APPROXIMATE UNIQUENESS FOR MAPS FROM C(X) INTO
SIMPLE REAL RANK ZERO C*-ALGEBRAS

P. W. NG

ABSTRACT. Let X be a finite CW complex and let A be a unital separable
simple finite Z-stable C*-algebra with real rank zero.

We prove an approximate uniqueness theorem for almost multiplicative
contractive completely positive linear maps from C(X) into A.

We also give conditions for when such a map can, within a certain “error”,
be approximated by a finite dimensional *-homomorphism.

1. INTRODUCTION

A basic result in linear algebra says the following: Let A, B be two n by n normal
matrices, then A and B are unitarily equivalent (i.e., there exists an n by n unitary
matrix U such that A = UBU*) if and only if A and B have the same spectrum,
counting multiplicities. This fundamental result is a starting point for spectral
theory with vast generalizations and implications, especially infinite dimensional
ones.

In C*-algebra theory, one important class of generalizations is the class of unique-
ness theorems which dot the landscape of extension theory as well as the Elliott
classification program. One important such generalization was the work of Brown—
Douglas—Fillmore (BDF) who classified the essentially normal operators using Fred-
holm indices. One of the items that they proved was the following: Let X be a
compact metric space, and ¢, : C(X) — B(I?)/K be two unital *-monomorphisms.
Then ¢ and ) are unitarily equivalent if and only if [¢] = [¢] in KK (C(X),B(1?)/K)
([1]).

The work of BDF resulted in very intense interest in extension theory for C*-
algebras with implications to K-theory, KK-theory and noncommutative topology.
Their work, together with Elliott’s, were also the starting point of the powerful
uniqueness and stable uniqueness theorems of classification theory (with connec-
tions to many interesting subjects including the theory of absorbing extensions).

Since the literature on this subject is too big, we mention only a few uniqueness
theorems, with an emphasis on those which are most closely related to the contents
of this paper.

Let X be a compact metric space and A be a unital C*-algebra. Recall that
two maps ¢, : C(X) — A are approzimately unitarily equivalent if there exists a
sequence {uy} of unitaries in A4 such that for all f € C(X), uno(f)ur — ¥(f) in
the norm topology.

While there are many precedents, perhaps a good place to begin is the following
uniqueness result of Gong and Lin: Let X be a compact metric space and let A be a
unital simple C*-algebra with real rank zero, stable rank one, weakly unperforated
K group, and with a unique tracial state 7. Suppose that ¢, : C(X) — A are two
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unital *-monomorphisms. Then ¢ and v are approximately unitarily equivalent if
and only if [¢] = [¢] in KL(C(X),A) and 70¢ =70 ([4]).

In [14], the above restriction on the tracial simplex was removed on the assump-
tion that A is TAF. We note that Lin used this result to generalize a result of
Kishimoto. Specifically, Lin showed in [14] that if A is a simple unital AH-algebra
with real rank zero and bounded dimension growth, and if « is an approximately
inner *-automorphism of A with the tracial Rokhlin property, then the crossed
product A X, Z is a unital simple AH-algebra with bounded dimension growth and
real rank zero.

In [18], the restriction on the tracial simplex in the result of [4] was again re-
moved with the additional assumption that A is Z-stable. (Here, Z is the Jiang—Su
algebra.)

Finally, we briefly mention that, in recent years, with the many breakthroughs
in classification theory, the real rank zero condition in the codomain algebra A was
removed, though with additional assumptions like rationally TAI and Z-stability.
This has allowed for interesting uniqueness results like in the case where the codomain
algebra is the projectionless algebra Z. (See, for example, [15] and the references
therein.)

In this paper, we prove an approximate, almost multiplicative version of the
result in [18]. In fact, approximate, almost multiplicative versions of the corre-
sponding uniqueness result are often present in the papers cited above. That is
because such a result is often more useful in applications. We also prove a result
which gives (natural K-theoretic and “injectivity”-type) conditions for when such
an almost multiplicative map can be, within an “error”, approximated by a finite
dimensional *-homomorphism. This is actually part of a long line of results related
to many issues, including, for example, Lin’s famous result that almost commuting
self-adjoint matrices are uniformly close to commuting self-adjoint matrices. (See,
for example, [2], [4], [5], [6], [8], [10], [11], [16], and the references in these papers.)

The results in this short note will be used, in a future paper, to classify all
extensions of the form

0—-B—-&—-C(X)—0
where B is a simple, real rank zero, Z-stable C*-algebra with continuous scale and
X is a finite CW complex.

Some good basic references for the subject matter of this note are [6], [13], [14],
[4], and the references in these papers. We refer to these references for basic results,
definitions and notation that we use in this paper.

2. MAIN RESULT

For a C*-algebra C, we let T'(C) denote the tracial state space of C.

Next, throughout this paper, whenever we have a stably finite simple unital
separable C*-algebra C, we will assume that every quasitrace of C is a trace.

