. The K(n).-local commutative S-algebra E® has an associated strongly

convergent spectral sequence

Ey" = Hi(G; E(Z) = (B,°)*(2),

where Z is any CW-spectrum. Also, Devinatz and Hopkins prove the remarkable formula
Ep = Li¢(n)(hocolim; g, E!Vi), where {U;} is a cofinal descending chain of open normal
subgroups of G,,, and the homotopy colimit, as the notation indicates, occurs in the

category of commutative S-algebras.



Devinatz and Hopkins prove that the homotopy fixed point spectra ELLG have the
expected properties and, when one sets Z equal to the Spanier-Whitehead dual of any

finite spectrum X, one obtains a spectral sequence

By 2 H}(G;mu(Bn A X)) = mu(ELC A X)

that has the form of a classical descent spectral sequence. Thus, their constructions
strongly suggest that G,, acts on E, in a continuous sense. However, their highly struc-
tured action is not proven to be continuous, their homotopy fixed point spectra are
not defined with respect to a continuous action, and their homotopy fixed point spec-
tral sequences are not constructed as descent spectral sequences, but are K (n).-local
E,.-Adams spectral sequences.

Let F, = colim; E"Yi and let M (when it exists) be the generalized Moore spectrum

with BP, (M) = BP,/I. The key for getting our work started is knowing that

E, ANMp~ F, N\ My,

and thus, E, A M7 has the homotopy type of a discrete G,,-spectrum, a spectrum that
levelwise consists of simplicial discrete G,,-sets. This result is almost immediate due to

the work of Devinatz and Hopkins.

Theorem 1.3. As the homotopy inverse limit of a pro-object in the category of

discrete Gy,-spectra, E, ~ holim (F, A My) is a continuous Gy-spectrum. Also, if the



tower of abelian groups {m (En, N M1 AN X)}; is Mittag-Leffler for a fixed spectrum X
and every integer t (e.g. X is finite), then Ly () (En A X) == holim (F;, A M; A X) is a

continuous G,-spectrum.

Using this continuous action and for X as in Theorem 1.3, we define homotopy fixed
point spectra (L K(n) (EnAX )) "G and construct their descent spectral sequences. To avoid

the pile-up of parentheses, instead of (LK(n) (En A X))hG, we write L g (n) (En A X)ha,

Theorem 1.4. Let G be a closed subgroup of G, and let X satisfy the hypotheses of

the previous theorem. Then there is a conditionally convergent descent spectral sequence
Heo (G5 me(Licny (Bn A X)) = s (Lic(n) (Bn A X)),

where the Eo-term is the cohomology of continuous cochains. In particular, if X is a

finite spectrum, this descent spectral sequence is strongly convergent and has the form
(1.5) HE (G5 m(Bn A X)) = m_s((En A X)),

where the Ea-term coincides with the continuous cohomology of [9, Rk. 0.3].

We also show that computing with the descent spectral sequence when X is finite is
the same as computing with the Adams spectral sequence of Devinatz and Hopkins: the

differentials are identical.



Theorem 1.6. When X is a finite spectrum, descent spectral sequence 1.5 is iso-
morphic to the K (n)«-local E,-Adams spectral sequence with abutment m,(E"G A X). In
particular, in the stable homotopy category, the morphism E,’;LG NX — (E, /\X)hG is an

isomorphism.

Finally, we prove a theorem that chromatic stable homotopy theorists have suspected
is true, at least since the advent of Morava’s change of rings theorem [36] and the Annals
work of Miller, Ravenel and Wilson in 1977 [33]: the K (n).-localization of any finite

complex is a homotopy fixed points spectrum.

Theorem 1.7. Let X be a finite complez. Then L) (X) = (Ep A X)'Gnin the

stable homotopy category. In particular, if X is also of type n, then L, X = (B, A X)"Cn,

We want to stress at the outset how indebted we are to the beautiful work of Devinatz
and Hopkins, and to the work of Paul Goerss and Mike Hopkins upon which [9] is reliant
([15], [16]), and the earlier work of Hopkins and Haynes Miller [39].

It is interesting to note that the key weak equivalence E,, A M ~ F, A M| is expected,
in the following sense. Since m.(E, A M) is a discrete Gy,-module, one might hope for
a spectrum FE,, /I ~ E, A M that is a discrete G,,-spectrum. Given a profinite group
H, the work of Jardine gives a model category structure on the category of discrete H-
spectra (see §4.1). Given a discrete H-spectrum Y, one defines Y = (Yi ), where

y S Ys m is a fibrant replacement in the category of discrete H-spectra. Also, if K is



an open normal subgroup of H, then a fibrant discrete H-spectrum is also fibrant as a
discrete K-spectrum [27, Rk. 6.26].

Thus,

En/1~ (En/T)jq, = colim; (B, /It ~ colim; (E,/T)Ji,

= colim; (E,/I)"Yi ~ colim ; (E,, A My)"Yi ~ colim; (EMYi A My),

where in the last two steps we applied the ideas that (a) E, A M ought to have well-
behaved homotopy fixed point spectra (E, A My)"i; and (b) the work of Devinatz and
Hopkins suggests that E"Vs A My and (E,, A M7)"Yi ought to have the same homotopy
type.

It is important to note that the model given here for E,, as a continuous G-spectrum
is not completely satisfactory. For example, the continuous action is by morphisms that
are just maps of spectra. However, it is known that there are models for E, where the
Gp-action is by As- and E-automorphisms of ring spectra, and therefore we would
like to know that such enriched actions are actually continuous.

Another deficiency is that I do not know if holim ; (F, A Mj) is a twisted E,,-module
spectrum (that is, the module structure map (if it exists), with diagonal action on the
domain, is Gp-equivariant). Clearly, one expects any fully functional model to be a

twisted Fp,-module spectrum, as F,, itself is.



Outline of Contents. In Chapter 2, we give some background material, recall useful
facts, and handle several technical issues. In Chapter 3, we show how the Adams-Novikov
spectral sequence for m.(Lg ()X ), when X is finite, gives 1.1. In Chapter 4, we define
“continuous G-spectrum,” and discuss the model categories of discrete G-spectra and
their towers. Chapter 5 shows that E, is a continuous G,-spectrum. Homotopy fixed
points for discrete G-spectra are discussed in Chapter 6, while Chapter 7 constructs ho-
motopy fixed point spectra Eﬁ/G (using the continuous action) that are weakly equivalent
to EM"G. Chapter 8 contains various results about continuous cohomology and towers of
abelian groups that are needed for later work. Chapter 9 builds the descent spectral
sequence for Lg(y)(En A X )¢, when X is E,-Mittag-Leffler, and Chapter 10 proves
that, when X is a finite spectrum, the descent spectral sequence for (E, A X )hG is
strongly convergent and is isomorphic to the K(n).-local E,-Adams spectral sequence

for EI'G A X,

Notation and Terminology. Gal is the Galois group Gal(Fy»/F,). For a profinite
group G, we write G = lim y G /N, an inverse limit over the open normal subgroups.
The nth Morava stabilizer group S, is a profinite group, defined to be the automor-
phism group of the Honda formal group law I',, of height n over F,». G,, = S, x Gal is
a profinite group with a descending chain of open normal subgroups G,, = Uy > U; >
.. > U; > ..., such that (;2, U; = {e}. The canonical map G,, — lim i Gn/U; is a group

isomorphism and a homeomorphism. The notation N <, G means that N is an open

subgroup of G; “<.” refers to closed subgroups.



We use G to denote arbitrary profinite groups and, specifically, closed subgroups of
Gy, sometimes in the same section. The context should always make it clear which we
mean.

Let BP denote the Brown-Peterson spectrum with BP, = Z)[v1, va, ...|, where |v;| =

2(p* — 1). The ideal (p®, v’f, ey vi"_’f) in BP, is denoted by I; M is the corresponding

n

generalized Moore spectrum M (p"'o,vil, . vi”_’f). Given an ideal I, M| need not exist;
however, enough exist for our constructions (e.g. see 2.3). The spectrum M is a finite
type n spectrum with the property that BP.(M;) = BP,/I. (See [5, §4], [23, §4], and

[30, Prop. 3.7 for details.) The map r: BP, — Ej, - defined by r(v;) = usu! ', where

in—1
n—1

up, = 1 and u; = 0, when ¢ > n - sends I to the ideal (pio,uil, ey, 1) in By, also
denoted by I. Landweber exactness gives m.(E, A M) = E,./I. The set {ig,...,in—1}
of superscripts of positive integers varies so that there is a family of ideals {I}. Also, let
I, = (p,u1, oy un—1) C Epa.

Since we will frequently use (homotopy) limits indexed by these ideals, we make the
following remarks. Given I1,I in {I}, Iy < I if and only if Iy C I;. Even though {I}
is not the inverse system {0 < 1 < 2 « ...}, since {I} is a countable directed poset, it
contains a cofinal directed poset J = {Iy « I} « Iy « ...}. Therefore, in what follows,
the functors lim ; (—) and holim 7 (—) are always over a cofinal subset with the shape of
J. We always write the subscript “I” even though we really mean the cofinal subset.

The homotopy limit of (Bousfield-Friedlander) spectra is constructed levelwise in S,

the category of simplicial sets. The homotopy limit in S of pointed simplicial sets is



again a member of S,, the category of pointed simplicial sets. We use S™ € S to denote
the n-sphere.

Given a spectrum X, DX is its Spanier-Whitehead dual. Given a spectrum FE,
El = EANENA---AE, with j factors. K(n) is the nth Morava K-theory spectrum

with K (n).« = Fplvn, v, !]. We use L, to denote the Bousfield localization functor with

-1

'] The category of commutative

respect to E(n), where E(n). = Zyy[v1, ..., Un—1][vn, v
S-algebras is denoted by E. If Cis a model category, then Ho(C) is its homotopy
category and [—, —]c denotes morphisms in Ho(C). Spt is the category of Bousfield-
Friedlander spectra, and “the stable category” always refers to Ho(Spt).

Given a site C, C™ is the Grothendieck topos of sheaves of sets on the site. DMod(G)
is the category of discrete G-modules. A discrete G-set X is a G-set such that the
action map G x X — X is continuous when X is given the discrete topology. The map
rg: Gp — Gy denotes right multiplication by g € G,.

We use Map,.(G, A) to denote the set of continuous maps out of the profinite group
G into the object A, which can be a topological abelian group, a discrete G-spectrum,
etc. We often write I'g(A) for Map,(G, A), and T%(A) = Map,.(G*, A), where G* is the
k-fold product of G and G? = .

If M = lim o M, is an inverse system of discrete G-modules, then we use H}(G; M)

to denote lim  H7(G; Ma).
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Given a topological abelian group M = lgn o M., where M, is a discrete abelian
group, MapC(G%, M) is the topological G,-module of continuous maps with action de-
fined by (¢" - f)(91,---,95) = (919, g2, .., gj). Also, Mapﬁ(GgL,M) is the topological G-
module of continuous maps with action denoted and defined by (¢’ - f)%(g1, ..., gj) =

f(gH g1, g0, ..y gj)- There is a G-equivariant isomorphism of topological G,-modules

p: Ma‘pﬁ(ij’wM) - Mapc(szM)’ p(f)(.gl?ng "‘7gj) = f(gl_lagga "'7gj)‘

We use k to denote the separable closure of the field k, and Ab is the category of abelian

groups.



CHAPTER 2

Preliminaries

In this chapter, we recall some frequently used facts, discuss background material,
and handle several technical issues to help get our work started.

In [9], Devinatz and Hopkins, using work by Goerss and Hopkins ([15], [16]), and
Hopkins and Miller [39], show that the action of G,, on E, is by maps of commutative
S-algebras. Previously, Hopkins and Miller showed that G,, acts on F, by maps of A-
ring spectra. However, the continuous action presented here is not so structured. As
will be seen later, the starting point for the continuous action is the spectrum F, A M;
and this spectrum is not known to even be an A,.-ring spectrum. Thus, we work in
an unstructured category of spectra of simplicial sets and the continuous action is not
known to have any further structure.

As alluded to in the Introduction, the key to our constructions is the homotopy
colimit (see [9, Def. 0.5]) hocolim; g E!Yi where the homotopy colimit is taken in the
category of commutative S-algebras. As described in [9, Rk. 0.2, Lem. 5.2], each E"Yi
is functorially replaced with a weakly equivalent cofibrant cell commutative S-algebra,
also labeled E"Vi. Our construction of the continuous action requires that this cofibrant
EﬁUi be a G, /U;-spectrum. Note that, as will be seen later, since the G,,/U;-action is

given by functoriality, this E"Yi is indeed a G,,/Us-spectrum in the desired sense.

11
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Since E'"i is assumed to be cell commutative, [9, Lem. 5.2] shows that

hocolim ; g E"i ~ hocolim ; E"Yi,

where the second homotopy colimit is in the category of spectra. Notice that by [9, Def.
5.1, Pf. of Lem. 5.2], m.(hocolim; g E"i) 2 1, (colim; EM"Vi), where the undecorated
colim is in the category of spectra. Therefore, the canonical map hocolim; g_ EfL’Ui —
colim ; E,}{Ui is a weak equivalence that is G,,-equivariant.

Since our action does not involve additional structure, but is just by maps of spectra,
we work in the technically simpler model category Spt of Bousfield-Friedlander spectra.
We state precisely how we will work in Spt while using [9].

We begin with some recollections from [9]. Let Rgn be the category whose objects
are finite discrete left G,,-sets together with the continuous profinite G,-space G, itself.
The morphisms are continuous G,-equivariant maps. Devinatz and Hopkins construct
a presheaf of spectra F: (Rgn)()p — FE, such that (a) for each S € Rgn, F(9) is
K (n)s-local; (b) F(Gp) = Ey; (c) for U <, Gy, EM"Y := F(G,,/U); and (d) remarkably,
F(x) = ElCn ~ Ly(,)S°.

We need some terminology to simplify our discussion.

Definition 2.1. [21, Def. 1.3.1] Suppose C and D are model categories. The functor
F:C — D is a left Quillen functor if F' is a left adjoint that preserves cofibrations and

trivial cofibrations. The functor P: D — C is a right Quillen functor if P is a right adjoint
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that preserves fibrations and trivial fibrations. In addition, if F' and P are adjoint, (F, P)

is said to be a Quillen pair for the model categories (C, D).

Recall [21, Lem. 1.3.10] that a Quillen pair (F, P) yields total left and right derived
functors LF and RP, respectively, which give an adjunction between the homotopy
categories Ho(C) and Ho(D).

Let S pg—:“ be the category of symmetric spectra of topological spaces with the positive
stable model category structure [41, pg. 529], and let Mg be the model category of S-
modules [11]. Then [41, pg. 530] defines functors A and & such that (A, ®) is a Quillen
pair for (Sp%“, Mg). We recall that ® preserves homotopy groups.

Let Sp% be the category of symmetric spectra of topological spaces with the stable
model category structure. Then the identity functor id goes in both directions between
Sp?j and Sp%, and (id,id) is a Quillen pair for (Sp?j‘, Sp%) [31, Prop. 14.6].

Recall from [31, §19] that the singular functor S: 7, — S, from the category of
pointed compactly generated topological spaces extends, by levelwise application, to a
functor S: Sp% — Sp™ to the category of symmetric spectra of simplicial sets. Also,
it is easy to see that S preserves homotopy groups. Levelwise application of geometric
realization gives a functor T: Sp* — Sp%, and once again, (T,S) is a Quillen pair for
(Sp™,Sp% ) [31, Thm. 19.3].

Finally, let U: Sp” — Spt be the forgetful functor with left adjoint V. Then
(V,U) is a Quillen pair for (Spt, Sp™) [22, Prop. 4.2.4]. Let (—).: Spt — Spt and

(=)f: Mg — Mg denote the cofibrant and fibrant replacement functors, respectively,
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for the stated model categories; e.g. given any S-module M, M. — M is a trivial
fibration with M, cofibrant.

Notice that 7, (US®(—)sF)(S)) = 7 (F(S)). Thus, we can regard (US®(—)¢F)(S) as
a model for F(.S), and we redefine F to be the presheaf of spectra US®(—)¢F: (Rgn)()p —
Spt. Also, E, and E"U are redefined to be (US®(—)¢F)(G,,) and (US®(—)¢F)(G,/U),
respectively.

