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Cuntz-Krieger algebras and flow equivalence

Theorem [Cuntz and Krieger (’80), Matsumoto and Matui
(13)]

Suppose A and B are irreducible {0, 1}-matrices that are not
permutation matrices. Then the following are equivalent:

@ (X4,64) and (Xg, 63) are flow equivalent.
Q (Oax4,9,2%) and (02 X, 252 €) are isomorphic.



Cuntz-Krieger algebras and orbit equivalence

An essential part of the proof of the previous theorem is the
following result.

Theorem [Matsumoto ('13), Matsumoto and Matui ('13)]

Suppose A and B are irreducible {0, 1}-matrices that are not
permutation matrices. Then the following are equivalent:

@ (Xu,0) and (X3, o) are continuously orbit equivalent.
© ¥, and ¥ are isomorphic.
Q (Oa,2,) and (O, Zg) are isomorphic.



Graph algebras and orbit equivalence

Theorem [Brownlowe, Carlsen, and Whittaker]

Let E and F be graphs. Consider the following 4 statements.

(1) There is an isomorphism from C*(E) to C*(F) which maps
2(E) onto 2(F).

(2) The graph groupoids 4 and ¢ are isomorphic as
topological groupoids.

(3) The pseudogroups of E and F are isomorphic.

(4) E and F are orbit equivalent.

Then (1) < (2),(3) < (4)and (2) = (3). If Eand F

satisfy condition (L), then (3) = (2) and the 4 statements are

equivalent.



Directed graphs

@ A directed graph E is a quadruple (E°, E', r,s) consisting
of two sets E? and E' and two maps r,s: E' — E°.

@ The elements of E° are called vertices.

@ The elements of E' are called edges.

@ If eis an edge, s(e) is called the source of e, and r(e) is
called the range of e.

@ If s(e) =v and r(e) = w, then we say that v emits e, and
that w receives e.

@ Ifve EC thenwe let vE' = {ec E": s(e) = v} and
E'lv={ecE":r(e)=v}.



Graph C*-algebras

Let E be a graph. The C*-algebra C*(E) of the graph E is
defined as the universal C*-algebra generated by a family
(SesPv)ecke! verpo CONsisting of partial isometries (Se)gcgr With
mutually orthogonal range projections and mutually orthogonal
projections (py),cgo satisfying

@ siSc=pre forallec E7,

Q 555 < pse) forallec ET,

Q pv=Yecve SeS; forall v e EY,.



Paths

@ A path of length nin a directed graph E is a sequence
U= Uily... U of edges in E such that r(u;) = s(uj 1) for
ie{1,2,....,n—1}.

@ We write |u| for the length n of a path.

@ We denote by E” the set of paths of length n, and let

@ We extend the range and source maps to E* by setting
s(u) = s(ur) and r(p) = r(un) when [u| > 1, and
s(u) = r(u) = u when u € EO.

@ If u,ve E*and r(u) = s(v), then we write uv for the path
Haeo Hyg V- V)



The C*-subalgebra Z(E)

@ ForpueE", welets, =sy,...s,, when|u|>1, and
Su = pu When p € E°,

@ We let (E) denote the C*-subalgebra of C*(E) generated
by {susy |u e E"}.

@ 9(E) is abelian and its spectrum is homeomorphic to dE
by a homeomorphism hg : dE — Spec(Z(E)) satisfying

1 ifx e Z(u),

he(x)(sus,) = {o if x & Z(u).



Graph algebras and orbit equivalence

Theorem [Brownlowe, Carlsen, and Whittaker]

Let E and F be graphs. Consider the following 4 statements.

(1) There is an isomorphism from C*(E) to C*(F) which maps
2(E) onto 2(F).

(2) The graph groupoids 4 and ¢ are isomorphic as
topological groupoids.

(3) The pseudogroups of E and F are isomorphic.

(4) E and F are orbit equivalent.

Then (1) < (2),(3) < (4)and (2) = (3). If Eand F

satisfy condition (L), then (3) = (2) and the 4 statements are

equivalent.