Recall that Z denotes the Jiang—Su algebra. (See [7], [3].) Also, recall that a
C*-algebra C is said to be Z-stable if C® Z = C.

Proposition 2.1. Let X be a compact metric space with finite covering dimension,
and let {Ay}2, be a sequence of unital simple separable finite Z-stable real rank
zero C*-algebras.

Suppose that ¢ : C(X) — [liez, Ar/ Brez, Ar is a unital *-homomorphism
and let € > 0 be given.
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Then, there are a unital commutative AF-subalgebraD C [[;.cq A/ @rez, Ar:

a sequence (pi)rez, € Hk€Z+ Ay, of projections lifting p =45 1p € Hk€Z+ A/ eakeh Ay
and an integer L > 1 such that

(1) p e (CX) N (ez, Ar/ Brez, Ar)

(2) pp(C(X)) €D,
(3) 7(px) > 1 —¢€, for all T € T(Ax) and for all k > L.

Proof. The proof is exactly the same as that of [18] Proposition 2.6. (]

Let C,D be C*-algebras, let G C C and § > 0. Recall that a map ¢ : C — D is
said to be G-d-multiplicative if for all a,b € G,

| p(ab) — ¢(a)d(b)|| < .

Also, throughout this paper, we often use “c.p.c.” to abbreviate “completely
positive contractive”. All our c.p.c. maps are assumed to be linear.

Lemma 2.2. Let X be a compact metric space.

Then for every € > 0, for every finite subset F C C(X), there exist 6 > 0 and a
finite subset G C C(X) such that the following is true:

For any unital simple separable finite real rank zero Z-stable C*-algebra A, for
any G-0-multiplicative unital c.p.c. map ¢ : C(X) — A, there exists a commutative
finite dimensional C*-subalgebra B C A where

(1) ()15 — 1sd(f)]| < ¢ for all f € F
(2) dist(1gp(f)1p,B) <€ forall f € F
(3) 7(1g) > 1 —¢€ for all T € T(A).

Proof. Suppose, to the contrary, that X is a compact metric space, ¢ > 0 and
F C C(X) is a finite subset for which the statement fails.

We can replace C'(X) with the (unital) C*-subalgebra generated by F U {1x}.
This C*-subalgebra is a unital commutative C*-algebra with spectrum having finite
covering dimension. Hence, we may assume that X has finite covering dimension.

Hence, let {G,}>2, be an increasing sequence of finite subsets of C'(X), let
{A,}52, be a sequence of unital simple separable finite real rank zero Z-stable
C*-algebras, and for each n > 1, let ¢, : C(X) — A, be a unital c.p.c. Gp-1-
multiplicative map such that

(a) F C G,
(b) U2, Gn is dense in C(X), and
(c) for all n > 1, there is no commutative finite dimensional C*-subalgebra
B C A, such that the following three conditions hold: (i.) ||¢n(f)1ls —
18on(f)]] < efor all f e F, (ii.) dist(1gpn(f)1s,B) < € for all f € F and
(iii.) 7(1g) > 1 — e for all 7 € T(A,).
We denote the above statements by “(*)”.

The unital c.p.c. map (¢n)nez, : C(X) — [z, An naturally induces a unital
*-homomorphism ¢ : C(X) — [[,cz, An/ DBez, An-

To simplify notation, let us denote C =ar [[,c7, An/ Diez, An-

By Proposition 2.1, let D C C be a unital commutative AF-subalgebra, (pp)nez. €
HnEZ+ A, an oo-tuple of projections lifting p =4 1p € C, and Ly > 1 such that

i. peo(C(X))NnC
ii. pp(C(X)) CD
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ili. 7(pr) > 1 —¢/10 for all 7 € T'(Ay) and for all k > L.

Hence, there exists a finite-dimensional unital C*-subalgebra By C D such that
dist(1p,9(f)1p,, Bo) = dist(pp(f), Bo) < €/2 for all f € F.

Note that By is commutative and 15, = 1p = p. Since (pn)nez, lifts 1p = 15,
15,C1p, is a quotient of Hnez N PnAnpn. Since finite dimensional C*-algebras are
semiprojective, there exists a *-homomorphism

o:By— H PnAnDn

n€EZy

which lifts the natural inclusion map By — 15,Clg,. Now o = (Un)nEZ+ where
for all n, o, : By — pnAnpn is a *~homomorphism. All but finitely many of the
ons are unital. We can find a large enough integer L > Lo such that if B =4
or,(Bp) then B C Ay, is a commutative finite dimensional C*-subalgebra such that
dist(prér(f)pr,B) < efor all f € F, 1g = pr, and ||¢r(f)1s — 1oL (f)| < € for
all f € F. Since 7(1g) = 7(pr) > 1 — e for all 7 € T(Ayr), this contradicts part (c)
of (). O

We need a lemma concerning c¢.p.c. almost multiplicative maps from C(X) into
a matrix algebra (cf. [13] Lemma 6.2.7):

Lemma 2.3. Let X be a compact metric space. Let € > 0 and a finite subset
F C C(X) be given.