Since left Quillen functors preserve cofibrant objects and right Quillen functors pre-
serve fibrant objects, we have the following isomorphisms, for an arbitrary Bousfield-

Friedlander spectrum X (we use both meanings of F):

>

[ATV(X)e, F(S)]is =2 [TV(X)e, (2(=)F)(S)]g 2+ = [V(X)e, (S2(-)F)(S)]

P, p

= [X, (US(—)iF) () ape = [X, F(S) p-

This isomorphism will be needed later.

Now we can define a spectrum that is critical for the constructions in this work.
Definition 2.2. Let F, = colim; Vi

Given a filtered system {X;} of spectra, the canonical map hocolim ; X; — colim; X;
is a weak equivalence in Spt. Therefore, since ® preserves homotopy groups, we point

out that the four spectra (note the two different meanings of E!V+)

hocolim; g, EZUZ' — colim; s EZUZ', hocolim ; spt EﬁUi « colim; gpt EQUZ'
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all have the same homotopy groups, and by functoriality, the same G,-action, and thus,
are models for the same G,-spectrum. For the remainder of this paper, we will use
the model colim; E"Vi| where the Spt is omitted. Since colim X; ~ hocolim X;, we
can interchange these two as needed, so that, for example, we can assume that F(n).-
localization commutes with colim (see below).

We review some results that will be used frequently in our work. First of all, as
implied by the properties of F listed earlier, £, and E!i are K(n).-local, and hence,
E(n)«-local. Since E(n).-localization is smashing [38, Thm. 7.5.6], for any spectrum X,
L,X ~ X A L,S% Also, E(n).-localization commutes with homotopy direct limits [38,
Thm. 8.2.2], so that L, (hocolim X,) =~ hocolim L, (X, ), and if each X, is E(n)s-local,
then so is hocolim X,,. Note that if X is F(n).-local, then for any spectrum Y, X A Y is
also F(n).-local.

Recall ([6, Remark 3.6], [20, §2], [23, Prop. 7.10]) that if X is any FE(n).-local

spectrum, L)X = holim ; (X A Mj). Since Lg )Ly =~ L ), for any spectrum X,

(2.3) LK(n)X ~ holim (LnX VAN M[).

We also need a result by Hovey and Strickland [23, Lem. 7.2]:

Lemma 2.4. If X is any spectrum, and Y is a finite spectrum of type at least n (so

Y is p-local), then Ly (X ANY) = Lg)(X)ANY ~ Ly(X)AY.
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We make a few remarks about smash products in Spt. We require that the smash
product be functorial, particularly since our actions are given by functors. Though
the smash product is well-known to be cumbersome, [27, Chps. 1,2] gives a functorial

definition of it, which we now state.

Definition 2.5. Given spectra X and Y, their smash product X AY is given by

X ANYy, n = 2k;
(XAY), =

X ANYer1, n=2k+1.

Since KA(—): S« — S, is a left adjoint, for any K in S,, smashing with any spectrum
in either variable commutes with colimits in Spt.

Note that in general, in Spt, there are no point-set level maps between X and X AS°.

We recall some useful facts about compact p-adic analytic groups. Our starting
point is that S,, is compact p-adic analytic. Since (G, is an extension of S,, by the Galois
group, [42, Cor. of Thm. 2] implies that G,, is a compact p-adic analytic group. By
[10, Thm. 10.7], any closed subgroup G of G, is also compact p-adic analytic. Using (a)
the characterization of compact p-adic analytic groups in [40, pg. 76]; and (b) the fact
that G,, has a finitely generated pro-p subgroup S, (the unique p-Sylow open normal
subgroup of S, of strict automorphisms) that is strongly complete [40, pg. 124], G,, is

also strongly complete. Thus, all subgroups in G,, of finite index are open.
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Recall that virtual cohomological dimension (ved) refers to the cohomological di-
mension of an open subgroup. Since ved(S,) = n? ([28, 2.4.9], [36, pg. 30]), if G
is a closed subgroup of G, then G has finite virtual cohomological dimension. Thus,
we write ved(G,) = m so that any closed subgroup G contains an open subgroup H
with cd(H) < m, and hence, H{(H; M) = 0 for all discrete H-modules M, whenever

s>m+ 1.



CHAPTER 3

An Adams-Novikov spectral sequence for Ly, (X)

In the Introduction, we referred to the spectral sequence 1.1 motivated by the Morava
change of rings theorem. In this chapter we discuss this spectral sequence, since its
existence and form is one of the chief impetuses for this work. Since the spectral sequence
is rarely written in this form, we show how it is derived from a certain Adams-Novikov

spectral sequence.
Definition 3.1. Let K, .(X) = lim ;m(En, A M7 A X), where X is a spectrum.

We recall Proposition 7.4 of [19]: If ), ,(X) is finitely generated over E,., then

there is a spectral sequence
(3.2) E;* = H"(Sn; K (X)) = W(Fpn) ®z, W*(LK(n)X)-

Remark 3.3. The second “x” in the superscript of the continuous cohomology above

has the following meaning: if N, is a graded G,,-module, H'(S,; N.) = H}(Sy; N¢).

Spectral sequence 3.2, due to Hopkins and Ravenel (see [18, §2.2], [20, pg. 241], [44,

pg. 46], and the proof in [19, pg. 116]), is constructed by taking an inverse limit over

18
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{I} of Adams-Novikov spectral sequences of the form

Ey* = W (Fpn) @z, Extlyp, pp(BPy, BPA(LyX A M) = W (Fyn) @z, m(La X A M),

and applying the Morava change of rings isomorphism

W (Fyn) @z, Extiye, pp(BPs, BP(LyX A Mr)) 22 H*(Sp; mi(En A My A X)).

Let X be a finite spectrum. Then K, .(X) = m.(E, A X) is a finitely generated

FE,«-module, by 8.10. We proceed to show that 3.2 gives the spectral sequence

H (G me(Bn A X)) = mu(Lgn)X)-

Notice that Gal acts on the abutment of (3.2) by acting only on the Witt vectors.
There is also a canonical action of Gal on the FEs-term, which induces the action of
Gal on H(Sn; Kn«(X)) = lim 1 HZ(Sp; 7 (En A My A X)) [4, pg. 112]. We recall the

following definitions from [4, Lem. 5.4], [8, Def. 3.21, proof of Lem. 3.22].

Definition 3.4. Let M be a W(F,»)-module and a Gal-module. If Gal acts by
Zp-module automorphisms and if o(ecm) = (oc¢)(om), whenever o € Gal, ¢ € W (Fyn),
and m € M, then M is called a twisted Gal-W (F,») module. A discrete G,,-module
N is a discrete twisted Gp,-W (Fp») module if it is also a torsion W (F,»)-module with

o(en) = (oc)(on), for n € N, and ¢ and c as above.
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We will make use of the following, a version of [4, Lem. 5.4].

Lemma 3.5. If N is a twisted Gal-W (Fn) module, then the inclusion N9 — N

extends to a Gal-equivariant isomorphism W (Fpn) @z, NGal N of W(Fn)-modules.

Definition 3.6. Given a discrete twisted G,-W (Fyn) module N, Map’(S¥, N) de-
notes the discrete G,-module of continuous maps into N. Given a continuous map
h: S¥ — N and (g,0) € S, x Gal = G, the action is given by ((g,0)h)(s1, ..., ) =

o-h(c7 (g7 ts1),07 s9,...,0 7 1s;). (Note that o~ 's; refers to the action of Gal on S,

instead of being the product of two elements in G,,.)

Lemma 3.7. If N is a twisted Gal-W (F,n) module with the discrete topology, then,

for any j > 0, Map’(S%, N) is a twisted Gal-W (Fp») module.

Proof. It is easy to show that the module structure is twisted and, since Gal acts trivially

on Zy, it acts by Z,-homomorphisms. O

Lemma 3.8. If N is a finite twisted Gal-W (F,n) module with the discrete topology,

then H*(Gal; N) =0, for s > 0.

Proof. Since S,, <, G,, the continuous projection G, — G, /S, = Gal makes N a
discrete Gp,-module, and the hypotheses imply that N is a discrete twisted Gy-W (Fpn )
module.

Recall [8, pg. 23] that given a discrete twisted G,,-W (Fyn») module N and a closed

subgroup H of Gy, there is a cochain complex D% (N) = Map’(S:*T!, N)#  such that
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H*(Dj;(—)) is equivalent to H}(H;—) on the category of discrete twisted Gp-W (Fpn)
modules. A tedious computation shows that the Gal-action on the cochain complex
Map’(S;+!, N) is by maps of cochain complexes.

Since Map! (S, N) is a twisted Gal-W (F pn) module, there is a Gal-equivariant iso-
morphism W (Fyn) ®z, Map? (%, N)Gal — Mapl(S4, N) of W (Fpn)-modules that is in-
duced by the inclusion. As in [4, proof of Lem. 5.15], since Gal acts by maps of cochain
complexes, there is an isomorphism W (Fyn) ®z, Mapt(S;T1, )98l — Mapf(S;+1, N) of
cochain complexes. Since W (Fyn) = @7, Z, is a free Z,-module, there is an isomor-

phism

D H*(Gal; N) = @ H* (Mapg(S; 1, N)9) 2 H* (Mapg (S5, N)) = H({e}; N),

and the conclusion of the theorem follows. OJ

Theorem 3.9. If X is a finite spectrum, then for all s and t,

HE (S mi(Ep A My A X)) = H(Gymy(En A M A X)).

Proof. Let M = m(E, AN M; A X), and consider the restriction map HZ(Gp; M) —

H3(S,; M)S3 and the Lyndon-Hochschild-Serre spectral sequence

EY? = HP(Gal; HY(Sp; M)) = HET(Gp; M).
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It is enough to prove that E5? =0 for all p > 1, ¢ > 0, since this implies that

HY(Gp; M) = H%(Gal; H(Sn; M)) = HZ(S,; M),

As a finite G,-module, M is also an E,¢-module with the E, o-module structure
map Gp-equivariant (since Gy, acts on E,, by ring automorphisms). Then W (F,») C E,, o
implies that M is a twisted Gal-W (Fp») module.

By the preceding result, we only have to prove that HZ(S,; M) is a finite discrete
twisted Gal-W (FF,») module, which follows from applying the following: (a) since .S,
is a compact p-adic analytic group, the proofs of 8.12 and 8.13 show that H{(S,; M)
is a finite abelian group; and (b) the complex of continuous cochains used to compute
H(S,; M) consists of the discrete abelian groups Map,(S¥, M), so that the induced

topology on the cohomology is also discrete. O

Since taking fixed points is a limit, we get

Corollary 3.10. If X is a finite spectrum, then, for all s and t,

HE(Sp; Kn o (X)) = HE (G (B A X)),

Therefore, after taking Gal-fixed points [44, pg. 46], the spectral sequence in 3.2

does indeed take on the form of 1.1.



CHAPTER 4

Continuous G-spectra of simplicial sets

In this chapter, we consider the model categories of discrete G-spectra and towers of
discrete G-spectra. We give a definition of continuous G-spectrum and see how in certain

cases these can be obtained by taking the holim of a tower.

4.1. The model category of discrete G-spectra

Let Spt be the category of Bousfield-Friedlander spectra of simplicial sets, and let
G be a profinite group. A discrete G-spectrum X is a (naive) G-spectrum of simplicial
sets Xg, for k > 0, such that each simplicial set is a pointed simplicial discrete G-set,
and each bonding map S* A Xj, — Xjy1 is G-equivariant (S! has trivial G-action).
Thus, a discrete G-spectrum is a continuous G-spectrum in the sense that each set
constituting the spectrum is a continuous G-space with the discrete topology and all
face and degeneracy maps are (trivially) continuous. We let Spt denote the category

of discrete G-spectra.

Example 4.1.1. Let k be a field with separable closure k. The simplicial set
BG Ly (k) is functorially a simplicial discrete G-set, where G = Gal(k/k). Let K (k) de-
note the corresponding algebraic K-theory spectrum. Since QK (k) ~ Z x BG Ly (k) ™,

K (k) is a discrete G-spectrum [34, §1.1].

23
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Let G—Setsy be the canonical site of finite discrete G-sets. This site has a unique
point u: Sets — (G —Setsgy)™, where (G —Setsgs)™ is the category of sheaves of sets
on the site. (“Unique” means that {u} is a sufficient set of points for the Grothendieck

topos.) The left adjoint of the topos morphism is
u": (G—Setsg)~ — Sets, F — colim y F(G/N),
with right adjoint
uy: Sets — (G—Setsy)™, X +— Homg(—,Map.(G, X)) = Sets(—, X)

[27, Rk. 6.25]. The action on Map_.(G, X) is defined by (¢ f)(¢") = f(d'g), for ¢g,¢" in
G and f a continuous map G — X.

Let ShvSpt(G'—Setsy) be the category of sheaves of spectra on the site G—Setsg;.
A sheaf of spectra F is a presheaf F: (G—Setsqs)°® — Spt, such that, for each surjective

covering family {f;: W; — U}, the diagram of spectra
FU) —— [T FWi) 11 e F(Wj xu Wy)

is an equalizer.
Alternatively, a sheaf of spectra F consists of pointed simplicial sheaves F", together

with pointed maps of simplicial presheaves o: S* A F* — F*HL for n > 0, where S! is
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the constant simplicial presheaf. A morphism between sheaves of spectra is a natural
transformation between the underlying presheaves.

The category PreSpt(G—Setsy) of presheaves of spectra has the following “stable”
model category structure ([26], [27, §2.3]). A map h: F — G of presheaves of spectra is a
weak equivalence if and only if the canonical map colim y F(G/N) — colim y G(G/N) is
a weak equivalence of spectra. Recall that a map k of simplicial presheaves is a cofibration
if it is an objectwise monomorphism in the sense that, for each S € G—Setsys, the map
k(S) is a monomorphism of simplicial sets. The map h is a cofibration of presheaves of

spectra if the following two conditions hold:

(1) the map A" : F¥ — G is a cofibration of simplicial presheaves, and
(2) for each n > 0, the canonical map (S' A G") Ugipzny F'T — G'Hlis a
cofibration of simplicial presheaves.
Fibrations are those maps with the right lifting property with respect to trivial cofibra-
tions.
In this stable model category structure, fibrant presheaves of spectra are often re-
ferred to as globally fibrant, and if F — GJF is a weak equivalence of presheaves of
spectra, with GJF globally fibrant, then we say that GF is a globally fibrant model for

F.

Remark 4.1.2. Henceforth, we use PreSpt and ShvSpt to denote the categories

PreSpt(G—Setsys) and ShvSpt(G —Setsgy), respectively.
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We recall the following fact, which is especially useful when S = .

Lemma 4.1.3. Let S € G—Setsyr. The S-sections functor PreSpt — Spt, defined
by F — F(S), preserves fibrations, trivial fibrations, and weak equivalences between

fibrant objects.

Proof. The S-sections functor has a left adjoint, obtained by left Kan extension, which
preserves cofibrations and weak equivalences. See [27, pg. 60] and [34, Cor. 3.16] for

the details. OJ

Now we consider sheaves of spectra. Let ¢: ShvSpt — PreSpt denote the inclusion
functor, which is right adjoint to £2, the sheafification functor. In [13, Rk. 3.11], ShvSpt
is given the following model category structure. A map h: F — G of sheaves of spectra
is a weak equivalence (fibration) if and only if i(f) is a weak equivalence (fibration) of
presheaves of spectra. A map k of simplicial sheaves is a cofibration if it is a cofibration
of simplicial presheaves. Then h is a cofibration of sheaves of spectra if the following two
conditions hold:

(1) the map A" : FO — G° is a cofibration of simplicial sheaves, and
(2) for each n > 0, the canonical map £2((S' A G") Uigipzny F*) — GM s a
cofibration of simplicial sheaves.

Since i preserves all weak equivalences and fibrations, £2? preserves cofibrations, triv-
ial cofibrations, and weak equivalences between cofibrant objects, so that (£2,7) is a

Quillen pair. Given a presheaf of spectra F, F — L2F is a weak equivalence (and a
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strict weak equivalence), so that LL? and Ri give an equivalence of categories

Ho(ShvSpt) = Ho(PreSpt).