Infinite paths

@ An infinite path in a directed graph E is an infinite
sequence X = Xy X ... of edges in E such that
s(xj) =r(xjq) forie{1,2,...}.

@ We denote by E* the set of infinite paths in E.

@ We extend the range map to E* by setting r(x) = r(xy).

@ If ue E*, xe E” and s(u) = r(x), then we write ux for the
path iy ... X1 Xz... (if u € EC, then ux = x).



The boundary path space

® We let EX, = {v € E°: vE' is finite and nonempty} and
Egmg = EO\ Eroeg.

@ The boundary path space of E is the space
dE:=E~U{ucE . r(n)cES 1.

sing

@ Forue E*,welet Z(u) ={ux:xe€dE, s(u) =r(x)}.

@ Given u € E* and a finite subset F C r(u)E" we let
Z(u\F)=Z(1)\ (Uecr Z(18)).

@ We equip JdE with the topology generated by
{Z(u\ F):uc E* Fis afinite subset of r(u)E"}.

@ JE then becomes a totally disconnected locally compact
Hausdorff space.

@ Z(u\ F)is open and compact for all u € E* and all finite
subsets F of r(u)E".

@ JE is compact if and only if E? is finite.



The shift map

@ ForneN, let 0E="={x € JE : |x| > n}.
@ Then dE="is an open subset of JE.

@ We define the shift map on E to be the map
oF : dE=" — JE given by 6g(X1XoX3---) = XoX3 for
X1XoX3--- € dEZ? and ce(e) =r(e) forec dENE".

@ For n> 1, we let 62 be the n-fold composition of o with
itself.

@ We let 62 denote the identity map on JE.

@ Then o is a local homeomorphism for all n € N.

@ When we write 6£(x), we implicitly assume that x € dE=".

@ The orbitof an x € JE is the set
X _
Unen UpLo(08)~ (02 ({x}))-



The groupoid of a graph

@ Let E be a graph.

o LetYe={(x,m—n,y):x,y cdE, mneN, and 67'(x) =
og(y)}-

@ We define a partial defined product on ¢4 ¢ by
(x,k,y)(w,l,z) = (x,k+1,z) if y =w and the product is
undefined otherwise; and an inverse map
(Xvkvy)_1 = (y’ —k,X).

@ With these operations ¢ £ becomes a groupoid.

@ The unit space % of ¢ is {(x,0,x) : x € dE} which we
will freely identify with d E via the map (x,0,x) — x. We

then have that the range and source maps r,s: 9 — JE
are given by r(x,k,y) = x and s(x,k,y) =y.



The groupoid of a graph

@ When m,nc N, U is an open subset of d E=™ such that the
restriction of o' to U is injective, V is an open subset of
d E=" such that the restriction of 6£ to V is injective, and
of'(U)=0cg(V),welet Z(U,m,n, V) :={(x,k,y) €9 :x €
U k=m—-n,yeV, of(x)=0cg(y)}

@ For u,v e E* with r(u) = r(v), let
Z(u,v):=Z(Z(u), |ul[v], Z(v)).

@ Then ¥ is a locally compact, Hausdorff, étale topological
groupoid with the topology given by the basis
{Z(U,m,n,V):m,neN, Uis an open subset of d E="
such that the restriction of o' to U is injective, V is an
open subset of d E=" such that the restriction of 6Z to V is
injective, oZ'(U) = c2(V)}.



The groupoid of a graph

@ We furthermore have that each Z(u, v) is compact and
open, and that the topology Jd E inherits when we consider
it as a subset of ¥ by identifying it with {(x,0,x) : x € dE}
agrees with the topology described previously.

@ Notice that {Z(U,|u|,|v],V):u,v € E*, Uis a clopen
subset of Z(u), V is a clopen subset of Z(v),

o,'__f"(U) = G‘E”( V)} is a basis for the topology of Y.

@ Y is topological amenable, so the reduced and universal
C*-algebras of ¢ ¢ are equal.