Then there exist 6 > 0 and a finite subset G C C(X) satisfying the following:

For every positive integer n > 1, if L : C(X) — M,,(C) is a G-0-multiplicative
c.p.c. map then there exists a *-homomorphism h : C(X) — M, with h(1c(x)) =7
such that

tr(l—r) <e
and
1= L)L =)+ h() — L) < e

forall f € F.
Moreover, the map C(X) - (1 —r)M,(1 —7) : f — (1 —r)L(f)(1 — 1) is F-e-
multiplicative.
(In the above, tr is the unique tracial state on M,,.)

The proof of the next lemma is a variation on [18] Theorem 3.1 and also [14]
Lemma 4.4. See also [17].

Proposition 2.4. Let X be a compact metric space, ¢ > 0 and F C C(X) a
finite subset. Let N > 1 be an integer and n > 0 be such that for all f € F,
|f(z) = f(2")] < § if dist(w,2") < 2n. Then for any integer s > 2, any finite n/2-
dense subset {x1,xa,...,x,} C X for which O_j NOi =0 for j # k, where for all
Js
O; =af B(zj,n/s) ={zx € X : dist(x,x;) <n/s},

and for any 1/(2s) > o > 0, there exist a finite subset G C C(X) and § > 0
satisfying the following:

For any unital separable simple finite Z-stable C*-algebra A with real rank zero,
and any unital G-0-multiplicative c.p.c. map ¢ : C(X) — A with

firop(05) > om



APPROXIMATE UNIQUENESS 5

forall T € T(A) and for all 1 < j <n, where
O =aqr B(zj,n/(2s)) = {x € X : dist(x,z;) <n/(2s)}
for 1 < j < mn, there exist a projection p € A and an F-e-multiplicative c.p.c. map
Ly : C(X) — pAp such that
(1) there exist pairwise orthogonal projections po,p1, P2, ..., Pn,t € A with pg =
P, Y i_opj+t =14, and Np =< p; for j #0', and
(2) there exists a finite dimensional *~homomorphism hy : C(X) — tAt such
that ¢(f) is within e of Li(f) + 27—, f(xj)p; + hi(f) for all f € F.

Proof. Let X, e, F, N >1,1n7>0, s > 2, {z1,22,...,2n}, 01,02, ...,0yp, and o be
given as in the hypotheses. For simplicity, we may assume that ¢ < 1 and all the
elements of F have norm less than or equal to one.

For 1 < j <mn,let f; : X — [0,1] be a continuous function such that f;(z) =1
for all x € O_g-, fi(x) =0for all z € X — Oy, and for all j # k, f;fu =0.

Let Gy =qf F U {10(_}()} U {fj 1<5< n}

Let

1
= —— 1 f 0-
€1 =qf 0N £ 1) inf{e,on} >

Plug X, ¢; and G; into Lemma 2.3 to get Go and €2 > 0. Contracting ey if
necessary, we may assume that all the elements of Go have norm less than or equal
to one, and also €2 < €;. We may also assume that G; C Go.

Let

Gz =ar G2U{fg:f,9€Ga}

Let €3 > 0 be such that if C is a C*-algebra, if 1 : C(X) — C is a c.p.c G3-€3
multiplicative map and g € A is a nonzero projection such that ||v1(f)g—qy1 (f)]] <
e3 for all f € Gs, then the map C(X) — ¢Cq : f — qy1(f)q is a c.p.c. Go-€2-
multiplicative map.

Contracting e3 if necessary, we may assume that if C is a C*-algebra, C; C
C is a finite-dimensional C*-subalgebra, and ¢o : C(X) — C is a c.p.c. Gs-€3-
multiplicative map such that

e, th2(f) — a(f)le, |l <es
and
dist(lclwg(f)lcl,cl) < €3
for all f € Gs, then there exists a Go-eo-multiplicative ¢.p.c. map ¢z : C(X) — C;
such that
[¥3(f) = Lleytha(f)le, || < e
for all f € Gs.

Contracting €3 further if necessary, we may assume that e3 < €.

Plug X, €3/2 and G3 into Lemma 2.2 to get § and a finite subset G C C(X).
Again, contracting § if necessary, we may assume that é < €3 and that the elements
of G have norm less than or equal to one. We may also assume that G3 C G.