Corresponding to ShvSpt is the category Spt, of discrete G-spectra. Building
on the equivalence between the categories of discrete G-sets and sheaves of sets on
G—Setsgy, the categories ShvSpt and Spt; are equivalent to each other, via the functors
L: ShvSpt — Spt., where L(F) = colim y F(G/N), and R: Spt; — ShvSpt, where
R(X) =Homg(—, X).

We make Spt; a model category in the following way. Define a map h of discrete
G-spectra to be a weak equivalence (fibration) if and only if Homg(—,h) is a weak
equivalence (fibration) of sheaves of spectra. Also, define h to be a cofibration if and
only if h has the left lifting property with respect to all trivial fibrations. Then it is easy
to show that h is a cofibration if and only if Homg(—, h) is a cofibration in ShvSpt.
Using this, it is easy to show that Spt is a model category.

Note that h is a weak equivalence in Spt.; if and only if A is a weak equivalence in

Spt. This setup immediately implies the following.

Theorem 4.1.4. The Quillen pair (L, R) induces an equivalence of homotopy cate-

gories: Ho(ShvSpt) = Ho(Spt).
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Lemma 4.1.5. Let e: Spt — Spt give a spectrum trivial G-action, so that e(X) =
X. The right adjoint of e is the fived points functor (=), and (e, (—=)%) is a Quillen

pair for (Spt, Sptg).
Proof. It is clear that e preserves weak equivalences; it suffices to show that e preserves
cofibrations. Let X € Spt,Y € Spt, and let ¢X denote the constant presheaf on X.
In Spt, X = colim y (£2(¢X))(G/N), due to the adjunction isomorphisms
Spto(X,Y) = Spt(X, YY) = PreSpt(cX, Homg(—,Y))
>~ ShvSpt(L*(cX), Homg(—,Y)) = Spt(colim y (£L3(¢X))(G/N),Y).

Let f: X — Z be a cofibration in Spt. By 4.1.3, ¢(f) is a cofibration in PreSpt, and

thus, £2(c(f)) is a cofibration in ShvSpt. Since e(f) factors as

X = colim y (£L%(cX))(G/N) — colim y (£*(cZ))(G/N) = Z,

e(f) is a cofibration in Spt. O

We need the following observation.

Lemma 4.1.6. If h: X — Y is a fibration in Sptg, then it is a fibration in Spt.

In particular, if X is fibrant as a discrete G-spectrum, then X is fibrant as a spectrum.

Proof. Since Homg(—,h) is a fibration of presheaves of spectra, Homg(G/N,h) is

a fibration of spectra for each open normal subgroup N, by 4.1.3. Thus, the map
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colim y Homg(G/N, k) is a fibration of spectra. Since h factors as X = colim y XV —

colim y YV 22V, the result follows. [l

4.2. Building discrete G-spectra

In this section, we give several elementary lemmas showing that certain colimits and

smash products yield discrete G-spectra.

Lemma 4.2.1. Given a profinite group G = lim y G/N, let {Xn} be a direct system

of (discrete) G/N -spectra. Then colim y Xy is a discrete G-spectrum.

Proof. This follows from the fact that given a direct system {Zx} of G/N-sets, the
projection m: G — G/N makes {Zy} a direct system of discrete G-sets, and the colimit

of discrete G-sets is a discrete G-set. We remark that this lemma was used implicitly in

defining L: ShvSpt — Spt. (See [27, Prop. 6.20], [29, III-9, Thm. 1].) O

Lemma 4.2.2. Given the hypotheses of the previous lemma, let Y be a trivial G-

spectrum. Then there is a G-equivariant isomorphism of discrete G-spectra

(colim y Xn)AY = colim vy (Xy AY).

Proof. By the functoriality of (—) AY, (colim Xy) AY is a G-spectrum, and Xy AY
is a G/N-spectrum, making colim (Xy AY') a discrete G-spectrum. The isomorphism
is G-equivariant, since it is so on the level of simplicial sets. The isomorphism makes

colim X ) AY a discrete G-spectrum. ]
( p
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Lemma 4.2.3. Let G and Y be as in the two previous lemmas. If X is a discrete

G- spectrum, then X \Y is a discrete G-spectrum.

Proof. We have X AY = (colim XV)AY = colim (XY AY), a discrete G-spectrum. [

This lemma is used repeatedly in upcoming chapters.

4.3. Towers of discrete G-spectra

Let tow(Spt.;) be the category where a typical object {X;} is a tower --- — X; —
X1 — - — X; — Xy in Spt. The morphisms are natural transformations {X;} —
{Y;} such that each X; — Y; is G-equivariant. Since Spt; is a simplicial model category,
[17, VI, Prop. 1.3] shows that tow(Spt) is a simplicial model category, where { f;} is
a weak equivalence (cofibration) if and only if each f; is a weak equivalence (cofibration)
in Spt,. By [17, Rk. 1.5, if {Z;} is fibrant in tow(Spt;), then each map Z; — Z;_

in the tower is a fibration and each Z; is fibrant in Spt;.

Example 4.3.1. Let M (p') be the mod p’ Moore spectrum. Then the p-adic com-
pletion KUI;\ = Ly KU = holim ;> KU A M (p') ~ Ej, of the complex K-theory

spectrum gives {KU A M(p')} in tow(Sptg, ).

Example 4.3.2. Let £ be a prime not equal to char(k). Then the ¢-adic completion
K(k)) of K(k) gives {K(k) A M(¢")} € tow(Spt), where G is the absolute Galois

group.
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The functor lim ; (—)9: tow(Spts) — Spt, given by {X;} — lim i X is right adjoint
to the functor e: Spt — tow(Spt;) that sends a spectrum X to the constant diagram

{X}, where X has trivial G-action.

Remark 4.3.3. It is important to note that the inverse limit above is formed in
Spt. Limits in Spt; are not formed in Spt, and lim gp¢, X; = colim v (lim gpt X)N. To

prevent any confusion, @1 and holim are always formed in Spt.
Since e preserves all weak equivalences and cofibrations, by 4.1.5, we have:
Lemma 4.3.4. The pair (e, lim ; (—)%) is a Quillen pair for (Spt,tow(Spts)).

This implies the existence of the total right derived functor
R (lim ; (—)): Ho(tow(Sptg)) — Ho(Spt), {Xi} ~ lim ; (X)),

where {X;} — {X/} is a trivial cofibration with {X/} fibrant in tow(Sptg).
4.4. Continuous G-spectra

Definition 4.4.1. Let {X;} be in tow(Spts). Then the inverse limit lim ; X;,
formed in Spt, is a continuous G-spectrum. Let {Y;} be a tower in tow(Spty). If
X — holim; Y; or holim; Y; — X is a G-equivariant weak equivalence in Spt, where X

is a continuous G-spectrum, then holim; Y; is a continuous G-spectrum.
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Remark 4.4.2. Definition 4.4.1 can be generalized to more complicated diagrams
of discrete G-spectra, but our definition is sufficient for the applications considered here.
Also, we will use the term “continuous G-spectrum” more loosely. Suppose that X is a
continuous G-spectrum, Z is a G-spectrum, and X — Z or Z — X is a weak equivalence
of spectra that is G-equivariant. Then X is a model for Z as a continuous G-spectrum
and we call Z a continuous G-spectrum. Also, if a G-spectrum Z is isomorphic to a

continuous G-spectrum in the stable category, then Z is a continuous G-spectrum.

Let {X;} be in tow(Spty). Given X in Sptg, let X — Xy be a trivial cofibration
with X fibrant in Spt, so that there is a weak equivalence {X;} — {(X;)s} of towers.
Let {(Xi)s} — {(Xi)}} be a trivial cofibration with {(X;)} fibrant in tow(Spt). Then

there is a commutative diagram, all of whose maps are G-equivariant:

(4.4.3) lim ; X; ——— holim; X;
J a
b .

(Xi)f —— holim, (X;)s
c l d

(

i X@)}/c L} hOhIIlZ(XZ)J/c

lim i

Remark 4.4.4. We recall the definition of the Mittag-Leffler condition. Let {A4;} be
a tower --- — Ay — A1 — Ag of abelian groups. If for each k there exists a j > k such

that the image of A; — Aj equals the image of A; — A, for all ¢ > j, then the tower
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{A4;} is said to be Mittag-Leffler. For example, if all the maps A; — A,_; are onto, then

{4;} is Mittag-Leffler. Also, a tower of finite abelian groups is Mittag-Leffler.

Lemma 4.4.5. In diagram 4.4.3, holim; (X;) and holim, (X;); are continuous G-
spectra. If the tower {my(X;)} is Mittag-Leffler for every integer t, then holim; X; is a

continuous G-spectrum.

Proof. Since d is the homotopy limit of a diagram that consists of weak equivalences
between fibrant spectra, it is a weak equivalence. If {m;(X;)} is always Mittag-Leffer,
then 7. (holim; X;) = lim ; m.((X;)f) = ms(holim; (X;)f), and a is a weak equivalence.
Each (XZ)} is a fibrant spectrum and, as a fibration of discrete G-spectra, the map
(Xi); — (Xi—1); is a fibration of spectra, for i > 1. Thus, for any j > 0, ((Xi)}); —
/

((Xi-1)p); is a fibration between Kan complexes, and lim ; ((X;);); — holim; ((X;)); is

a weak equivalence in §. This implies that e is a weak equivalence of spectra. ]

Lemma 4.4.5 will be used frequently in later chapters to obtain continuous G-spectra.



CHAPTER 5

A model for F, as a continuous G,-spectrum

5.1. The spectrum F,

We consider the spectrum F, = colim; EQUZ' and its relationship to E,, in more detail.
Note that F;, is the stalk of the presheaf of spectra F|(q, sets,)or, and LK(n)SO ~ F (%)
is the “spectrum of global sections” I',F = lim ¢ RgnF(S) of the presheaf F.

After the author realized that holim ; (F, A M;) might provide a model of E,, with
a continuous action, Devinatz pointed out to him that by applying the results of [9],
En =~ Li(n)Fn is immediate. We pause to explain this and temporarily return to the

notation of [9].
Theorem 5.1.1 (Devinatz and Hopkins). There is a weak equivalence Ey >~ Lic(y) Fp.

Proof. As in [9], let E/'C denote the ordinary homotopy fixed point spectrum for the
action of G on E,, when G is a finite subgroup of G,. By applying [9, Thm. 3,
Def. 0.5, Rk. 0.6], we have: B, ~ En % ~ EM% = L ((hocolim; g ERVI),.),
where hocolim; gz E"i is functorially replaced with (hocolim; g E'V).., a weakly

equivalent cell commutative S-algebra. Since (hocolim; g_ ET}LLUZ')CC ~ F;,, we obtain the

result. O

34
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We return to our earlier notation and F,, as defined in Definition 2.2. Without
relying on the results of [9] used in proving Theorem 5.1.1, we give a different proof of
the key weak equivalence that underlies this work. The proof follows an outline given

by Charles Rezk.
Theorem 5.1.2. There is a weak equivalence Eyn, ~ Ly () Fy.

Proof. Let f: F, — FE, be the canonical map out of the colimit, determined by the
obvious maps F (G, /U;) — F(G,,). Let K,, be the two-periodic version of K (n) satisfying
Kpy = Fpn [u*!], where |u| = —2. Let n: B, — Lg, F, be the K,,-localization of F,.
Since E, is K(n).-local, it is Kp.-local, so if f is a K,.-equivalence, then f and 7 are
canonically equivalent, implying that E, ~ Lk, Iy, ~ Lk )y, since K;, and K(n) have
weakly equivalent localization functors. Thus, it suffices to prove that K,.(f) is an
isomorphism.

Observe that K,.(F,) = colim; K,.(E"). Let E be the version of “Morava FE-
theory” considered in [23]. Since E, is a finite wedge of suspended copies of E [45,
pg. 1022], E,. is the direct sum of various shifted copies of E,, with the consequence
that the results of Proposition 8.4 in [23] are valid with E replaced with E,, and K =
K(n) replaced with K. By [9, Theorem 2], as Ep.-modules, (L) (En A EMi)) =
Map (G, Ens)Vi = I1 ¢, v, Enx is a pro-free E,,-module, by [23, Corollary A.11], since

E,. is pro-free (because E,. is a complete ring). Therefore, Proposition 8.4(e) implies
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that Kn*(EZUZ> = (H Gn/U; En*)/I = (b Gn/U; Eni)®E,. En/In = Map,(Gn /Ui, Kp.).
Thus, K.« (F,) = Map.(Gp, Kn+), since Ky, is a discrete G,,-module.

By [9, pg. 8], m(Lg(n)(En A Epn)) = Map (G, Enx) is a pro-free Ep.-module. Thus,
Proposition 8.4(e) implies that K,.(E,) = Map,(Gy, Epns)/I,. This isomorphism indi-
cates that K,.(E,) is two-periodic, since F,, is two-periodic. As in [45, Thm. 12],
(Kn)o(Epn) = Map.(Gp, Eno)/In = Map.(Gn, Eno/I,), so that two-periodicity gives
K (Ep) = Map . (Gn, En/I,) = Map (Gr, Knx).

Since Kps(f) = Kpi(colim; (B! — Ey)) = colim; (Kp. (ERV) — Kpo(Ey)), it is

clear that K,.(f) is an isomorphism. O

Corollary 5.1.3. There is a weak equivalence of spectra

FE,, ~ holim (EL /\M[) ~ holim (En VAN M[).

Proof. We have E,, ~ holim ; L, (F,) A M;. Since each E'Vi is K (n).-local and hence,

E(n).-local, the colimit F;, is also F(n).-local so that L, F, ~ F,. O

12

The following result, whose proof was suggested by Rezk, shows that E, A M;
E, A M;. As will be seen later, this weak equivalence is the main fact that makes it

possible to construct the homotopy fixed point spectra of E,.

Corollary 5.1.4. IfY is a finite spectrum of type n, then the Gp-equivariant map

EANY — E, ANY is a weak equivalence. In particular, E, N My ~ F, N Mj.
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Proof. We have B, AY =~ Ly (Fa) NY = Lp(Fy) NY = F AY. O
We point out some simple facts that are necessary for building the model in the next

section.

Lemma 5.1.5. Let N be an open normal subgroup of G,. The homotopy fixed
point spectrum EM is a G, /N-spectrum and the projection 7: G, — G, /N gives a
Gy -equivariant map F(m): E;L‘N — F,. Thus, the canonical map f: F, — E, is Gp-
equivariant.

Proof. Since Homg, (G,,/N,G,/N) = G, /N, F gives a G,,/N-action on F(G,/N). O

The following is an example of a useful manipulation that can be performed with Fj,.

Lemma 5.1.6. The maps Li(n)(Fp A Fy) — Lgcn)(En A F,) — Lg(n)(En A Ey) are

weak equivalences.

Proof. Since F;, N\M;~ E, NM;, b, N\E, NMp~ E, N F, NM; ~ E, N\ E, AN M. Since

E,NE, E, \E, and E, A\ E,, are E(n).-local, the result follows. O

We conclude this section with the following observation.

Theorem 5.1.7. The spectrum F, is not K(n)s-local, and F, and E,, are not weakly

equivalent.

Proof. Suppose F, and E, are weakly equivalent. Then F, is K(n).-local and since

[k, — E, is a K,.-equivalence, the G,-equivariant map f is a weak equivalence.
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Then 7. (f): me(F,) — m(Ey) is a Gp-equivariant isomorphism from a discrete module
to a graded profinite module, which is impossible, so that F, and F, are not weakly

equivalent. If F, were K (n).-local, we obtain the same contradiction. U

5.2. Constructing the continuous action

We explain how the continuous action is constructed. Recall that E,, = F(G,). Also,
in Spt, there is no map between E,, A S and E,,, but only an isomorphism in the stable
category. There is a G-equivariant map holim ; (£, A Mj) — holim ; (E,, A My), where
M7 has trivial Gp-action. By the unit map S — My [23, Prop. 4.22], there is a map
E, ANS® — lim; (E, A M) — holim ; (E, A My). Notice that there is no map between
holim ; (F, A My) and E, A S, since, for example, there is no map E,, — F,.