Graph groupoids and graphs

Proposition

Let E be a graph. Then there is a unique isomorphism from
C*(E) to the C*-algebra C*(¥4¢) of ¥ that, for each v € E°,
maps py to the indicator function 1, , of the compact open
set Z(v,v), and, for each e € E', maps s, to the indicator
function 1z(¢ r(e)) Of the compact open set Z(e, r(e)). This
isomorphism maps Z(E) onto Co(42).

Proposition

Let E and F graphs. If ¥ and 4 £ are isomorphic as
topological groupoids, then there is an isomorphism from C*(E)
to C*(F) which maps Z(E) onto Z(F).



Graph algebras and orbit equivalence

Theorem [Brownlowe, Carlsen, and Whittaker]

Let E and F be graphs. Consider the following 4 statements.

(1) There is an isomorphism from C*(E) to C*(F) which maps
2(E) onto 2(F).

(2) The graph groupoids 4 and ¢ are isomorphic as
topological groupoids.

(3) The pseudogroups of E and F are isomorphic.

(4) E and F are orbit equivalent.

Then (1) < (2),(3) < (4)and (2) = (3). If Eand F

satisfy condition (L), then (3) = (2) and the 4 statements are

equivalent.



Orbit equivalence

@ The orbit of x € JE is the set
x|
orb(x) = J U (68) (e ({x})).
neNm=0

@ So the orbit of x is the smallest subset orb(x) of d E which
contains x and satisfies y € orb(x) = og(y) € orb(x) and
oe(y) € orb(x) = y € orb(x).

@ Suppose h: dE — dF is a homeomorphism such that
h(orb(x)) = orb(h(x)) for all x € dE. Then there is for each
x € dE nonnegative integers k(x) and /(x) such that
o (h(oe(x))) = op ) (h(x)).

@ Similarly, there is for each y € d F nonnegative integers
K'(y) and I'(y) such tha/t
o (" (0r (1)) = o (H (v)).

o If k(x), I(x), K'(y), and I'(y) can be choosen such that
k,l:dEZ" - Nand k',I': 9F>" — N are continuous, then
we say that E and F are orbit equivalent.



Continuously orbit equivalence

Let E and F be graphs. We say that E and F are continuously
orbit equivalent if there exists a homeomorphism h: dE — dF
and continuous functions ki, : dE=" — N and kj,/; : dF>" - N

such that
of ™ (h(oe(x))) = op™ (h(x))

and / /
BV (B (0r(y))) = ot (h (),

forall x e 9E=1,y c dF=".



Graph algebras and orbit equivalence

Theorem [Brownlowe, Carlsen, and Whittaker]

Let E and F be graphs. Consider the following 4 statements.

(1) There is an isomorphism from C*(E) to C*(F) which maps
2(E) onto 2(F).

(2) The graph groupoids 4 and ¢ are isomorphic as
topological groupoids.

(3) The pseudogroups of E and F are isomorphic.

(4) E and F are orbit equivalent.

Then (1) < (2),(3) < (4)and (2) = (3). If Eand F

satisfy condition (L), then (3) = (2) and the 4 statements are

equivalent.



The pseudogroup of a graph

@ We let &g be the set of homeomorphisms a : V, — Uy,
where U, and V,, are open subsets of d E such that there
exist continuous functions m,n: V, — N such that
o™ (x) = of™ (a(x)) for all x € V.

@ Z forms an inverse semigroup with product defined by
af B (Va) = a(Van Up), (af(x)) = a(B(x)) for
x € BN (Vy).



Pseudogroups of a graphs and orbit equivalence

Suppose that E and F are two graphs and that there exists a
homeomorphism h: dE — dF. Let U and V be open subsets of
JdE and let o : V — U be a homeomorhism. We then let

hoao h~' denote the homeomorphism from h(V) to h(U) given
by hoaoh™1(x) = h(a(h~1(x))). We let

ho Zeoh™' ={hoaoh™':ac Zg}. We say that the
pseudogroups of E and F are isomorphic if there is a
homeomorphism h: dE — dF such that ho Zroh ' = P¢.