Now suppose that A is a unital separable simple finite real rank zero Z-stable
C*-algebra. Suppose that ¢ : C(X) — A is a unital G-§-multiplicative c.p.c. map
such that

(2.5) tr0s(0}) > om

Lenp” abbreviates “@N p”.
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for all 7 € T(A) and for all 1 < j <mn.
By Lemma 2.2 and by the definition of G and §, let B C A be a finite dimensional
C*-subalgebra where
L lo(f)1s — 18o(f)l| < €3/2 for all f € Gs,
i. dist(lgqb(f)lB,B) < 63/2 for all f € Gs,
. [1go(f)lp+ (1a—18)o(f)(1a — 1) — d(f)] < €3 for all f € G, and
iv. 7(1g) > 1 —e€3/2 for all 7 € T(A).

By the definition of €3, the map
L:CX) = (1a—18)A(la —15) : f — (1a —18)¢(f)(1a — 18)

is a c.p.c. Go-eo-multiplicative map.
Also, by the definition of €3, there exists a c.p.c. Go-eo-multiplicative map

L':C(X)—B

= e

such that
IL'(f) = 1s¢(f)1B]l) < e

for all f € G,.
Hence,

IL(f) + L'(f) = ()l < €2+ €3
for all f € Go. Also,

T(L(lex)) =7(la—1g) < €3
for all 7 € T(A).

Since L' : C(X) — B is Go-eo-multiplicative and c.p.c., by the definitions of
Go and €3 and by Lemma 2.3, there exists a projection » € B and there exists a
*-homomorphism & : C(X) — B with h(1¢(x)) = r such that

v(lp—71) <€
for all v € T(B), and

1(1s =)L ()5 =) + h(f) = L'(Fl < &1

for all f € Gy.
Note that from the above, for all T € T'(A),

T(lg —r) < e17(1p) < €.
Moreover, we have that the map L” : C(X) — (I —r)B(lp—71) : f — (1 —
r)L'(f)(1p — r) is a c.p.c. Gi-e1-multiplicative map.
Let Ly = L+ L" : C(X) —» (14 —r)A(l4 — 7). Hence, Ly is a unital c.p.c.
G1-e1-multiplicative map. (Recall that G C G and €3 < €1.)

Also,
3€

I24(f) + 1) = oIl < 1+ 2+ e < B < gy

for all f € G; and

2e
T(Li(lex) =7(Qla—7r) =7(1la— 1)+ 7(1p — 1) < es + €1 < 21 < N +1)

for all 7 € T(A). We let
p=ar L1(lo(x))-
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Now, for all 1 < j < mn, for all 7 € T'(A),

T(h(f3)) = ((h(f3)) + 7(L1(f5))) = 7(La(f))
T(6(f;)) — 3e1 = 7(La(f5))
7(6(f;)) — 5e1

on — 5e1 (by (2.5))

2Ne; (by the definition of €;)
N7(Li(le(x)))-

Let r1,79,....,7 € B be projections and y1,¥ys, ..., ym € X be such that for all
f € glv

vV V.V V V

h(f) =" Flur)rs
k=1

Recall that for all 1 < j <n, f; € Gi. Hence, for all 1 < j <mn, for all 7 € T'(A),

Z Ji(ye)T(re) > N7(Li(1g(xy)) > 0.
k=1

For all 1 < j <n, let

Sj=ar {k : yr € 05} = {k : dist(yx, z;) <n/s} 2 {k: f;(yx) > 0}.
Let p; € A be the projection given by

Pi=ar Y Tk

keS;

Also, let
t=g4r 1 — ij,
j=1
and let hy : C(X) — B be the *-homomorphism

ha(f) =ar th(f)t

for all f € C(X).
Finally, let pg =47 p.
Then we have that

la=t+> pj
7=0
L)+ 3 Fapy + () 6Dl < 2+ S <
Jj=1
for all f € F (recall the definition of 5 in the hypotheses), and
7(p;) > N7(L1(le(x))) = N7(p)
for all 1 < j < n and for all 7 € T(A). O

The next result is from [14] Theorem 4.6 (see also [6]).
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Theorem 2.6. Let X be a compact metric space, € > 0 and F C C(X) be a finite
subset. Let v > 0 be such that |f(z) — f(y)| < /8 if dist(z,y) < v for all f € F
and all v,y € X. Then for any s > 1, any finite v/2-dense subset {x1, T2, ..., Tm}
of X for which O; N Oy =0 for j # k, where

Ok =4 {zr € X : dist(z,xr) <v/(2s)},
and any 1/(2s) > o > 0, there exist v > 0, a finite subset G C C(X), 6 > 0 and a
finite subset P C P(C(X)) satisfying the following:

For any unital separable simple C*-algebra A with tracial rank zero, and G-6-
multiplicative unital c.p.c. maps ¢, : C(X) — A with 7o ¢(g) within v of To)(g)
for all g € G and for all T € T(A), if

i prog(Ok), troy(Ok) > ov for all k and for all T € T(A), and

i [¢]|P =[P
then there exists a unitary u € A such that ug(f)u* is within € of Y(f) for all
fer.