Consider the following zig-zag of maps:
v
holim 7 (Fy A My) —% holim  (En A M;) <2 By A S0 2= E,.

The maps « and (§ are G-equivariant and weak equivalences, and «y is an isomorphism
in the stable category. Since E, A S? is a model for E,, as a G,-spectrum, the zig-zag

presents holim ; (£, A M) as a model for E,, as a G,,-spectrum.

Theorem 5.2.1. The spectrum E,, = holim ; (F;, AMj) is a continuous G,-spectrum,

and thus, E, is a continuous Gy-spectrum.
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Proof. Since E'i is a (discrete) G, /U;-spectrum, F, and F, A M are discrete G,,-
spectra. Since {m.(F, A M1)} is a Mittag-Leffler tower of epimorphisms, E,, is a contin-

uous Gj-spectrum, by 4.4.5. O

Now that we have a model for E, as a continuous Gy-spectrum, one might wonder
if there is a simpler model. We believe that there is not a simpler model, and we explain
why one natural proposal does not work. Notice that m.(E, A M;) = Ey./I is two-
periodic and finite in degree zero. This implies that the G,-action on E, /I factors
through some finite quotient G,, /Uy, so that mo(E, A M) is a Gy, /Ur-module. Thus, one
might conjecture that E,, A My is a G, /U spectrum and hence, a particularly simple
discrete G-spectrum, providing E, with a simpler continuous action. However, we will
show that this is false: E,, A M is not a G,,/U;-spectrum for any i. As far as the author
knows, Mike Hopkins first made this observation and the author learned the justification
given below from Hal Sadofsky.

First of all, note that it is morally clear that E, A M should not be a G,,/Ur-spectrum
since it has the “same action” as the weakly equivalent F, A My, which by construction
“is not” a Gy, /U;-spectrum for any U;. However, the author does not know rigorous

proofs of these assertions without using the kind of argument given below.

Theorem 5.2.2. There is no open normal subgroup U of G, such that the G,,-action

on E, AN My factors through G, /U; E, N My is not a G, /U-spectrum for any U <, Gy,.
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Proof. Suppose the G,-spectrum E,, A M is a G, /U-spectrum. This implies that
the Gp-action on the middle factor of E,, A E, A My factors through G, /U, so that
7 (En ANEy ANMy) is naturally a G, /U-module. Also, E,AE,AM; ~ L,(E,NE, NMj) ~
Lic(n)(En A En) A M, so that m,(Ep A En A M;) = Mapi(Gh, En./I) by [9, pg. 10].
Since the Gp,-module Map’(G,,, En./I) is a G,,/U-module, there is an isomorphism
of sets Mapi (G, Fno/I) = Mapi (G, Fno/I)V = Map,.(G,/U, Eno/I). But the first set

is infinite and the last is finite, a contradiction. O

As mentioned in the Introduction, one of the deficiencies of the model given in this
paper for E, as a continuous G,-spectrum is that even though FE, is a twisted FE,-
module spectrum (“twisted” means that the module structure map is Gp-equivariant,
where E,, A E,, has the diagonal action), we can not prove that holim ; (£, AM7) is an E,,-
module spectrum. Clearly, any satisfactory model of E, as a continuous G-spectrum
would also be a twisted E,-module continuous G,-spectrum. Similarly, since F, A M;
is an F,-module, one would hope that F, A My is an F,-module. However, the primary
cause of this deficiency in our model is that it appears that F, is not an E,-module
spectrum.

The apparent failure of F, to be an E,-module is a topological version of the fact
that if R is a non-discrete continuous G-ring, then the discrete G-module colim y RN

need not be an R-module.



CHAPTER 6

Homotopy fixed point spectra for discrete G-spectra

Let G be a closed subgroup of GG,,. Then G is a profinite group and F,, is a continuous
G-spectrum by the inclusion of G in G,,. Recall that [9, Def. 0.5] defines homotopy fixed
point spectra

B! = Lg(ny(hocolim; g, ERViC),

where U;G is an open subgroup of GG,,, with associated spectral sequences

H(G;m(Ep)) = m_s(EMY).

The spectra EZ{G are called homotopy fixed point spectra because these associated spec-
tral sequences have the form of descent spectral sequences. However, EQG is not defined
with respect to any continuous action, and the associated spectral sequences are not
actually descent spectral sequences, but are instead K (n).-local E,-Adams spectral se-
quences.

In this chapter, we define homotopy fixed point spectra for discrete G-spectra. Also,
when G has finite virtual cohomological dimension, we develop a specific model of the
homotopy fixed points that is better suited for building the descent spectral sequence.

In subsequent chapters, we use this model to define homotopy fixed point spectra ETF{IG

41
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and construct descent spectral sequences, using the continuous action. Furthermore, we
partially recover the constructions of [9], by using the continuous action, in the following
sense: our homotopy fixed point spectra are weakly equivalent to theirs, and our descent

spectral sequences are isomorphic to theirs.

Definition 6.1. Given a discrete G-spectrum X, X"¢ denotes the homotopy fixed
point spectrum of X with respect to the continuous action of G. We define X"¢ = (Xf)G,
where X — Xy = X is a trivial cofibration, and X is a fibrant discrete G-spectrum.
(This definition has been developed in other categories: see [14] for simplicial discrete
G-sets, [25] for simplicial (pre)sheaves, and, for example, [27, Chp. 6] for presheaves of

spectra.)
We make explicit several properties of homotopy fixed points.

Lemma 6.2. The homotopy fized points functor (—)"¢: Ho(Spty) — Ho(Spt) is the
total right derived functor of the fized points functor (—): Spty — Spt. In particular,
if X — Y is a weak equivalence of discrete G-spectra, then X"¢ — YMC s a weak

equivalence.

Proof. Lemma 4.1.5 implies R(—)¢ = (—=)"“. The map Homg(—, X;) — Homg(—,Y})
is a weak equivalence between globally fibrant presheaves, and evaluation at * gives a

weak equivalence, by 4.1.3. O
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Remark 6.3. As expected, the definition of homotopy fixed points for a profinite
group generalizes the definition for a finite group. Let G be a finite group, X a G-
spectrum, and let X — X' be a weak equivalence that is G-equivariant, with X’ a
fibrant spectrum. Then the definition of the homotopy fixed point spectrum X"'¢ for a
finite group G is holim ¢ X’. Note that by Remark 6.9 and [3, Ch. XI, 6.3], there is a

descent spectral sequence

By =lim® g m(X) 2 H(G; (X)) = mo(X"9),

Since G is profinite, X is a discrete G-spectrum, and Xy ¢ is a fibrant spectrum, so that
X"G = holim ¢ Xy. Then the canonical map XhC = lim ¢ Xy — holimg Xy = XNMG g

a weak equivalence, as desired, by [27, Prop. 6.39].

Unlike the simplicial presheaves setting, not every presheaf of spectra is cofibrant.
Thus, given two globally fibrant models GF and G’F for the presheaf of spectra F, there
need not be a weak equivalence GF — G’F. Also, a cofibration of sheaves of spectra
can fail to be a cofibration of presheaves. Given these facts, we state the following
relationship between homotopy fixed points and the global sections of globally fibrant

models.

Lemma 6.4. Let X be a discrete G-spectrum. Then

XhG — (Xf)G — F(x) — GHomg(—, X)(x),
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where Homg(—, X) — F is a trivial cofibration of presheaves of spectra and F is globally

fibrant. Thus, X" and GHomg(—, X)(*) have the same stable homotopy type.

Proof. Weak equivalences from F to the globally fibrant models Homg(—, Xf) and
GHomg(—, X) exist by the left lifting property of trivial cofibrations with respect to

fibrations. Evaluation at the point gives the desired weak equivalences. O

We ease our construction of the descent spectral sequence by using a different model
for X"“. We do this by discussing some tools that utilize the fact that the closed

subgroups of G,, have uniformly bounded finite virtual cohomological dimension m.

Definition 6.5. The functor I'¢: Spt; — Spt is given by I'¢(X) = Map,.(G, X),
where I'¢(X) has the G-action defined in §4.1. We write I' instead of I', when G is
understood from the context. There is a G-equivariant monomorphism ¢: X — I'X
defined by «(x)(g) = g - . Since I' forms a triple, there is a cosimplicial discrete G-

spectrum I X.

We recall the construction of Thomason’s hypercohomology spectrum (see [48, 1.31-
1.33] and [34, §3.2] for more details). Let F be a sheaf of fibrant spectra so that for each

S € G—Setsgys, F(S5) is a fibrant spectrum. Then the functor

T = u,u*: ShvSpt — ShvSpt, F — Homg(—,Map,(G, colim y F(G/N))),
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gives a cosimplicial sheaf T" F of fibrant spectra. This last fact is verified in the following

lemma.

Lemma 6.6. If F is a sheaf of fibrant spectra, then T F is a cosimplicial sheaf of

fibrant spectra.

Proof. It suffices to show that T'F is a sheaf of fibrant spectra. Any S € G—Setsg is
isomorphic to a finite disjoint union [] ; G/H;, where each H; is an open subgroup of G.

Thus,

(TF)(S) = [[:Homg(G/H;, Map, (G, colim xy F(G/N))) = [[: 1 ¢/m, colim xy F(G/N).

Since filtered colimits and products of fibrant spectra are fibrant, (T'F)(S) is a fibrant

spectrum. O

Definition 6.7. The presheaf of hypercohomology spectra of ® = G'—Setsy with

coefficients in F is the presheaf of spectra

He (—; F): (G—Setsqy)® — Spt, U — Hg (U; F) = holima (T"F)(U),

and H'g (U; F) is the hypercohomology spectrum of U with coefficients in F.

Lemma 6.8. Let X — Xy in Spty be a trivial cofibration with Xy a fibrant discrete

G-spectrum. Then T*Homg(—, Xy) = Homg(—, " Xy).
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Proof. Note that the fibrant presheaf Homg(—, Xy) is a sheaf of fibrant spectra, as

required. The result is then obtained by induction. By definition,

T(HOmG(—,Xf)) = HomG(_’Mapc(Gu COliInN (Xf)N)) = HomG(_7Mapc(Ga Xf))

Similarly, the inductive hypothesis gives

T (Homg (—, X)) = T (Home(—, Map,(G*, X;)))
=~ Homg (—, Map, (G, colim y Map,(G*, X ;)V))

=~ Homg (—, Map,(G*™, X7)).

O

The map ¢ induces the map X; — I" X; out of the constant cosimplicial diagram,

which induces the canonical map

Homg(—, Xf) — limHomg(—, X¢) — holim Homg(—, Xf) — holim Homg(—,I" Xy),

where each (ho)lim is over A. Then the preceding lemma gives a map

Homg(—, X ;) — holim o Homg (—,T" Xf) — H'g (—; Homg(—, X§)).
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Remark 6.9. We recall the Bousfield-Kan spectral sequence, an important tool for

our work. [3, Chp. XI, §7] constructs a homotopy spectral sequence

T (F") = m_s(Tot F),

where F" is a fibrant cosimplicial pointed simplicial set. This spectral sequence extends
to cosimplicial spectra: if F" is a cosimplicial diagram of fibrant spectra (a “cosimplicial

fibrant spectrum”), then there is a spectral sequence

(6.10) Ey' = m°my(F") = m_s(holim o F")

[48, Prop. 5.13, Lem. 5.31].

Here, as elsewhere, the holim of spectra is constructed levelwise in § and is defined
as in [3]. Thus, associated to F" is the cosimplicial spectrum [[* F", with [["F" =
I1(Ba), Fin | where the n-simplices of the classifying space BA consist of all strings
[jo] = -+ — [jn] of n morphisms in A. For any k > 0, ([[*F" )y is a fibrant cosimplicial
pointed simplicial set, and holim o F* = Tot(]]"F").

More generally, if J is a small category and F': J — Spt is a diagram of fibrant

spectra, then there is a spectral sequence

(6.11) Eyt =1im® ; [Z, F]; = [Z,holim ; F];_,,
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where Z is a finite spectrum equivalent to a CW-spectrum, and lim® is the sth right
derived functor of lim ;: Ab” — Ab. All of the above spectral sequences are conditionally

convergent [34, pg. 246].

Now we prove the result that gives us a more useful model of X“. This result is
not original: a version of it is in [25, Prop. 3.3], and more general forms of it appear in

[34, Prop. 3.20] and [35, Prop. 6.1].

Theorem 6.12. Let G be a profinite group with ved(G) < m, and let X be a discrete

G-spectrum. Then there are weak equivalences

Homg(—, X) =, Homg(—, Xy) = H (—;Homg(—, Xy)),

where H'g (—; Homeg(—, X)) is a globally fibrant model for Homg(—, X). Then the

canonical map

X"Y = Homg(*, X) — holim a (T X ;)¢ =2 H's (%; Homg(—, X))

18 a weak equivalence.

Remark 6.13. Since (X f)G is already X"“ and given Lemma 6.17 below, the reader
might wonder if X; can be replaced by a weaker model for X. This can be done, but
after trying several alternatives, Xy was decided upon as the best choice, in part because

of the above canonical map.
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Proof. We refer to the references above, especially [25, Prop. 3.3], for the proof that
the hypercohomology presheaf H'g (—; Homg(—, X¢)) is globally fibrant. It only remains
to show that n: Homg(—, X) — H'g (—; Homg(—, X)) is a weak equivalence.

By hypothesis, G contains an open subgroup H with cd(H) < m. Then by [50, Lem.
0.3.2], H contains a subgroup K that is an open normal subgroup of G. Let {N} be
the collection of open normal subgroups of G. Set N’ = N N K. Observe that {N'} is
a cofinal subcollection of open normal subgroups of G so that G = @ ~' G/N'. Since
N' <. H, ¢cd(N') < c¢d(H). Thus, HS(N'; M) = 0, for all s > m + 1, whenever M is a
discrete N'-module.

Henceforth, we drop the ’ from N’ to ease the notation: N is really N N K.

Any sheaf of sets F has stalk colim y F(G/N) and so n is a weak equivalence of
presheaves of spectra if : X 2 colim y XV — colim y H'g (G/N; Homg(—, Xy)) is a
weak equivalence, where colim y H'g (G/N; Homg(—, X)) = colim y holim o (I X f)N

For each NV, apply 6.10 to obtain the conditionally convergent spectral sequence
(6.14) Ey'(N) = mm (T Xp)N) = e (holim o (T X ) ™).

Since T"Homg(—, Xy) = Homg(—,I" Xy) is a cosimplicial sheaf of fibrant spectra, the

diagram (I X f)N is a cosimplicial fibrant spectrum, as required. Note that

m(Map, (G, X)) = m(Map,(G/N, Xy) = [T g/n m(X) = Map(G, m(X)V.
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Thus, 75m (T X)) = H((I*m(X))"N). The cochain complex 0 — 7 (X) — T*m(X)
is exact and HZ(N;T*m (X)) & H3(N;Map,(G,I"* 17 (X))) = 0, for s > 0, by 8.16.

Thus, I'm(X) is a resolution of 7;(X) by (—)"-acyclics and thus,
Ey'(N) 2 HI(N;m(X)).

Taking a colimit over { N} of 6.14 gives the spectral sequence

(6.15) colim yy HE(N; m(X)) = m_ (colim y holim o (" X;)™).

Since E5"(N) = 0 whenever s > m + 1, the Es-terms E5(N) are uniformly bounded
on the right. Therefore, by [34, Prop. 3.3|, the colimit of the spectral sequences does

converge to the colimit of the abutments, as stated in 6.15. Finally,
colim y HZ (N3 (X)) = Hy (lim N3 (X)) = H* ({e}; m(X)),

which is isomorphic to m(X), concentrated in degree 0. Thus, 6.15 collapses and for all

t, m (colim ~ holim A (F'GX f)N) = 1, (X), showing that 7 is a weak equivalence. O

Remark 6.16. Because of Theorem 6.12, whenever the profinite group G has finite
virtual cohomological dimension, and X is a discrete G-spectrum, we will always make
the identification X"“ = holim A (I';(X¢))¢. (There are a few exceptions to this, where

it is clear from the context.)
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The following lemma is obtained from 6.6 and 6.8 by evaluating at * € G —Setsgy.

It is used repeatedly so we make it explicit.