Proposition

Let E and F be two graphs. Then E and F are orbit equivalent
if and only if the pseudogroups of E and F are isomorphic.



Graph algebras and orbit equivalence

Theorem [Brownlowe, Carlsen, and Whittaker]

Let E and F be graphs. Consider the following 4 statements.
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topological groupoids.
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(4) E and F are orbit equivalent.
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satisfy condition (L), then (3) = (2) and the 4 statements are

equivalent.



The pseudogroup of an étale groupoid

@ Let ¢4 be an étale groupoid.

@ Define a bisection to be a subset A of ¢4 such that the
restriction of the source map of ¢ to A and the restriction
of the range map of ¢ to A both are injective.

@ The set of all open bisections of ¢ form an inverse
semigroup . with product defined by
AB={yY : (1,7) € (Ax B)n%®)} (where ¥ denote the
set of compassable pairs of ¢), and the inverse of A
defined to be the image of A under the inverse map of ¢.

@ Each A € .¥ defines a unique homeomorphism
o4 - S(A) — r(A) such that a(s(y)) = r(y) for y € A.

@ The set {4 : Ac .7} of partial homeomorphisms on ¢° is
the pseudogroup of 4.



The pseudogroup of ¥ ¢

Let E be a graph. It is not difficult to check that the
pseudogroup of ¥¢ is equal to FE.

Thus we get:

Proposition

Let E and F graphs. If ¥z and ¥ ¢ are isomorphic as
topological groupoids, then & and % are isomorphic.



Graph algebras and orbit equivalence

Theorem [Brownlowe, Carlsen, and Whittaker]

Let E and F be graphs. Consider the following 4 statements.
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(2) The graph groupoids 4 and ¢ are isomorphic as
topological groupoids.

(3) The pseudogroups of E and F are isomorphic.

(4) E and F are orbit equivalent.

Then (1) < (2),(3) < (4)and (2) = (3). If Eand F

satisfy condition (L), then (3) = (2) and the 4 statements are

equivalent.



Cycles

@ Acycleis a path u € E* for which |u| > 1 and s(u) = r(u).
@ An exitfor a cycle u is an edge e € E' such that
s(e) = s(u;) and e # u; forsome i € {1,2,...,|ul}.
@ A graph is said to satisfy condition (L) if every cycle has an
exit.



Topological principal groupoids

An étale groupoid is said to be topologically principal if the set
of points of ¥° with trivial isotropy group is dense (the isotropy
group of x € 9% is the group {y € ¢ : s(7) = r(y) = x}).
Proposition
Let E be a graph. Then the following are equivalent:

@ The groupoid ¢ is topologically principal.

© E satisfies condition (L).

© There exists no isolated points x € d E which are periodic
(i.e. o"(x) = x for some n > 0).

Q@ 2(E)is aMASA in C(E).
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The groupoid of germs

@ Let & be a pseudogrope on a topological space X.

@ The groupoid of germs of 2 is ¥ » = {[x,a,y] : ax € &,
y edom(a), x € ran(a)} where [x,o,y] =[x, B,y] if and
only if there exists an open subset V such that
y € VCdom(a)ndom(B) and a(z) = B(z) forall ze V.

@ The product on ¢ » is defined by
[x,a,y]|ly,B,z] = [x,apB,z] and the inverse by
[x,o,y] 7 = [y, a7 x].

@ The topology of ¢4 » is generated by sets
Z(U,a, V) ={[x,a,y]:xe U, yc V}whereax € &, Vis
an open subset of dom(«), and U is an open subset of
ran(o).



The groupoid of germs

Renault has shown that if ¢ is Hausdorff and topological
principal étale groupoid, then the groupoids of germs of the
pseudogroup of ¢ is isomorphic to ¢.

Thus we get:

Proposition

Let E and F graphs satisfying condition (L). If #¢ and ¢ are
isomorphic, then ¥ g and ¢ ¢ are isomorphic as topological
groupoids.
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The normalizer of Z(E)

@ Let E be a graph.