Finally, if, in the above, the elements of F all have norm less than or equal to

one, then we can choose G so that its elements all have norm less than or equal to
one.

The next stable uniqueness theorem can be found in [5] Theorem 3.1 (see also
[5] Remark 1.1, [4] and [14]).

Theorem 2.7. Let X be a compact metric space. For any € > 0 and any finite
subset F C C(X), there exist 6 > 0, n > 0, and integer N > 1, a finite subset
G C C(X) and a finite subset P C P(C(X)) satisfying the following:

For any unital separable simple C*-algebra A with real rank zero, stable rank
one and weakly unperforated Ko group, for any n-dense subset {x1,22,...,Tm} in
X, and any G-§-multiplicative c.p.c. maps ¢, : C(X) — A, if

[P = [¥]IP
then there exists a unitary u € Mpym+1(A) such that
w(o(N)Of (@)INGf(2)INS..f (xm)In)u” ~e P(F)Bf (21)INOf (22)InD... & f (Tm) 1N
for all f € F.
The next result follows from [13] Theorem 6.2.9.

Theorem 2.8. Let X be a finite CW complezx, and A a unital simple AH algebra
with bounded dimension growth and real rank zero.

Let P C P(C(X)) be a finite subset and o € KL(C(X), A) such that o|k,c(x))
is positive and o([1o(x)]) = [14] (with equivalence classes in Ky).

Then there exists a sequence of unital c.p.c. maps Ly, : C(X) — A such that

[Lullp = alp
and
[ Ln(f)Ln(g) = Lu(fg) — O

as n — oo, for all f,g € C(X).
Lemma 2.9. Let X be a finite CW-complez, ¢ > 0 and F C C(X) a finite subset.
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Then there exist v1,vo > 0 such that for all finite vy /2-dense subset {x1,xa, ..., Tm } C
X, for all finite vo/2-dense subset {y1,y2, ..., yn} C X, for all integers s,s’ > 3 for
which

for all j #k, and L

0;NO, =10
for all j # k (here, O) =4 B(xj,v1/s) and O) =g B(yr,v2/s")), for all 0,6’ >0
with

1
— >0>0
4s 7

and )
!

g7 >0 >0,
there exist § > 0, v > 0, a finite subset G C C(X), a finite subset G’ C C(X) and
a finite subset P C P(C(X)) such that the following holds:

For every unital separable simple finite real rank zero Z-stable C*-algebra A, for
all unital c.p.c. G-6-multiplicative maps ¢, : C(X) — A,

if

[P = [4]IP,
[Tod(g) —Tot(g)l <y

for all g € G' and for all T € T(A),

1706 (03), troy(0F) > 2011
and
UTO¢(O£)7NTO¢1(O£) > o'vy
for all j, k, for all T € T(A) (here, OF =4 B(x;, 3etzy) and O} =ar B(yk, 3%)),
then there exists a unitary u € A such that

ugp(flu* ~e P(f)
forall f e F.

Proof. Let X be a finite CW complex, F C C(X) a finite subset and € > 0 be
given. Let d be the metric for X. We may assume that all the elements of F have
norm less than or equal to one. We may also assume that 1¢(x) € F.

Let 1 > 0 be such that for all x,y € X, if d(x,y) < 21y then for all f € F,
|f(z) — f(y)] < €/80. Let s > 3 be an arbitrary integer. Let {z1,x2,...,2m} C X
be a v1/2-dense subset of X for which

0inop =10

for all j # k and let = > ¢ > 0 be arbitrary. (In the above, 0% =4 B(zj,v1/s) =
{r € X :d(z,z;) < v1/s} for all j.)

Plug X, F, €/10, v1, {x1, 22, ...,2m }, 0 and s into Theorem 2.6 to get 11 > 0, a
finite subset G; C C(X), §;1 > 0 and a finite subset P; C P(C(X)).

We may assume that all the elements of G; have norm less than or equal to one.
We may also assume that §; < €/10, y; < €/10 and F C Gy.

We denote the above statements by “(*)”.

Let 92 > 0 and a finite subset Go C C(X) be such that for every unital C*-algebra
C, for all unital c.p.c. Ga-do-multiplicative maps oy, aq : C(X) — C,
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if ||a1(f) — a2(f)]] < 02 for all f € Go and firon, (O?) > Souy for all 7 € T(C)
and for all j,
then a1, as are well-defined on Py,

[aa][P1 = [a2]|P1

7o ai(g) — 7o as(g)] < 15

for all g € G; and

Hroay (O;)a Hroas (O;) > o
for all 7 € T(C) and for all j. (Here, O;? =45 B(z;, ﬁ) ={z e X dxzx5) <
i)

We may assume that 5 < 51 <
have norm less than or equal to one.

We denote the above statements by “(**)”.

Plug X, d2/10 and G, into Theorem 2.7 to get d3 > 0, n3 > 0, an integer Ny > 1,
a finite subset Gz C C(X), and a finite subset P3 C P(C(X)).