Lemma 6.17. If X is fibrant in Sptq, then (FE;X)G s a cosimplicial fibrant spec-

trum.

Given a profinite group G of finite virtual cohomological dimension and a discrete
G-spectrum X, the following theorem shows that there is always a descent spectral

sequence.

Remark 6.18. Given a discrete G-module M, there are canonical maps

n(M): M — I'g(M) = Map, (G, M) and e: Map.(G, Map.(G, M)) — Map.(G, M),

so that I gives a triple and there is an associated cosimplicial discrete G-module I'y, (M).

Recall that H: (G, M) can be computed by taking the cohomology of the cochain complex

M — Map,(G, M) — Map(G*, M) — --- .

As pointed out in [14, Lem. 5.4 and its proof], the maps in this cochain complex are
identical to the maps in the cochain complex associated to the cosimplicial abelian group

(I" (M))“. Thus, HS(G; M) = 7*((I" (M))%).

Theorem 6.19. If the profinite group G has finite virtual cohomological dimension

and X is a discrete G-spectrum, then there is a conditionally convergent descent spectral
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sequence

Byt = HE(Gim(X)) = ms(X"O).
Proof. The preceding lemma and 6.10 give a spectral sequence
ﬂ_sﬂ_t((l—‘o Xf)G) — Wt—s(XhG)-

By the above remark, Ey* 2 H?(G; (X)), since m(X ) = m(X) is an isomorphism of

discrete G-modules. O



CHAPTER 7

Homotopy fixed point spectra for F,

Using the machinery of the previous chapter, it is easy to define homotopy fixed point
spectra EZ/G for G <. G,, using the continuous action. In this chapter, we also show

that EQ/G matches the homotopy fixed point spectrum E,’Z’G of Devinatz and Hopkins.

Definition 7.1. Let EQIG = holim ; (F, A M7)"@ be the homotopy fixed point spec-
trum of FE, with respect to the continuous action of G. Since F, A My is a discrete

G-spectrum and ved(G) < oo, (B, A M;)"C is defined as in Remark 6.16.

Remark 7.2. Note that the map ((F, A My);)¢ — holim a (T (F, A Mp)4)¢ is a
weak equivalence between fibrant spectra, since the map is obtained by taking the global
sections of a weak equivalence between fibrant presheaves of spectra. Thus, there is a
weak equivalence holim 7 ((F, A My) )% — holim ; holim a (I (F, A M) )¢ between the

“strict” definition of E'G and our definition.

Remark 7.3. We make explicit the following elementary fact, which will be used
several times later. If {X} is a finite set of spectra and Y is any spectrum, then there

is a weak equivalence ([[ X;) AY — [[(X; AY).
It is not hard to see that E"C is K (n),-local, as expected, since E"C is.

53
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Theorem 7.4. The homotopy fized point spectra (F, A Mp)"S and EVC are K(n).-

local. Also, E"C is E(n).-local.

Proof. Note that

(Fk(EL A M])f)G = Mapc(Gk_l, (F, A M])f) ~ colim y H (G/N)k—1 (Ey, N My)

=~ (colim v [T (/nyr—1 Fn) A M.

Since F;, is E(n)-local, the finite product is also. Since L,, commutes with direct limits,
colim n [ (/w1 I is E(n).-local, and thus, (T* (B, A M7) )¢ is K(n).-local. Given
a CW-spectrum F, the homotopy limit of an arbitrary diagram of F,-local spectra is
E.-local [2, pg. 259], making (F, A M7)"® = holim o (I'" (B, A M;)§)¢ K(n).-local.
Hence, the homotopy limit EQIG is K (n)s-local. The same arguments show that E"C is

E(n).-local. O

After seeing how EQ/G is defined, we now examine the construction of E,}{U by Dev-
inatz and Hopkins, for U <, G,,. For this discussion, we use the notation of [9] and work,
as needed, in the category of S-modules. At times, we will not be completely rigorous,
since we are trying to understand from the perspective of a continuous action how the
construction of Devinatz and Hopkins works.

Construction 3.11 of [9] defines a diagram

C: (Rf,)™ x A — Ho(Ex), C(S,[j]) = Lin)(X(S) A EY),
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where X: (R )" — Ho(Ey) is a certain diagram with X(G,/U) =] &, v En. Then
[9] shows that C lifts to a diagram C: (Rgn)(’p X A — E, such that there is a natural
transformation C — C in Ho(E.), with C(S,[j]) — C(S,[j]) a weak equivalence for
every S and [j]. Henceforth, we write Co. U instead of C(G,,/U, —) for the cosimplicial

diagram A — E., so that CY

G U = C(G,/U,[j])- Then, by [9, Def. 3.12],

EM — Tot([T"Cy, Ju) = holima Cyy .

Since C'Gn/U € (HO(EOO))A, one cannot form holim A C'Gn/U. However, since C'Gn/U
is a strict diagram of spectra, holim A C'Gn U is a model for the undefined holim A C'Gn U

We work to understand C'Gn U better. We ignore the fact that it is only a diagram
in the homotopy category; we assume that EJ A Mj is a discrete Gp-spectrum (as is
its weakly equivalent model EAM 7); we assume that holim preserves natural transfor-
mations consisting of weak equivalences; and we ignore the fact that the G,-action we
should have below is that of Map’(G,, —) instead of Map,(G%, —) [9, 3.19]. Applying

[9, pg. 10], we have

Ol = Ch = Licen (L gyw Bn) A BR) = bolim 1 ([T a0 (BY™ A M)
~ holim ; Map, (G, EZ*Y A M;)Y ~ holim ; Map,.(Gp, Map,.(G2, E,, A M;))Y

~ holim ; Map,(GZ™, E, A Mp)Y.
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Thus, holim A C'Gn v holim 7 holim A (FGn (E,, A Mp))Y. We examine this last expres-
sion further.

Consider the functor (U — Setsgr)°® — (G, — Setsg)°P, defined by S +— G, /U x S,
where S has trivial G,,-action. Composition with this functor gives the restriction functor
res: PreSpt(G,, — Setsy) — PreSpt(U — Setsys), which sends the cosimplicial sheaf

Homg,, (—,T'g, Xy) to the cosimplicial sheaf

Homg, (Gn/U x (=), Ty Xy) =2 Homg, (Gn/U, Sets(—, Ty, Xy)) = Sets(—, Iy, X))V

= Homy (—,T'g, Xy).

Since U is an open subgroup of Gy, the restriction of the globally fibrant presheaf
holim A Homg,, (—, ', Xy) is the globally fibrant presheaf holim A Homy(—,I'g, Xj).
(When U is a normal subgroup, [27, Rk. 6.26] shows that res preserves globally fibrant
presheaves.)

Note that Homy (S, Xy) = Homg,, (Gn/U x S,T'; Xy) is a cosimplicial fibrant
spectrum since Homg,, (—, T X ) is a cosimplicial sheaf of fibrant spectra. Any sub-
group H that is open in U, is open in GG,,. These two observations imply that the proof
of Theorem 6.12 goes through to show that Homy (—, X) — holim o Homy (-, T Xy)
is a weak equivalence of presheaves.

Since Homg,, (—, X7, ) is globally fibrant on (G, — Setsy )P, Homy(—, Xr.q,,) is

globally fibrant on (U — Setsy )P, and Xy, is a fibrant discrete U-spectrum. Thus,
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there is a weak equivalence Homy (—, Xy g,) — holim o Homy (—, T Xfq,) between

globally fibrant presheaves, which gives a weak equivalence
X" = Homy (x, Xf,,) — holim o Homy (, T, Xf.,) = holim a (T, X1c,)Y

where the isomorphism is in Ho(Spt). Therefore, given any discrete Gy,-spectrum X,
holim A (I'y (Xta,))Y is a model for XV,
Let us return to our assumptions about C'Gn U and allow ourselves to move freely

between S-modules and Bousfield-Friedlander spectra. Observe that
(Tg, (En AMD)Y — (T, (Ba A Mi1)16,)"
is a weak equivalence in each cosimplicial degree. Thus,

holim A Cg;, ; = holim ; holim a (T, (En A M))"

~ holim ; holim A (T (En A Mp)f6,)Y
We highlight our conclusion in

Remark 7.5. The above discussion shows that, in some sense,

EpY = Tot([["Cy, jiy) = holim g (E, A Mp)*Y,
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and thus, E,’}U is the continuous homotopy fixed point spectrum. Also, conceptually, we

see that EM"V and E;L‘/U are the same.

We make this remark precise by showing in what sense the continuous homotopy
fixed point spectra Eﬁ,G match the homotopy fixed point spectra EZG of Devinatz and

Hopkins.

Lemma 7.6 ([7, proof of Lem. 3.5]). For any G <. G, and any integer t, the

homotopy group m;(E'G A My) of the S-module E"G A\ My is a finite abelian group.

Remark 7.7. By the discussion about homotopy colimits in Chapter 2, in Spt,
L (ny(colim ; EMiG) is a model for the S-module E"“ defined by Devinatz and Hopkins.
Thus, in the context of Spt, we set E"C = L (ny(colim ; EhUGY,

However, clarification is needed if G = U is an open subgroup. In S-modules, the
spectra E"U and Ly (n) (colim ; EMViV) have the same homotopy type. But it is not
obvious that this is the case in Spt, where E"Y = (US®(—)¢F)(G,/U). Let X¢ and
X NAcY refer to the spectra X and X AY, respectively, where X and Y are in C, a category

of spectra. As in the proof of 7.9, there are strongly convergent spectral sequences

Hg(Uv 7Tt(Eln ASpt MI)) - Wt—s(EZU ASpt MI)7

and

HE(U;mt(En Mg Mr)) = w1 o(EMY A g My).
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By Landweber exactness, 7 (En Aspt M) = Epy /1 = 7 (Ep Apg Mr1). Thus, the spectral
sequences have isomorphic Fa-terms and 7. (EY Agpt M) and 7. (EMY Ay M) are the
same up to group extensions. Furthermore, since (E!)gpt is a model for (E!)
and M; has the same characterization in either category of spectra, we conclude that
s (EQU/\sptMI) >, (E,’fU/\MSMI). Thus, since E,}{U/\MSMI ~ colim ; (EQUZ‘U/\MSMI)

and 7. (EM A My) is degree-wise finite,

T ((Bn)spt) = me((By ) s) = m(Lieny (colim i (") ag)

I

7. (holim 7 colim ; (E"ViV Ay, My)) = lim s colim; To(BMVV A pqg M)

I

lim ; colim, 7. (EMU Agpy M) = 7, (holim 1 colim ; (EMViV Agpy My))

2 7 (L () (colim g (E")spt))-

Therefore, the canonical map L g ,)(colim; (EMilgoe) — (EM)gpt in Ho(Spt) is an
isomorphism. Thus, in Spt, just as in Mg, we can move freely between the two differ-
ent meanings of BV, L) (colim; (EViV)gpe) and (US®(—)¢F)(Gr/U) in the stable
category. In any particular instance, the context will make it clear which meaning we

intend.

Given a spectrum X, though there is no point-set level map between X and X A S°,
there is an isomorphism E!¢ = LK(n)(colimiEgUiG) = LK(n)((ColimiEﬁUiG) A S9)
in Ho(Spt). Also, since there is no point-set level map between L g (,)(X A SY) and

holim ; (X A M), for an E(n).-local spectrum X, the best we can do in our case is the
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following zigzag:

L () ((colim EMiGY A §0) holim 7 ((colim ; E"Vi%) A M)

-

L) (holim 7 ((colim ; EQUZ‘G) A My)).

Now we specify the map tq: holim ; ((colim; EMiG) A M;) — ENMG. When G is
finite, [9, pg. 5] shows that there is a canonical map into the homotopy fixed points
EQG — holim ¢ F,,, defined by the composition EQG — lim ¢ E,, — holim ¢ E,,. Similarly,

we would like to construct ¢ by composing with a map
o lim g (F(Gp) A S%) — ENE = holim ; (F, A M;)"C.

However, ¢y.y forces the existence of a map F(G,) A S° — holim ; (F, A Mf). But we saw
earlier that there is no such canonical G,-map, and thus, there is no ¢;.;. We conclude
that there is no canonical map ¢, and we proceed to construct i another way.

EMiG — EhUi gives a map

Since U;G/U; is a subgroup of G,,/U;, the canonical map
EMNG 5 lim g U, EN: = (ERMUNUG/Ui | Letting (EM#)ViG/Ui also denote the constant

cosimplicial spectrum, there are canonical maps

(ERUHTEU — dim (B)Y) VY — holim (ERYH) V9V — holim (T, ¢ 0, (BRT)) V9V,
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where all (ho)limits are over A. Also, the projection U;G — U;G/U; induces canonical

maps
holim a (T, ¢/, (ERV) VY — holim A (T, ERY) V7Y — holim a (T, ERTH V.
The inclusion G — U;G gives maps
holim A (T, Y)Y — holim a (T, ¢ ELV ) — holim A (T ERV)Y,

Putting all these maps together gives a canonical map E"i¢ — holim o (F'GEQUZ')G.

The G,-equivariant map EQUZ' — F;, induces the map
holim A (I EMY)Y — holim A (In F,),
and thus, there are maps
colim ; E"Vi¢ — colim ; holim o (g E"V)¢ — holim a (I ).

This composition defines the map colim ; EQUZ'G — holim A (Fbﬁ)G.

Definition 7.8. Since there is a map

(holim A (I" F,)%) A M — holim A (I (F, A M7))€,
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we define ¢ g (colim; EQUZ'G) ANMp — (F, A M[)hG to be the composition
(colim ; EMVi¢) A My — holim a (D (F, A M7))¢ — holim a (T (F, A Mp) )€

Thus, the map t¢: holim ; ((colim ; E"Vi) A My) — EMC is defined to be holim ; ¢1.g.

The following sequence of results shows that 1 is a weak equivalence for all G <. G,,.
We first do this for G open, then for G closed. Though we will prove this again in Chapter
10 with a stronger theorem, we include these proofs because the technique is simple and

useful.

Lemma 7.9. For any open subgroup U of Gy, the map
¢ru: (colim; EViVY A My — (B, A Mp)hY
is a weak equivalence. Also, there is an isomorphism in the stable category:
EM A My = (B, A M™Y.

Proof. By [9, (3.13), Prop. 4.16], there is a conditionally convergent (actually, strongly

convergent) spectral sequence with

B3 = H(U; E;'(ATV(DMy)e)) = m*(NTV/(DM))e, CF, julps
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and abutment

[ATV(DMy)e, Tot(IT"Cgy, i) Init® = DMy, BV lghi® = ms (B A M)

>~ 1 o((colim ; EMViUY A My),

by Remark 7.7.

Also, by 6.19, there is a conditionally convergent spectral sequence
HZ (Us (B A Mr)) = 7 (me(T (B A M1)p)Y)) = mees((F A MD)"Y).
Since
B, (ATV(DM;)e) = [ATV(DMy)e, F(Go)l 3, = [DMy, Enlgly = mi(En A M;),

there is an isomorphism between the Fo-terms of the spectral sequences that is compat-
ible with the map ¢; 7 between the abutments. Thus, by [1, Thm 7.2], comparison of

spectral sequences gives an isomorphism of abutments. O

Corollary 7.10. For any open subgroup U of G, there is a weak equivalence
Yy : holim 7 ((colim ; ERVYY A M) — ENU,

and an isomorphism EM = EQ,U in the stable category.
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Proof. This follows from the preceding lemma by changing 7 (holim (—)) into lim 7.(—)

.
by a lim" argument. O

Theorem 7.11. Let G be closed in G,,. Then
or.: (colim; ENViCY A My — (B, A M)

and g holim 7 ((colim ; EPViG) A M) — E,}ZLIG are weak equivalences. Also, there are

isomorphisms E" A My 2 (B, A M) and E'G = EMG in the stable category.

Proof. As above, it suffices to verify the first weak equivalence, which we do by a
comparison of spectral sequences. There is a conditionally convergent descent spectral

sequence

HE(Gymy(By A M) = m—s((Fy A M),

Let C¢, i be the cosimplicial S-module with Cén/G = LK(n)(EgG AMg ESTY (9, Rk.
AL9]. Then, by remarks from the proof of Lemma 4.11, pg. 35, and Prop. AL5 in [9],

there is a conditionally convergent spectral sequence with FEs-term

H(G;m(Bn A Mr)) = 7°([DM1, Cg, el
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and abutment

[DM;, Tot(IT°Cg, ) lnie® = mims(BRS Amg Mi) == colim g m—s (B Apag M)

=~ 1, ((colim ; BMYiC) Agpy My).