@ The normalizer of 2(E) is the set
N(Z(E)) :={ne C*(E): ndn*, n*dn e 2(E) for all
de 2(E)}.

e If ne N(Z(E)), then nn*,n*n e 2(E).

@ Forne N(Z(E)) letdom(n) :={x € dE : hg(x)(n*n) > 0}
and ran(n) := {x € dE : hg(x)(nn*) > 0}.

@ There is a unigue homeomorphism aj, : dom(n) — ran(n)
such that hg(x)(n*dn) = he(an(x))(d)he(x)(n*n) for all
de 9(E).



Isolated points in dE

@ Let dEis, be the set of isolated points in JE.

@ If x € dEiso, then the characteristic function 1, of {x}
belongs to Cy(dE).

@ Let pyx denote the unique element of Z(E) satisfying that
he(y)(px) is 1 if y = x and zero otherwise.

@ We say that x € dE is eventually periodic if there are
m,n €N, m+# nsuch that 6Z'(x) = o2(x).

Lemma

Let x € dEig. If X is not eventually periodic, then

pxC*(E)px = pxZ(E)px = Cpx. If x is eventually periodic, then
pxC*(E)px is isomorphic to C(T) and pxZ(E)px = Cpx.



The extended Weyl groupoid of (C*(E), Z(E))

@ If x1,x € dE, ny,ny € N(Z2(X)), xy € dom(ny), and
X2 € dom(ny), then we write (nq,x1) ~ (N2, X2) if either
X1 = Xo ¢ dEjso and there is an open set U such that
xy € U Cdom(ny)ndom(nz) and ap, (y) = on,(y) for all
y e U;orxy =xp € dEiso, tn, (X1) = 0, (X2), and
[(Px; N7 N2Px; N3N Px, )71/2px1 nyn2px, |1 = 0;.

@ Then ~ is an equivalence relation on
{(n,x):ne N(Z2(E)), x edom(n)}.



The extended Weyl groupoid of (C*(E), Z(E))

@ We let [(n, x)] denote the equivalence class of (n,x), and
we let 9 c-(e).9(e)) = {[(n, x)] : n€ N(2(E)), x € dom(n)}.

@ We define a partial defined product on ¥ ¢« (g) #(£)) by
[(n1 , X4 )][(ng,Xg)] = [(n1 n2,x2)] if O, (Xg) = Xq (the prOdUCt
is undefined otherwise) and an inverse map
[(n.x)]" = [(n", ota(x))]-

@ Then ¥ c+(e),2(E)) €quipped with these operations is a
groupoid.

@ We equipe ¥ c+(),7(£)) With the topology generated by
{{l(n,x)] : x e dom(n)} : ne N(Z(E))}.



The extended Weyl groupoid of (C*(E), Z(E))

Proposition

Let E be a graph. Then ¢ ¢-(£),#(k)) is a topological groupoid,
and 9 e and ¥ c-(g),9(£)) are isomorphic as topological
groupoids.

Proposition

Let E and F graphs. If there is an isomorphism from C*(E) to
C*(F) which maps Z(E) onto Z(F), then ¥ and ¥ are
isomorphic as topological groupoids.
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(2) The graph groupoids 4 and ¢ are isomorphic as
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(3) The pseudogroups of E and F are isomorphic.

(4) E and F are orbit equivalent.

Then (1) < (2),(3) < (4)and (2) = (3). If Eand F

satisfy condition (L), then (3) = (2) and the 4 statements are

equivalent.



Examples

@ Let E be the graph @ and let F be the graph Q
Then dE = {x} = dF, so E and F are orbit equivalent, but
C*(E) = C % C(T) = C*(F).

©Q Let E be the graph &—>¢—>e—> ---

and let F be the graph --- +0—>0—>D

Then dE =N =4dF, so E and F are orbit equivalent, but
C(E)= . ¢ 2# ®C(T) = C(F).