Expanding Ps if necessary, we may assume that for all unital separable simple
real rank zero C*-algebra D with weak unperforation and stable rank one, if a c.p.c.
map a1 : C(X) — D is multiplicative enough to induce a well-defined map from
Ps into K(D) then «; induces a well-defined element [ay] € KL(C(X),D) and
[c1]| ko (c(x)) 18 positive. (See the discussion in [9] page 1274.)

We may also assume that d3 < % < 10050 13 < 15> Y2 € Gz, P1 C Ps, and all
the elements of G3 have norm less than or equal to one.

We denote the above statements by “(***)”.

Let 44 > 0 and G4 C C(X) a finite subset be such that for every unital C*-algebra

1550 (F ©)G1 € Ga, and all the elements of Gy

c,

if 81,02 : C(X) — C are unital c.p.c. G4-04-multiplicative maps for which

1B1(f) — B2(f)Il < da
for all f € G4 and
Hropy (OF), trop, (OF) > 2011
and for all j (where Of =4 B(z;, 2(S+2)) {x e X 1 d(z,z;) < ﬁ}),
then 81 and (B, are Well defined on Ps,

[81]|P3 = [B2]|Ps,
[ro ()~ 7o ()] < 1
for all f € G3, and

3
Hropy (O;), Hrops (O;) > 5‘7”1

for all 7 € T(C) and for all j. We may assume that d; < ‘15—?) < To000> F S G3 C Gu,
and that the elements of G4 all have norm less than or equal to one.

We denote the above statements by “(****)”.

Let v > 0 be such that v, < n3 and for all f € Gy, for all z,y € X, if
d(z,y) < 2vy then |f(x) — f(y)| < €/80. Let s’ > 3 and let {y1,y2,....,yn} C X be
a ——denbe subset such that Od N Od 0 for all j # k where Of =g4r B(y;,%).

Let 57 >0’ >0 be arbltrary
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Plug X, 04, G4, N1,v2,{y1, 92, .., Yn}, s and ¢’ into Proposition 2.4 to get G5 and
05. We may assume that d5 < % < Tooo00> 94 € G5 and all the elements of G5 have
norm less than or equal to one.

We denote the above statements by “(4)”.

In the notation of the statement of Lemma 2.9, we take § = 05, v = 75, G = Gs,
G' =G and P = Ps.

Now suppose that A is an arbitrary unital simple separable finite real rank zero
Z-stable C*-algebra, and suppose that

¢, C(X) = A
are both unital, c.p.c., G5-d5-multiplicative maps such that

[¢]|Ps = [][Ps,

o o(f) —Tou(h)| < 15

for all f € Gy,
t706(05), 7 (OF) > 0w
for all 7 € T'(A) and for all j (where OF =4 B(yj, 3%)), and

,UTO¢(O]C‘)a ,UTO@ZJ(OJC') > 2011

for all j and for all T € T'(A).

Let us denote the above statements by “(++)”.

By (++) and by Proposition 2.4, there exist projections p,q € A and G4-d4-
multiplicative c.p.c. maps

Ly : C(X) — pAp
and

Ly : C(X) — qAq
such that the following statements are true:

(1) There exist pairwise orthogonal projections pg, p1, ..., pn,t € A and pairwise
orthogonal projections qo, q1, -+, Gn,t1 € A with pg = p, qo = ¢, E?:o pj +
t=14= Z?:o g; +t1, N1[p] < p; and Ni[q] < g¢; for all j # 0.

(2) There exist finite dimensional *-homomorphisms h; : C(X) — tAt and
hs : C(X) — t1.At; such that

¢(f) sy o1 (f)
and

Y(f) ~s, v1(f)
for all f € G4, where

n

&1(f) =ar Lo(f) + > Fyi)ps + ha(f)

j=1

and
n

O (f) =ar Lo(F) + S F)a + ha(f):

Jj=1
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Note that d4 < €/10000, and that both ¢1 and 1 are c.p.c. G4-d4-multiplicative
maps.
We denote the above statements by “(4++4)”.
By (****) (+4) and (+++), we also have that ¢; and ¢ are well-defined on
PB?
[$1]|Ps = [¢1][Ps,

371
o di(f) =T own(h] < To

for f € Gs, and
3
Hrogy (O?)MMTOwl (O?) > 50'1/1

for all 7 € T(A) and for all j.

We denote the above statements by “(++++)”.

By [12] Theorem 4.5, there exists a unital simple AH algebra 4y with bounded
dimension growth and real rank zero, and there exists a unital *-homomorphism
® : Ay — A which induces an order isomorphism (which, of course, respects the
Bockstein operations) between the full K groups K (Ay) and K(A). And since Ag
and A are both real rank zero, this induces an isomorphism between the tracial
simplexes T(A) and T(Ap). Henceforth, to simplify notation, we view Ay as a
*_subalgebra of A, we view ® as the inclusion map, we identify K (Ag), T (Ag) with
K(A), T(A), and we take the induced maps K(®), T(®) to be identity maps.