The proof is finished by the same argument used for Lemma 7.9. O

We want to show that E?'C can be viewed as the K (n).-localization of F"¢. To do
this, we give some results about commuting finite spectra with holim that will also be
helpful later.

If J is a small category and {X;} is a diagram in (S.)”, then for any i € J, the
functor {i} — J induces a canonical map holim ; X; — holim (;; X; = X;, where the

holim is taken in §. If K is any pointed simplicial set, then there is a canonical map
(holim y X;) A K — lim ; (X; A K) — holim ; (X; A K).
Thus, if {X;} is a diagram in Spt” and Y is any spectrum, there is a canonical map
(holim y X;) AY — holim ; (X; AY).

The following result gives conditions for when smashing with a finite spectrum commutes

with homotopy limits (see also [34, pg. 251], [49, pg. 96]).
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Lemma 7.12. Let J be a small category and let {X;} be a J-shaped diagram of
spectra. Let Y be any finite spectrum, and given a spectrum Z, let Z — Zz be a weak

equivalence with Zs a fibrant spectrum. Then there is a weak equivalence
(holim (X;)¢) AY — holim ((X;)s AY)s.

Furthermore, if J is the category {0 «— 1 «— 2 «— .-} and if liLIll m(X;) =0 =
lim' 7, (X; AY), then the canonical map (holim X;) AY — holim (X; AY) is a weak
p—

equivalence.

Remark 7.13. The last statement of the lemma is used several times in Chapter 10

and Corollary 8.10. In Lemma 8.18, we verify the @1 hypotheses for the cases we need.

Proof. Setting Z equal to DY and S° in 6.11 successively gives the spectral sequences
im® ; m(X; AY) = m_s((holim (X)) AY)

and

liﬂlsj Wt(Xj A Y) — Ft_s(hOhm ((Xj)f VAN Y)f),

respectively.

Comparison of these two spectral sequences, using the map

(holim (X;)¢) AY — holim ((X;)s AY) — holim ((X;)¢ A Y )¢,
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implies that the desired map is a weak equivalence ([1, Thm. 7.2], [34, pf. of Prop.
3.3]).

The last statement of the theorem, given the hypotheses, follows from

7Tt(h0hm (X] VAN Y)) = 1&11 7Tt(Xj A Y) = lln ﬂ-t(((X])f AN Y)f) = Wt(hOlim ((X])f A Y)f),

and the fact that m (holim X;) = lim (X)) = m(holim (X;)¢). O

Let X be a discrete G-spectrum and Y a finite spectrum with trivial G-action. Then

there is a map

X" AY = (holim a (T X)) AY — holim A (T Xf)¢AY) — holim A (T X ) AY)C.

Consider the isomorphism ((I'z X ) AY)* 2 colim n ((]] (/nyk+1 Xp)AY) and the canon-

ical weak equivalence

colim p ((H (G/N)k+1 Xf) AN Y) — colim y H (G/N)k+1 (Xf VAN Y) = (F'G(Xf VAN Y))k

Putting these maps together gives a G-equivariant map of cosimplicial spectra

(F'Xf)/\Y—>F.(Xf/\Y).
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Thus, there is a canonical map X" AY — (X; A Y)"C defined by

X" AY — holim a (T" X ;) AY)® — holim a (T" (X AY))% — holim a (T" (X AY))C.

A version of the following result appears in [34, Prop. 3.10].

Lemma 7.14. Suppose G has finite virtual cohomological dimension, X is a discrete

G-spectrum, and Y is a finite spectrum with trivial G-action. Then the canonical maps

X"OANY — (X AY)C — (X AY)RC

are weak equivalences, where X — Xy, in Spte, is a trivial cofibration with Xy fibrant.

Remark 7.15. Because there is no canonical Gj-equivariant map (f,)s A M —
(E, A M)y, as explained in Remark 9.2.7, there is no map F" A My — (F, A M)"C that
can be used to define a map holim ; (E"“ A M) — holim ; (F, A M;)"“. Thus, we do not

concern ourselves in the theorem with the existence of a map X"“ AY — (X AY)RC,

Proof. By 6.19, there is a conditionally convergent spectral sequence

HE(Gm(X AY)) = m_s((X; AY)IO).

Also, by 6.11 with Z = DY, there is a conditionally convergent spectral sequence

Hi (G5 m(XAY)) = HY 1 (TE(XpAY))Y)] =2 HE (DY, (TEX,)C]) = ms(X"OAY).
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The map X"C A Y — (X FA V)" comparison of spectral sequences, and [1, Thm. 7.2]

give the desired conclusion. O

Corollary 7.16. For any G <. Gy, there is an isomorphism EZ/G = LK(n)(FhG

) in

the stable category.

Proof. This follows from a h£11 argument applied to 7. (holim (—)) using the fact that

T (B A M7) = o (B, A M) =2 7, (EMS A M) is finite. O
The next result is an example of homotopy fixed points commuting with a non-finite

spectrum, which is not true in general.

Lemma 7.17. For any G <. G, the spectra E{LG A F, N My and (B, N\ F, A MI)hG
have the same homotopy type. (The second F, in each expression is regarded as a trivial

G-spectrum.)
Proof. By [9, proof of Prop. 5.3, m.(FE'Y A B, A M;) = 7m.(EM A E, A M) =
Map’(Gy, Ens/I)C. Also, there is the descent spectral sequence

HE(Gymy(Fy N By A M) = s ((Fy A By A M"Y,
and because 7. (F, A F, A Mr) = Mapi (G, Ens/I) = Map,. (G, Ens/I) is G-acyclic, by
8.16, . ((Fy, A F, A Mp)"C) = Mapi(Gy,, B /T)C. O

Theorem 7.18. If G <. G, and X is any finite spectrum of type n, then there are

isomorphisms (F, A X)'C¢ = FhG A X = EWG A X = EMG A X in Ho(Spt).
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Proof. We have F' A X = L, (E") A X 2 Ly (FF9)ANX 2 EFG A X. O

Corollary 7.19. If G <. G, then (E, A Mp)"C =2 colim ; (B, A M7)"Wi& in the stable

category.

Proof. This follows from (F, AM;)"“ = colim ; (EMVi% AM;) =2 colim ; (F, AMp)"ViG. O

Recall that if G <. G,, does not have finite index, then G, /G = lim i Gn /UG is

profinite and uncountable.

Corollary 7.20. If the normal subgroup G is closed in G, then (F, A MG s a

discrete G, /G-spectrum. Thus, E'Y is a continuous G, /G-spectrum.

Proof. Note that (F, AM)" ~ colim ; (E":% A M7). Since U;G is normal and has finite
index in Gy, EQUZ'G A My is automatically a discrete G,,/U;G-spectrum. The canonical
continuous map G, /G — G, /U;G makes E"ViG A My a discrete G, /G-spectrum. Since
the category of discrete G,,/G-spectra is equivalent to the category of sheaves of spectra
on the site G, /G—Setsgy, it is easy to see that Sptg;, ¢ is closed under colimits, so that

colim; (E!Vi% A M) is a discrete G,,/G-spectrum. O

Example 7.21. At the prime 2, G; = Z2 x Z/2 and EfZ/Z ~ KO} is a continuous

Zs-spectrum [19, pg. 101].



CHAPTER 8

Auxiliary results for building the descent spectral sequence

This chapter collects together various results about continuous cohomology, towers

of abelian groups, and inverse limits that are required for the work of later chapters.

Definition 8.1. Let DMod(G)Y denote the category of diagrams in discrete G-

modules of the form --- — My — M; — My. Define H?

cont

(G;{M;}), the continuous
cohomology of G with coefficients in the tower {M;}, to be the sth right derived functor

of the left exact functor
lim ; (—)%: DMod(G)™ — Ab, {M;} > lim ; M.

(This version of continuous cohomology is developed in [24].)

The next two results are special cases of statements in [12, Lem. 3.1.3] and its
proof, for the site G —Setsg. Recall that lim® Axy is the sth right derived functor of

lim Ay : ADA*N — Ab,

Lemma 8.2. If I = {I;} is an injective object in DMod(G)N, then, for s > 0,

lim® axn (D)9 = 0.

71



72

Proof. Let (j,4) be a typical element of A x N. The functors lim ;: AbN — Ab and

limAS AbAXN — AbN, {Aj,i}j,i — {hmA Aj,i}i

are left exact functors. Also, lim A is right adjoint to the diagonal functor ¢: AbY —
Ab2*N that sends {A;} in AbY to the diagram with A;; = A;, for every j € A. Since ¢

is exact, lim o preserves injectives. Thus, there is a Grothendieck spectral sequence

Byt =1im®; (lim o (T, 1,)C) = lim®H a o (T3,

Since I is an injective object, each I; is injective in DMod(G), and every map
di: Iiy1 — I; is split surjective, with section r; [24, Prop. 1.1]. This implies that
d;: IS, — IF is surjective for each i: if m € I¥, then m = d;(r;(m)), and g - r;(m) =
ri(g-m) = ri(m), for all g € G, so that r;(m) € IZ,. Thus, {IF} is a Mittag-Leffler
tower of epimorphisms.

Then lim’ A (I ;)Y = HY(TEL)Y) = HY(G; I;), which equals 0 whenever ¢ > 0,

and is I& when t = 0. Thus, for t > 0, E5" = 0, so that, for s > 0, im® oy (Dp1;)¢ =

O

B3 =1im*; I¢ = 0.

Theorem 8.3. Let {M;} be in DMod(G)N. Then for all s > 0,

lim® Ay (PGMi)© 22 Hgy (G5 {M;}).
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Proof. By definition, HS . (G;{M;}) = Hs(liini(—)G(IO — I' — --+)), where 0 —
{M;} — I° — I' — . is an injective resolution in DMod(G)N. If {N;} is in DMod(G)N,

then

lim A (T N;)© 22 lim ; lim A (T N;)© 22 lim ; HO(TEN;))
=~ Jim ; H)(G; N;) = lim ; NE.
— —

Thus, Hgo(G; {M;}) = H* (lim axn (T 1% — (Tl — --+)), which is associated

to the sequence
(8.4) 0 — (I {M}H)T — (17 — 1) — -

in Ab® N Since Ab®*N is an abelian category with enough injectives, and the functor
lim axn: AbA*N — Ab s left exact, if 8.4 is a (lim A )-acyclic resolution of (I" {M;}),

then HS

cont

(G {M;}) = lim® Ay (T" M;)C.

Fix any ([j], k) € A x N and consider the sequence
(8.5) 0 — (VM M)E — (DIHDE — (I HE — ..
Since 0 — My — I — I} — -+ is exact in DMod(G),

(8.6) (I AR VN AR HIE RARY FAE
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is exact. Since H:(G; TV [) = 0, for any m > 0 and s > 0, 8.6 is a resolution of T+ M,
by (—)%acyclics, and thus, H*((IVH1I))¢ — (DVHLIHCY — .. ) 2 HS(G; T M) = 0,
for s > 0. Since (—)% is left exact, it follows that 8.5 is an exact sequence. Thus, 8.4 is
bAXN.

an exact sequence in A

The proof is finished by applying Lemma 8.2. U

The following lemma is used, for example, with the exact functors F’&: DMod(G) —

DMod(G), for any k > 1.

Lemma 8.7. Let --- % Ao EiR Ay ELR Ag be a tower of abelian groups, and let
F: Ab — Ab be an additive exact functor. If {A;} satisfies the Mittag-Leffler condition,

then so does {F(A;)}.

Proof. For each ¢ > 0, there exists some j > i, such that, for all k£ > 7, 1m(f,z) = 1m(f;),
where f,i A — A;. (The definition of Mittag-Leffler provides for “j > ¢,” but this
implies our statement, and “j > " simplifies the argument.) We use f,@ to denote the

obvious map Ay — im(f{). Since F is exact, there is an isomorphism h: im(F(f{)) —

LR

1m(F(f;)) given by the composite im(F(f})) = F(im(f})) = F(lm(f]’)) 1m(F(f]’))
It f € P(Ay), b is defined by F(f})(f) — F(F)(f) = PU)() = F(F)(f), where

F(f))(f) = F(f})(f") for some f’ € F(A;). Note that im(F(f{)) C im(F(f?)). Consider
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the commutative diagram

fi
4 ) . 11 . . 12
Ap Aj im(fy) —— im(f}) —— A,
\.—_/

i

7

where i; and 79 are inclusions, i; is the identity map in this case, and igi1p f,g = f,é
Functoriality gives the commutative diagram

/;m F(’L1) F(Zg)

F(Ay) —— F(4;) — F(im(f})) — F(m(f})) — F(4),
F(f]) W

where F'(i1) is the identity. Therefore,

S

WD) = FUDS) = Flia)(F(f)(1) = Flia)(Fi)(F(F)() = F)-

Thus, h is the inclusion map and im(F(f})) = 1m(F(f;)) This proves that {F(A;)} is

Mittag-LefHer. O

Lemma 8.8. Let M = 1&1 o My, be an inverse limit of topological abelian groups. Let
H be any profinite group. Then the canonical map r: Map.(H, M) — lim ¢, Map,.(H, M)

is an isomorphism of groups.

Proof. Inverse limits in Ab and in topological spaces are created in Sets: Map.(H, M) =

TOp(H, m a Ma) = lgn Sets o TOp(H, Ma) = m Ab o Mapc(H, Ma)- U
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Lemma 8.9. If X is a finite spectrum, then for any G <. G, and any integer t, the

abelian group Wt(EZG A My A X) is finite. In particular, m(E, N My A X) is finite.

Proof. We use the fact that m(E"? A Mj) is finite, and for convenience, we work in
the stable homotopy category of CW-spectra. Since X is a finite spectrum, there exists
some m such that X,, = 3""™X,, whenever n > m, and X,, is a finite complex. Since
(B AN MpAX) 2w (En A Mp A X,,) and X, can be built out of a finite number of

cofiber sequences, the result follows. O

12

Corollary 8.10 ([19, pg. 116]). If X is a finite spectrum, then m (E, N X)

liﬂl [ﬂ't(En/\M[/\X).

Proof. Since m(E, A X) = m((holim ; Ep, A My) A X) = my(holim (B, A M1 A X)), the

result follows from the preceding lemma. O

We need to be precise about the definition of continuous cohomology that we use.

We let H?

Ss(G; M) denote the cohomology of continuous cochains for a profinite group

G with coefficients in the topological G-module M, in the sense of [47, §2]. If M is a
discrete G-module, this is the usual continuous (Galois) cohomology HZ(G; M) of [43,

§2.2]. Also, for an inverse system of discrete G-modules, there is the following result.

Theorem 8.11 ([24, (2.1), Thm. 2.2]). Let { M, }n>0 be an inverse system of discrete

G-modules satisfying the Mittag-Leffler condition and let M = 1&11 n M, as a topological
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G-module. Then, for each s > 0, there is a short exact sequence
0 — lim", H:~Y(G; M) — He (G5 M) — lim ,, H3(G; My,) — 0,

where H;1(G; —) = 0.

Corollary 8.12. If the profinite group G is a compact p-adic analytic group and
{Mp}n>0 is an inverse system of finite discrete Z,[G]-modules, with M = lim , My, a

topological G-module, then HE(G; M) = lim nHE(G; My,), for s > 0.

Proof. When s = 0, the statement is immediate. For s > 1, it suffices to prove that for
t >0, H{(G,N) is a finite abelian group whenever N is a finite discrete Z,[G]-module.

Since G is a compact p-adic analytic group, [46, Thm. 5.1.2] implies that the trivial
Zp[G]-module Z,, (that is, Z, has trivial action by G) has a resolution by free objects
of the form --- — P, — P, — Py — Z, — 0, in the category €,(G), whose objects are
topological Z,[G]-modules that are inverse limits of finite discrete left Z,[G]-modules,
and whose morphisms are continuous Z,[G]-module homomorphisms. Furthermore, we
can assume that each P; is topologically finitely generated as a Z,[G]-module. Then

[46, (3.2.4)] implies that
HZ(G;N) = Ext} 15)(Zy, N) = H*(Hom, o1 (P, N) — Hom o7 (P1,N) — ...),

where Hom%p[[Gﬂ(—, —) denotes continuous Z,[G]-module homomorphisms.
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Let P; be topologically generated by the finite subset {p;1, ..., p;x }. This set generates
the submodule @ ; Z,[G] - pi;. Since this submodule is closed in P;, by [50, Lem. 7.2.2],
P, =@ ; Z,[G] - pij. Thus, each P; is isomorphic to a finite number of copies of Z,[G].
Then any Z,[G]-module homomorphism from P; to N is determined by a finite number of
values and since N is finite, Hom%p[[G]] (P;, N) is a finite abelian group, so that H(G; N)

is itself finite. O

Corollary 8.13. If G is closed in G, and X s a finite spectrum, then
Heo (G me(En A X)) 2 lim  H(G; B e (X)/13), s >0,

where IF is the submodule IFE, 1(X).

Proof. Note that G is a compact p-adic analytic group, and since X is a finite spectrum,
By (X) = lim k Ent(X)/1E [5, pg. 767]. Also, m(E, A X) = lim ; m(Eyp AMAX), and
the profinite and I,,-adic topologies on m;(E,, A X) are identical [23, pf. of Prop. 11.9].
Since IF is an open subgroup, E, +(X)/IF is a finite discrete G-module.

By the previous result, our proof is finished by showing that E,, +(X)/IF is a discrete
Zp[G]-module. By [4, Def. 5.8], E,+(X)/IF is a discrete twisted E,, o-Gp-module such
that g- (rm) = (g-7)(g-m), for g € Gp,r € Epp, and m € E,,+(X)/I¥. Since Z, C En,
if the Gj,-action on Z, is trivial, then E, +(X)/IF is a discrete Z,[G]-module [40, Prop.

5.3.6(d)].
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Gal acts trivially on Z,, and since S, acts on Ey, ;(X) by W (F,»)-module homomor-
phisms, the S,-action on Z, C W (F,») is trivial. Thus, G,, acts trivially on Z,, and

En(X)/IF is a finite discrete Z,[G]-module. O

Remark 8.14. This result shows that Hé(G; . (E, A X)) agrees with the definition

of continuous cohomology used in [9, Remark 0.3].

The next result extends the conclusion of Remark 6.18 to pro-discrete G-modules,

and is useful in the proof of Theorem 10.6.

Theorem 8.15. If M = @1 o My is, as a topological G-module, an inverse limit of

discrete G-modules, then H5 (G; M) = 7% (D, M)%), for s > 0.

Proof. We have:

Ho (G5 M) = H*(lim My, — Map, (G, lim M,) — Map(G*,lim M) — - --)
= HSQLH (MOé - Mapc(Ga MO() - Mapc(G27 Ma) > ))

=~ H*(lim (I M) %) = 7° (lim (I" M) “) = 7° (" M)%).

The proof of the following result closely follows [37, pp. 30-1].
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Theorem 8.16. Let K be a closed subgroup of a profinite group H. Let A =
liin o Aa, as a topological abelian group, be an inverse limit of discrete abelian groups.

Then H?

cts

(K;Map.(H,A)) =0, for s > 0.

Proof. The space H/K is profinite and there is a K-equivariant homeomorphism H —
K x H/K, where K x H/K has the diagonal action. Thus, there is an isomorphism
Map,.(H, A) = Map,.(K,Map,.(H/K, A)) of topological K-modules.

As described in [37, pg. 106], for any topological K-module M, H (K;M) can
be computed by taking the cohomology of the cochain complex obtained by taking the

K-fixed points of the acyclic complex X (K, M) given by
ol 2 0? 3 93
Map, (K, M) — Map (K*, M) — Map.(K°, M) — - -,

where Map,(K™, M) has a K-action given by (k- f)(ki,...,kn) = k- f(k7 k1, ..., k= k),
and " is defined by 9" (f)(k1, ..., kns1) = Sortt (=1 f(ka, ooy Kiy ooy kns1), where K
means that the ith entry is omitted. Note that this acyclic complex is defined when M
is just a topological abelian group.

Let M = lim g Mg be a topological abelian group, where each Mg is a discrete abelian
group. Consider the map §: Map, (K", Map, (K, M))% — Map,(K"*!, M), defined by
f ki, ey k1) i> F(k1,s oy kny1)(1)], where f is continuous, since 4 is induced by the
similarly-defined map Map, (K™, Map, (K, Mg))X — Map, (K", Mgs). Because § is an

isomorphism that commutes with 9”11, there is an isomorphism of cochain complexes
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X (K,Map, (K, M))X = X (K, M). Thus,

s
Hcts

(K Map,(H, A)) 2 H*(X (K, Map, (K, Map,(H/K, A)))*)

~ H* (X (K, Map,(H/K, A))) =0,

for s > 0, since X (K,Map.(H/K, A)) is acyclic. O

The following useful result is Proposition 2.2 in [23].

Theorem 8.17. Given a spectrum Z, define A(Z) to be the filtered category of pairs
(Y,u), where Y is a finite spectrum and w:Y — Z. The morphisms are the obvious
commutative triangles and all maps are in the stable category. Then, for any integer t,
the canonical map EL(Z) — im (y.u)en(z) EL(Y) is an isomorphism of abelian groups

and a homeomorphism of profinite spaces.

In Lemma 7.12, we showed that when certain liﬂll terms vanish, smashing with a
finite spectrum commutes with holim for a tower of spectra. As mentioned in Remark
7.13, we now verify that the appropriate liinl terms vanish for the cases where Lemma
7.12 is applied in Corollary 8.10 and Chapter 10. All of these cases follow from the
lemma below, by: setting G and/or K equal to {e}, letting X = S°, using the weak
equivalence E'Y A M ~ (colim; EPVi%) A M;, and/or by applying the fact that the

Spanier-Whitehead dual of a finite spectrum is again finite.
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Lemma 8.18. Let G and K be closed subgroups of Gy, and let X be a finite spectrum.

When j > 0 and m is equal to O or 1, then the tower of abelian groups

{m((colim n TT g v X) A B N EZ A M)}y

is Mittag-Leffler for every integer t, where we write G = im o, qi GI/N. We let

GY = {e} and E? = S°.

Proof. Observe that m((colim v []qi/n X) A EMC A E™ A My) is isomorphic to the
expression colim y [ ¢i/n 7 (EMSAMAET™ AX). Since filtered colimits and taking finite
products are exact functors, it is enough to show that {m;(EMS AM;AET AX)} is Mittag-
Leffler. Since m;(EMAMAET AX) = colim ; my( ERVE AE™ A M A X), we only need to
show that {m (EMViE AET AM;AX)} is Mittag-Leffler. If m = 0, then we are done, since
7 (EMiK A M A X) is a finite abelian group. When m = 1, m(ERVE A B, A M A X) 22
Te( L) (BRVE N Ep) AMp A X). By [9, Cor. 4.5], L) (ERVE A Ey) ~ 16, vix En-
Thus, m¢(Ly ) (ERVHE A Ey) A My AX) 2 [T 6, vk 7(Eq A My A X), which gives a

Mittag-Leffler tower since m(FE, A My A X) is a finite abelian group. O



CHAPTER 9
Homotopy fixed points for Ly, (£, A X) and its descent

spectral sequence

Let {Z;} be a tower of discrete G-spectra, where G has finite virtual cohomological
dimension. By Lemma 4.4.5, if each Z; is fibrant in Spt; or if {m(Z;)} is Mittag-Leffler
for every t, then Z = holim ; Z; is a continuous G-spectrum. In this chapter, we construct
a descent spectral sequence for such continuous G-spectra (e.g. holim ; (F, AM;AX) ¢ q),
and use it to obtain the descent spectral sequence for the homotopy fixed points of

Lgny(En A X), when X satisfies a particular finiteness condition.

9.1. Towers of spectra and homotopy fixed points

Theorem 9.1.1. Let G be a profinite group and let {Z;} be any tower in tow (Spts).

Then there is a conditionally convergent spectral sequence
(9.1.2) Byt = H (G {m(Zi)}) = m—s (holim; holim A (TG((Zi) 1.6))7).-

Remark 9.1.3. This theorem is a special case of [12, Prop. 3.1.2] for G —Setsg;.
Also related to 9.1.2 is the f-adic descent spectral sequence of algebraic K-theory ([48],

(34, pg. 266]). For a “nice scheme” U, the K-theory presheaf K, and H (U; K); =

83
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holim ,, H, (U; K) A M (£™), this spectral sequence has the form

HE (U Zy(t/2)) = mi—s (H;’:t(U; K)KA)

Proof. Note that holim ; holim a (I'p(Z;) )¢ = holim axn (T (Z:) )¢, and (T'(Z:) )¢
is a diagram of fibrant spectra. Then by Remark 6.9, there is a conditionally convergent

spectral sequence
Eyt =1m® axn i ((T(Zi) 5)¢) = mi—s(holim; holim A (I'5(Z;) 1)¥).
We only need to identify the Fo-term:
Ey' =1im® axn m((Ca(Zi))%) = lim® axn (Came(Z:)) 2 Hion (G {me(Z:)}),
by Lemma 8.3. ]

Now we focus on two types of towers that give continuous G-spectra.

Definition 9.1.4. Let {Z;} be in tow(Spty). Suppose that one of the following
conditions is satisfied: (a) Z; is fibrant in Spt for every i; or (b) {m(Z;)} is Mittag-
Leffler for every integer t. Then we let Z = holim; Z; be the continuous G-spectrum

associated to the tower. Also, we define the homotopy fixed point spectrum Z"C¢ =

holim ; ZZ-hG.
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The following result shows that when G is a finite group and the tower {Z;} satisfies
one of the conditions given in the definition, Z"¢ agrees with the usual homotopy fixed
points Z"'¢ (see Remark 6.3), so that Definition 9.1.4 generalizes the notion of homotopy

fixed points for a particular kind of continuous G-spectrum.

Theorem 9.1.5. Let {Z;} be as in Definition 9.1.4. Suppose that G is a finite group.

Then the canonical map Z"e — ZMG is a weak equivalence.

Proof. Note that if each Z; is fibrant in Spt;, we can let (Z;); = Z;. The map is defined

in the following way:

Z"G = holim ; lim ¢ (Z;) s — holim ; holim ¢ (Z;) ; 2 holim ¢ (holim; (Z;) ) = Z"€.

By hypothesis, Z = holim ; Z; — holim ; (Z;) ¢ is a weak equivalence and a G-equivariant
map, and holim; (Z;)s is fibrant in Spt. Thus, Z"'G is indeed the target of the above
map. For a fixed ¢, the map Homg(*, (Z;)f) = lim g (Z;); — holim ¢ (Z;)s is a weak

equivalence between fibrant spectra, so that the above map is a weak equivalence. [
By applying Remark 6.16 and Theorem 9.1.1, we obtain the following.
Corollary 9.1.6. Let G be a profinite group with ved(G) < oo, and let {Z;} be

an object in tow(Spty) that satisfies one of the conditions in Definition 9.1.4. Let

Z = holim; Z; be a continuous G-spectrum and let Z" = holim ZihG be its homotopy
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fizxed point spectrum. Then there is a conditionally convergent descent spectral sequence

(9.1.7) Hon (G {mi(Z0)}) = mis (27€).

Remark 9.1.8. As in Remark 7.2, there is a weak equivalence between the two

possible interpretations of Z"“: holim; ((Z;))“ — holim ; holim a (T';(Z:) )€ .

In case (b) of Definition 9.1.4, we can simplify the Es-term of spectral sequences

9.1.2 and 9.1.7.

Theorem 9.1.9. Let {Z;} be a tower in tow(Spty) such that {m(Z;)} is Mittag-
Leffler for every integer t, so that Z = holim ; Z; is a continuous G-spectrum. Then in

spectral sequences 9.1.2 and 9.1.7, ES’t = H:

cts

(G;m(Z)), the cohomology of continuous

cochains.

Proof. By [24, Thm. 2.2], HZ, (G {m(Z;)}) = HGo(Gilim  m(Z;)) = H

cts

(G5 mi(2)).

0

Because of the finite ved hypothesis in Corollary 9.1.6, spectral sequence 9.1.7 has

abutment 7 (holim ; Z"“). We point out that the functor

holim ; (—)"“: Ho(tow(Spty)) — Ho(Spt), {Z;} — holim ; Z!“

is the total right derived functor R( lim ; (*)G), in the following sense, generalizing the

homotopy fixed points X" = (R(—)%)(X), for a discrete G-spectrum X.
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Lemma 9.1.10. Let {Z;} be a tower of discrete G-spectra. Let {(Z;)s} — {(Zi);}

be a trivial cofibration with {(Z;);} fibrant in tow(Sptg). Then
holim ; ((Z;) ) = holim; ((Z);)% <= lim ; ((Z:)p)© = R(lim ; (-)%) ({Z:}),

where holim ; Z" = holim ; ((Zi)f)G-

Proof. The first weak equivalence follows from the fact that for each i, ((Z;);)¢ —
((Zl)J’c)G is a weak equivalence between fibrant spectra. The second weak equivalence is
verified as in the proof of 4.4.5, since {((Zl)]’c)G} is a tower in Spt of fibrations between
fibrant spectra. Finally, the equality comes from the fact that the composition {Z;} —

{(Zi)} is a trivial cofibration in tow(Sptc). O

Remark 9.1.11. By the above observation, we can rewrite spectral sequence 9.1.7

in a more conceptual way:

R (lim ; (—)9){m(Z))} = m—s(R(lim ; (-)9) ({Z:})).

9.2. The continuous G,-spectrum L ,)(E, A X)
We apply the results of the previous section to continuous G-spectra associated with

FE,, where G is a closed subgroup of G,. Corollary 9.1.6 immediately gives

Theorem 9.2.1. Let G be a closed subgroup of G, and let X be an arbitrary spectrum

with trivial G-action. Then holim ; (F, AMyAX)¢ is a continuous G-spectrum and there
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18 a conditionally convergent descent spectral sequence
HE (G {m(En A My A X)}) = mi—s(holim 7 (F, A My A X)),

Remark 9.2.2. For arbitrary X, we do not know that holim ; (F, A My A X) is a
continuous G-spectrum, so that, in general, holim ; (F, A M; A X )hG is the homotopy

fixed point spectrum (holim ; (K, A M A X)f)hG and not (holim  (F, A My A X))hG.

Let X be a spectrum with trivial G-action. When X satisfies a certain condition, we
define the homotopy fixed point spectrum L ) (En A X )P and construct its descent

spectral sequence.

Definition 9.2.3. If the tower {m(E, A M1 A X)}1 is Mittag-Leffler for all ¢t € Z,

then we say that the spectrum X is F,-Mittag-LefHer.

Remark 9.2.4. An arbitrary finite spectrum X is E,-Mittag-Leffler, since the tower
{m(En N M7 A X))} consists of finite abelian groups, by Lemma 8.9. However, an E,,-

Mittag-Leffler spectrum need not be finite. For example, for j > 1, let X = EJ. Then
mi(En A My A X) 2= m (B A Mr) 2w (Lg(ny (B A Mr) 2 Mapg (G, m(En) /1),

by [9, pg. 10]. Since {m(E,)/I}; is Mittag-Leffler, 8.7 implies that EJ is E,-Mittag-

Leffler.
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Let X be E,-Mittag-Leffler. Then there is an isomorphism L) (En A X) =
holim 7 (E,, A M1 A X) in Ho(Spt), and a weak equivalence holim ; (F, A M7 A X) —
holim ; (E,, A My A X), since m¢(holim ; (E, A M A X)) = &in 17 (Ep AN Mp AN X) =
m¢(holim ; (Fy, A My A X)). Similarly, if X is a finite spectrum, En, A X =~ L, (En A X)),

by 8.10. Since F;, A M7 A X is a discrete Gp-spectrum, we have

Theorem 9.2.5. If X is an E,-Mittag-Leffler spectrum with trivial G-action, then
Lgny(En A X) = holim; (F, A My A X) is a continuous G-spectrum. If X is a finite

spectrum, then En, A X is a continuous G-spectrum.