Let {p}}}_oU{t'} be pairwise orthogonal projections in Ao, and let {q;}7_oU{t]}
be pairwise orthogonal projections in Ag such that p’ ~ p;, t' ~ ¢, ¢; ~ g;, and
t) ~ t; for all j, and

n n
S =L = 1a= 3o
Jj=0 j=0

Let ho1 : C(X) — t'Apt’ and hga : C(X) — ) Aot} be finite dimensional
*-homomorphisms which are unitarily equivalent (in .A) to hq, ho respectively.

By Theorem 2.8 and by (***), let Lo 4 : C(X) — pyAopy and Loy : C(X) —
qpAoq)) be unital c.p.c. Gz-dz-multiplicative maps such that

[Lo,s][Ps = [Lg]|Ps
and
[Lo,y]|P3 = [Ly]|Ps.
Let ¢, : C(X) — Ap be the c.p.c. Gs-ds3-multiplicative maps given by:

G2(f) =ar Lo.s(f) + > Fi)py + hoa(f)

Jj=1

and
n

ba(f) =ar Low(F) + D F(y;)d} + hoa2(f)

j=1
for all f € C(X).
Therefore, by (***) and Theorem 2.7, let u,v € A be unitaries such that

up(flu” =5, upr(flu* =s,/10 d2(f)
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and
v (f)v* =g, v (f)v" ~s, /10 Y2(f)
for all f € G3. So
ud(flu" ~s,46,/10 $2(f)
and
v (f)v" s, p6,/10 Y2(f)

for all f € G,.
Note that §4 < (53/10 < 52/100 So 64 + 52/10 < 1152/100
Hence, by (**),

[92]|P1 = [Ad(u)]|P1 = [¢]|P1 = [¢]|P1 = [Ad(v)Y]|P1 = [¢h2]|P1,

|Tod2(g9) — 7o d(g)| <1/10
and
|T0v2(g) — To1b(g)| < /10

for all 7 € T(A) and for all g € G;.
Hence, by (++),

|T 0 ¢2(g9) — 7 ota2(g)] < 371/10

for all 7 € T(Ap) and for all g € G;.
Again, by (++++) and (**),

Hrogs (O;), Hroypy (O;) > ovy

for all 7 € T(Ap) and for all j.
Hence, by (*) and Theorem 2.6, let w € Ag be a unitary such that

woa(flw* ~c/10 Y2(f)

for all f € F.

Hence,

wup(f)u w* Re/104264+62/5 v (f)v*

for all f € F.

Now 264 + 52/5 < 1152/50 < 116/500

Hence,

vwug(futwro e (f)

for all f € F.

O

Recall our standing hypotheses for this paper: (i.) For all unital simple separable
stably finite C*-algebras appearing in this paper, all quasitraces are assumed to be
traces. (ii.) All c.p.c. maps between C*-algebras in this paper are assumed to be
linear.

Also, for a unital C*-algebra C and for 7 € T'(C), recall that d, : C+ — [0, 00) is
the map given by d,(c) =g limsup,,_, ., 7(c'/™) for all ¢ € C.
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Theorem 2.10. Let X be a finite CW complez, ¢ > 0, and F C C(X) a finite
subset.

Then there exists a nonempty finite subset € C C(X )4 — {0} such that for all
A > 0, there exist a finite subset G C C(X), § > 0, a finite subset &' C C(X), v >0
and a finite subset P C P(C(X)) such that the following hold:

For all unital separable simple finite real rank zero Z-stable C*-algebras A, for
all unital c.p.c. G-6-multiplicative maps ¢, : C(X) — A,

if

[¢llP = [¥]IP,

[Tod(f) —Tod(f)l <v
for all f € &', for all T € T(A), and

d-(¢(9)),d-(¥(g)) > A

forall T € T(A) and all g € €,
then there exists a unitary u € A such that

ug(flu* ~e P(f)
forall f e F.

Proof. This follows immediately from Lemma 2.9. (]

Let X be a compact metric space and let A be a C*-algebra Recall that a
*-homomorphism ¢ : C(X) — A is said to be finite dimensional if there exist
1, T, ...,T, € X and pairwise orthogonal projections pi,po, ..., pn € A such that

O(f) = X0, Flwy)p; for all f € C(X).

Definition 2.11. Let X be a compact metric space, and let A be a C*-algebra.
Let P C P(C(X)). Then 9Mp denotes the set of all maps o : P — K(A) such
that there exists a finite dimensional *-homomorphism ¢ : C(X) — My ® A for
which [@]|p = a.
Let N denote the set of « € KL(C(X),.A) such that there exists a finite dimen-
sional *-homomorphism ¢ : C(X) — My ® A for which [¢] = .