Definition 9.2.6. If X is an E,-Mittag-Leffler spectrum, then
hG .
(L (ny(En A X))"" = holim  ((F, A Myp)p A X)ME.

We write L () (EnAX )G, in place of (L K(n) (EnAX ))hG, to avoid excessive parentheses.

If X is a finite spectrum, then we can write
(En A X)"Y = holim 1 ((F, A Mp); A X)MC,

in place of Ly () (En A X)hG . As usual, F, A M — (B, A My)y is a trivial cofibration

with (F, A M) fibrant in Spt.

Remark 9.2.7. We explain why we use ((F, A Mp) s A X)"C in the above definition,

instead of (F, AM;AX)"G. We want to be able to define the map E“AX — (E,AX)MC.
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If we use (F, AMpAX )hG, then this map requires a map of diagrams
{(Fn A Mp)p N XY — {(Bn A My A X) gl
This requires, for example, a commutative diagram

(E AMp) s AX —— (oA M AX);

J J

(BLAM)AX —— (B, AM;AX);.

However, there is no natural map (F, A My)y AN X — (F, A M A X)¢, and thus, no such
commutative diagram. Thus, we cannot use (F, A M; A X)"? above and have the desired
map. But since (B, A My A X)"C — ((F, A Mp)s A X)"C is a weak equivalence between

fibrant spectra, the two definitions are equivalent.
Note that by definition, L )(En A X)"® = holim A holim ; (T ((F, A M) s A X)),

Theorem 9.2.8. Let G be a closed subgroup of Gy,. If X is an E,-Mittag-Leffler
spectrum with trivial G-action, then there is a conditionally convergent descent spectral

sequence

(9.2.9) HE (G (L (ny(Bn A X)) = Ty (L) (B A X)").
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In particular, if X is a finite spectrum, then there is a descent spectral sequence

(9.2.10) H(G;mi(Ep A X)) = m—s((Ep A X)HE).

Proof. This follows from Corollary 9.1.6 and Theorem 9.1.9 by considering the tower
{(F,AMp)f AX } 1. The G-equivariant isomorphism 7y ((F, AMp) f AX) = m (B AMpAX)

gives the desired Ea-term. When X is finite, 8.13 showed that H

cts

(G; Wt(En A X)) =

O

H3 (G my(En A X)).

The above descent spectral sequences for L (,)(En A X V"¢ and (E, A X)"¢ can
be obtained in a way that is slightly different from the above. This second method of
derivation of the spectral sequence is required for Theorem 10.6, because of the spectral
sequence comparison argument used in its proof. Thus, we give the needed alternative

proof.

Proof of Theorem 9.2.8. Consider the cosimplicial fibrant spectrum

CX = holim (FG((EL AN M[)f AN X)f)G.

Let Z; = (B, AM;j); A X and note that Lg(,(Eyn A X)" & holim A holim ; (I (Z1) ).

Then spectral sequence 6.10 takes the form

Eg’t = 7°m; (holim 7 (F'G(Zj)f)G) = Mi—s (LK(n)(En A X)hG)'
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Note that, for k¥ > 0, liinl 1 Map,.(G*, m11(Z1)) = 0, since {m41(Z1)}; is Mittag-Leffler

and Map,.(G¥, —) is an exact functor. Therefore,
¢ (holim 7 Mapc(Gk, (Z1)5)) = lln I MapC(Gk, m(Z1)).
Thus, m; (holim 7 (Map,(G**1, (Z1)))¢) = lim 1 Map, (G**1, 7,(Z;))%, and
¢ (holim 7 (I (Z)§)¥) = lim 1 (I m(Z1))¢.
Now we identify the Fs term:

Ey' = 7 (lim (T m(Z7))9) = 7 (lim g lim ;T m(Z))) = 7 (T (lim 7w (Z7))))

1

7 (F e (L () (B A X)) = Ho(Gs (L (En A X)),

by applying 8.15 and the fact that, since mljﬁt+1(Z[) = 0, m(Lgm)(Bn A X)) =

pin 1 m¢(Zr) is an inverse limit of discrete G,,-modules. O

Remark 9.2.11. In the above proof, note that Ej"' = H* (@ 1 (5) AT m(Z1)})-
One can also show that Ey* = HS (G; T (L (n)(En A X))) by showing that the exact
sequence

0— {m(Zr)} = {T"m(Z1)} — -

in DMod(G)Y is a (lim (—)%)-acyclic resolution of {m;(Z;)}, by applying [24, Thm.

2.2).
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Remark 9.2.12. For j > 1, consider Lg,)(En A E%)hG, where G acts nontrivially
only on the leftmost factor. By [9, 3.19, 3.24], Wt(LK(n)(E%Jrl)) >~ Map’ (Gl my(Ep)) =
Map’ (G, Map,. (G4, ¢ (En))) & Map,(Gy, Map,. (G4, w¢(Ey))). Thus, in 9.2.9, By =
HgtS(G;m(LK(n)(E%H))) vanishes for s > 0 by 8.16, and equals Map,. (G, m(E,))¢
when s = 0. Therefore, when G = G, T (Lc(n)(En A Eyjl)hG") >~ Map, (G5, 7. (En)),
and hence, Ly (n)(En A E%)hG” = Li(n) (Eﬂl), in the stable category, although we do
not concern ourselves with defining the map that induces the given isomorphism. This

generalizes the formula EMCr = [, K(n)(SO).



CHAPTER 10
The descent spectral sequence is an Adams spectral

sequence

Let X be a finite spectrum. We compare (E, A X)"¢ with the spectrum E"¢ A X
of Devinatz and Hopkins, and show that, in this case, the descent spectral sequence is
strongly convergent. First of all, we make explicit the relationship between these two
homotopy fixed point spectra.

We start by noting that there is an isomorphism

EM A X 2 (holim ; ((colim ; EPVi%) A M) A X

in Ho(Spt). Consider the canonical map E¢ A X — (E, A X)"¢ defined by

(holim ; (F, A M[)"®) A X — holim ; ((F, A M[)"® A X) — holim ; ((F, A Mp); A X)"C.

Definition 10.1. The map - (holim 7 ((colim ; EMVi%) A M) A X — (B, A X)hC
is defined to be the composition (holim ; ((colim;E!ViG) A M) A X — EFNGAX —

(E, A X)hG,

94
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To go further, we need some results from [9, AI]. We begin by briefly discussing
the K (n).-local E,-Adams spectral sequence. For more details, the interested reader is

referred to [9, AI] and [32].

Definition 10.2. Let X be a K(n).-local spectrum and suppose that the sequence
¥ — X — 9 - ' — ... in Ho(Spt), is E,-exact with each I°® a K(n).-local E,-
injective spectrum. Then this sequence is said to be a K(n),-local E,-resolution of X;
such a resolution always exists. Then the K(n).-local E,-Adams spectral sequence is
the conditionally and strongly convergent spectral sequence Ef’t =2, ]t = [Z, X",

where Z in Spt is equivalent to a CW-spectrum [9, Prop. AL3].

Theorem 10.3 ([9, Prop. AL5]). Let X be a K(n).-local spectrum and let C* be a

cosimplicial fibrant spectrum in Spt with an augmentation X — C* such that

(10.4) s =X -0t C?— ...

is a K(n)«-local E,-resolution of X. Then for any spectrum Z (equivalent to a CW-

spectrum), the K(n).-local E,-Adams spectral sequence

Ey' = H*((2.0") = [Z.X]"*

is isomorphic to the Bousfield-Kan spectral sequence E."*(Z,C") given by

EyY(Z,C") = H([Z,C"]') = [Z, holim A C"]'F2.
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Corollary 10.5 ([9, Cor. ALS]). Let X and C° be as in Theorem 10.3. Then the

spectral sequence Ey>""(S°,C*) of the form

E;,—t = 711(C") = m;_s(holim o C”)

is strongly convergent and is isomorphic to the K(n)y-local E,-Adams spectral sequence

with abutment 7,(X). Thus, X — holim A C* is a weak equivalence.
We use these two results to obtain

Theorem 10.6. Let X be a finite spectrum. Then descent spectral sequence 9.2.10
for (E, N X)'C is strongly convergent and is isomorphic to the K(n)-local E,-Adams

spectral sequence with abutment m.(E!Y A X). Furthermore, the map

¢ (holim ; ((colim ; EMViCY A M) A X — (B, A X)MC

is a weak equivalence and E"Y N X = (E, A X)"Y in Ho(Spt).

Proof. Let W = (holim s ((colim ; E"Vi¢) A My)) A X. Since

W = holim 7 (((colim ;ERYi) A My) A X) 2 Lie(y((colim ; ERYi ) A X)),

W is K(n).-local. We write C” for the cosimplicial spectrum

Cx = holim 1 (T (B, A Mp)y A X)p)C,
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2

when doing so causes no confusion. The canonical map Tot([[*C") — Toto([]*C")
[1,C7 — O gives an augmentation a: W — C" defined by the map W — (E, A X )¢ =
holim A C = Tot([[*C") — C°.

Consider the sequence

(10.7) s ->WE' -l -0 — ...

We claim that this sequence is a K(n).-local E,-resolution of W.

Suppose the claim is true. Then Theorems 10.3 and 10.5 give the conclusions of the
theorem, and we only need to verify the claim.

First of all, we show that each C? is FE,-injective. Note that by 8.7, the tower

{m(Map,(G?, F,, A M1 A X))} is Mittag-Leffler. Then

C' holimIMapC(Gi, (B AMp) s ANX)f) holimlcolimNHC;i/N (B, NMpAX)

~ holim ; ((COthHGi/NX) A En A M) ~ LK(n)((COthHGi/NX) ANEy),

so that C" is K (n).-local and a retract of L, ((colim y [] ci/N X) A E,). Thus, C* is
K (n)s-local E,-injective.
It only remains to show that 10.7 is Ej,-exact. As in [9, pp. 37-38], it suffices to

show that

(10.8) 0 = [Z, Lic(uy(W A Ep)]' = [Z, Lic(n)(CO N En)]' = [Z, Ligny (CH A E))t — -+



98

is exact for any Z equivalent to a CW-spectrum.

Note that L (,)(C*AE,) ~ holim 1 ((colim y ] Gi/N X)AE2AM;y), and since X is a
finite spectrum, this is weakly equivalent to (holim ; (colim y [] ¢ IN SONEZAM)AX ~
Lic(ny(Clio A En) A X. Thus, [Z, Lic(m)(C' A En)]E 2 [Z A DX, Lic(ny (Clio A B

Recall the category A = A(Z A DX) described in Theorem 8.17. Let

7i: [Z A DX, Lig(n)(Co0 A En)l = 1 (y yen [V, Lic(n)(Cho A Ep)]*

be the canonical map, where each Y is a finite spectrum. Since 7; is a natural map and

cosimplicial abelian groups give associated cochain complexes,

7 [Z ANDX, L(n)(Co A Ep)]" — lim vayen [ L) (Coo A En)]*

is a map of cochain complexes.

Note that

[Y, Li(n)(Cho A Ep)]" = m_y(holim f ((colim y [] g/ S°) A E2 A My A DY)).

Also, since 7_(E2 A M; A DY) = 7_(E?> A My A DY) is a discrete G,-module,

m_¢((colim y [ i/ S°) A B2 A My A DY) 2 T (Mapl(G, m—¢(En A M; A DY)))

=~ 'L (Map, (G, 7_t(E, A My A DY))).
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By 8.9 and 8.7, lim" ; T';;(Map.(Gn, 7—141(E, A My A DY))) = 0. This implies that
7_¢(holim 7 ((colim y [T gi/n S®)AEZAMADY)) = Ti;Map,. (G, 7—(E, ADY')). Thus,

there is a natural isomorphism

[V, Lic(n)(Cgo A En)]" 2 Map, (G, Map, (G, m—t(Ey A DY))).

Therefore, 7 is the map of cochain complexes

and Map,(G?, Map,(Gy, EL(Z A DX))) = Map.(G* x G, E{(Z A DX)). Now consider

the canonical map (obtained as above)

72 [V, Lgn)(Cgo A E,)])t — Map,(G* x Gy, EL(V))

of cochain complexes, for an arbitrary spectrum V' (equivalent to a CW-spectrum). Since
LK(n)(CgO A Ep)t(—) and Map,(G? x Gy, EL(—)) are cohomology theories satisfying the
product axiom, to show that 7 is an isomorphism for all V', it suffices to check this for

V =899, pg. 25]. Setting V = S yields

[, Lic(ny(Cgo A En)]' = Map(G*, Map, (G, m—1(En))),
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showing that 7 is an isomorphism for any V. In particular, V = Z A DX implies that 7

is an isomorphism of cochain complexes for any Z, and

[Z’ LK(n)(C’i/\E’n)]tL = [Z/\DX, LK(n)(Cgo /\En)]t = Mapc(Gi, Mapc(Gn, EZ(Z/\DX)))

Therefore, since m_(C*) gives continuous cochains, the sequence [Z, L ;) (C* A E,))t

from 10.8 is the cochain complex of continuous cochains

Ia, (EY(Z ADX)) — Map,(G,Tq, EL(ZANDX)) — Map,(G*,Tq, E. (ZANDX)) — - -

Thus, since Map,(Gn, E,(Z A DX)) = lim (y,,) 1 Map (G, 7—(En A M; A DY) is an

inverse limit of discrete G,,-modules, 8.15 implies that

HS([Z, LK(n)(C;} A\ En)]t) ~ HS

cts

(G; Map. (G, E,,(Z A DX))),

which vanishes for s > 0 by 8.16, and equals Map.(Gy, E.,(Z A DX))¢, when s = 0.

Now consider the portion of 10.8

(10.9) 0 = [Z, L)W A E)]" = [Z, Lign) (CO N E)]!

that is induced by «. This can be rewritten as

0 — [Z ADX, Li(n)(E" N E,)) — [Z A DX, Lig(ny(C A Ey))'.
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As in [9, proof of Prop. 5.4], the map

T L) (ERY A Ep) — T L) (Co A En) = o Lic(ny(En A Ey)

is an injection with image Map,(Gp, Ens ) CMap,. (G, Ens). Therefore, as in [9, pp. 37-
39], 10.9 is an injection with image Map, (G, EL(Z A DX))% c Map,(Gy, EL(Z A DX)).

This completes the proof that 10.8 is an exact sequence for any Z. ]

The following corollary shows that the K (n).-localization of any finite spectrum is

a homotopy fixed point spectrum associated to E,,.

Corollary 10.10. If X is a finite spectrum, then Ly ) (X) = (E, A X)hGn in the

stable category.

Proof. We have: (E, A X)"On =2 BIOn A X 2 L,y (S%) A X =2 L (X). O

Putting these results together gives

Corollary 10.11. Let X be a finite spectrum. Using the continuous Gy-action on

E, N X, there is a strongly convergent descent spectral sequence

HCS(GTL, 7Tt(En VAN X)) — Wt—s(LK(n)X)

that is isomorphic to the K (n).-local E,-Adams spectral sequence with m.(E! A X) as

abutment.
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This Corollary shows that spectral sequence 1.1 can indeed be realized as a descent
spectral sequence for E, A X with actual homotopy fixed point spectrum L () (X).
One can also view the E(n).-localization of any finite type n complex as a homotopy

fixed point spectrum:
Theorem 10.12. If X is a finite type n spectrum, then L,X = (F, A X)"Cn,

Proof. We have: L,X = L,S° A X = Ly, (X) = (E, A X)hGn =2 phGn A X =~

(B, A X)Gn, O

Remark 10.13. Recall that by [9, Prop. 5.7], if X is a CW-spectrum such that,
for each E(n)-module spectrum M, there exists a k with I¥M,(X) = 0, then there is a

K (n)4-local E,-Adams spectral sequence of the form
HY (G (B A X)) = m(Lc(ny (ELY A X)).

Also, as discussed in Chapter 3, if 1121 17 (En A M1 A X) is finitely generated over E.,

then there is a spectral sequence
H(Spilim (B A My A X)) = 7 (L () X).

Our descent spectral sequence was motivated by these earlier spectral sequences. How-
ever, we do not know precisely the relationships among the X’s that appear in the three

spectral sequences.
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