Theorem 2.12. Let X be a finite CW complez, ¢ > 0 and F C C(X) a finite
subset.

Then there exists a nonempty finite subset € C C(X)4+ — {0} such that for all
A > 0, there exist a finite subset G C C(X), 6 > 0, and a finite subset P C P(C(X))
such that the following hold:

For all unital separable simple finite real rank zero Z-stable C*-algebras A, for
every unital c.p.c. G-0-multiplicative map ¢ : C(X) — A,

if [0]lp : P — K(A) lies in Np, and

d-(¢(g)) > A

forall T € T(A) and all g € €,
then there exists a unital *-homomorphism ¢ : C(X) — A with finite dimen-
stonal range such that

[6(f) = ()l <e
forall f e F.
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Proof. By considering each path-connected component, we may assume that X is
path-connected.

Let € > 0 and a finite subset F C C(X) be given.

Plug ¢/10, F into Theorem 2.7 to get 01, n1, N > 1, G; C C(X) (finite subset)
and P C P(C(X)) (finite subset).

Choose d2 > 0 and a finite subset Go C C'(X) such that for all unital C*-algebras
C, if 1,19 : C(X) — C are unital c.p.c. Go-do-multiplicative maps such that

V1(f) =5, V2(f)
for all f € G5 then
[1]lp = [Y2]lp.
We may assume that 6o < ﬁ min{e, 61} and Gy UF C Gs.
Choose 72 > 0 with 72 < mp such that for all f € G, |f(z) — f(2')| < d2/10 if
dist(z,z") < 2n;.
Let {z1, 22, ..., xn} C X be anns/2-dense subset such that B(x;, n2/4)NB(zk, n2/4) =
() for all j # k.
Let €& =4 {f; : 1 < j < n} where for all j, f; € C(X) is such that

£(@) {> 0 z € B(z;,1m2/8)

=0 ¢ Blajm/9).

Let A > 0 be arbitrary.
Choose o with 1/8 > o > 0 so that

)\/2 > ona.

Plug X, d2,Ga, N, 12, and o into Proposition 2.4 to get § and G.

Now suppose that A is a unital separable simple finite real rank zero Z-stable
C*-algebra, and suppose that ¢ : C(X) — A is a c.p.c. G-6-multiplicative map
such that

[¢] € Np
and
d-(o(f)) > A

for all f € € and for all 7 € T'(A).
By Proposition 2.4, there exist a projection p € A and a unital c.p.c. Ga-d2-
multiplicative map L : C(X) — pAp such that the following statements are true:

(1) There exist pairwise orthogonal projections pg, p1, ..., Pn,t € A with pg = p,
Z?:()pj—kt: 14 and Np < p; for all j # 0.

(2) There exists a finite dimensional *-homomorphism hy : C(X) — tAt such
that for all f € Go,

O(f) ~s, L) + 3 £y + ha(f).

j=1
Let hy : C(X) — (1 — p)A(1 — p) be the finite dimensional *-homomorphism
given by
ho(f) =ar Y f(x)pj + ha(f)
j=1

for all f € C(X).
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By the definition of §; and G,

[9llp = [L1 + ha]|P.

Therefore, since [¢]|p € Np, [L1 + ho]|p € Np.

Let 2o € X and let hs : C(X) — A be the finite dimensional *-homomorphism
given by hs(f) =ar f(x0)l4 for all f € C(X).

Since X is path-connected, [L1 + ho]|» = [hs]|p. Hence,

[La]lp + [ho]lp = [phs]|p + [(1 — p)hs]|P.

(Note that pha(f) = f(zo)p and (1 — p)hs(f) = f(z0)(1 — p) for all f € C(X).)
Clearly, [h2] = [(1 — p)hs]. Hence,

[L1]lp = [phs]|p-
Let hy : C(X) — A be the finite dimensional unital *-homomorphism given by

ha(f) =ar pha(f) + ha(f)
for all f € C(X).
Therefore, by Theorem 2.7, there exists a unitary u € A such that

Li(f) + ha(f) ~c/10 uha(f)u”
for all f € F. Hence,
O(f) me uha(f)u”
for all f € C(X). O

We note that in our context (finite CW complexes), our K theoretic condition
is the same as that of [6] and a special case of that of [16]. (See, for example,
the discussion in [9] 1.2.) We also note that since X is a finite CW complex,
KK(C(X),A) = KL(C(X),A).

Theorem 2.13. Let X be a finite CW complex and let A be a unital simple sepa-
rable finite Z-stable C*-algebra with real rank zero. Let ¢ : C(X) — A be a unital
*-monomorphism.

Then ¢ is the pointwise-norm limit of finite dimensional *-homomorphisms if
and only if [¢] € M.

Proof. This follows immediately from Theorem 2.12. O
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