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Fuzzy Sets




Issue

 Problem

— Boolean assumes documents
 Existin 1 of 2 states
 States are Non-Overlapping
— CRISP!
— Other crisp states may exist
e Grades:A,B,C, D, F
— Can be in one and not the other.
— Often, exact boundaries are not known

* Hot, Warm, Luke-warm, Cool, Chilly, Cold
— When does Hot become Warm?



Issue

* Fuzzy Sets

— Informal Definition
* Fuzzy Set is a class with fuzzy boundaries.

 Alternatively, fuzzy set is a class with non-crisp
boundaries.



Fuzzy Sets — Slightly More Formal

* Regular (Crisp) set
— Let X = {x,} be the universe of objects of interest.

* Fuzzy Subset of X =2 A.
— A is a set of order pairs
* A={<x; pa(x)>}
— UA(x;) 2 Grade of membership of x, € A
— Uy X2 [0,1]



Example 1

* Assume Crisp Set is
— X ={Xy, Xy, X3, X4}

* Fuzzy Subsets
— A = {<x,,1.0>,<x,,0.5>< x,,0.8>}
— B ={<x,,0.8>}



Example 2
Membership Functions

short medium tall
1 / / /
Crisp
1
; Fuzzy
O 4!

Mtall(4,):0> “medium(4,)=o-2a Mshort(4,)=-8



Fuzzy Operations




Operations 1

e Let
— A={<xpy(x)>)
— B={<x pp(x)>}

* Equality
— A=Biff
* ua(x) = pg(x), forallx € X.



Operations 2

e Containment
— AcCBift
* ua(x) S pg(x), forallx € X.

 Complement
— A ={<x pi(x)> }iff
* na(x) =1-p,(x), forallx € X.



Operations 3

* Union
~AUB= {<x, py p(x)> } iff
* U g =max(u,(x), ug(x)), forall x € X.

* Intersection
— AN B={<x y,-g(x)>}iff
* Ur~g=min(p,(x), ug(x)), forall x € X.



Fuzzy Set Retrieval Model




Document Representation
Boolean

e Relation
—D={<dy b, up(dy, t;)> }
—uy: D xT -2 {0,1}
- Hp(d,, t)

* 1,if d, contains t
* 0, otherwise

* Dt:{docE D | “2((100 t): 1}
+ d=Dy={t; e T|py(d,t) =1}



Document Representation
Fuzzy

7D = { < dOL’ ti’ H@(da, ti)> }
w:DxT = [0,1]

Hp(dg t)
— The degree of membership of t; to d,

@t = {<dou Mﬂ(dou t)> | doce D >}
Dy =1{<t, up(d, tj)> | t; € T>}



Processing Boolean Query
(Method 1)

Diinee = 1dg € D [ Hp(dg, t) A Hp(d,, ) = 1)
Divrz = 1dg € D [ Hp(dg, ) v Hp(d,, ) = 1)

D, = set of Documents containing term t
T ={a,b,c,d,e}
D,D,,D,DyD,,




Processing Fuzzy Query
(Method 1)

Dunz = 1<dy, min (Kp(dy, ), Hp(dy, t5)) > | d,, € D}
Ditviz = 1<dg, max (Hp(dy, t) 5 Boldy, £)) > | dye D}

D, = set of <Document, membership value>
pairs containing term t

T={a b, cd e}
@a' @b' @C’ @d' @e



Retrieval Function
Boolean

RSV=F

RSVt(C‘OL) = “?D(dou t)
RSV_(d ) =1-RSV (d,)

—e\

RSV ,.e2(d,) = RSV, (d,) A RSV,(d,)
RSV1,e2(d,) = RSV, (d,) v RSV, (d,)




Retrieval Function

Fuzzy
RSVt(C‘oc) = M?D(dou t)
RSV__(d,)=1-RSV_(d,)
RS el/\eZ(d ) mln(RSVel(d ) RSVeZ(d ))

RSV, e2(d,) = max(RSV ,(d,), RSV,(d,))



Processing Fuzzy Queries




Term-Document Incidence Matrix

d, | d, | dy | d, | de | d¢ | d, | dg
t, [01]07]06|04]|08]06]|03] 06
t, |03]08[09|08|06]05]|07]0.2
t, 08| 1 [02]06|08]|02]|08]05
t, | 04]06|07]05|07/|03]01]09
t- [ 07]02|08|04|06)|02]08] 04




Fuzzy example

g=(t; A =t,) v (t, A t3 A L))

PN
SR

2 t;

4



Fuzzy example
Max, Min

g=(t; A—t) v, A3 A t4))

/VO6

06 A
‘ 0.1 0.8
1 0.5 L 0.8
‘ 0.8 0
d,06 t 09t. 09t 0.2 U, o7
d, 0.6 1 05 2 05 2 t3 o> 0.3

dg 0.6 0.2 0.2 0.5 0.9



Inverted File Processing
(Method 1)

* Dt = {<dou M?Dt(da)> | “?Dt(doc) > O}
D_, ={<d,, 1-RSV,(d,)> | 1-RSV,(d,) > 0}

= {<d,, RSV (de)> [ RSV ,e2(d,,) > 0}

elAeZ elre2

{<d RSV (da)> | RSVelveZ(da) > 0}

e1ve2 elve2



Processing Fuzzy Query

(Method 1)
Output Query
D, o t
Dy * el
D.; * e’
D.1ND,, e elre2
De1 Y Dy ¢ elve?2

2\@e1 e —el



Set Issues




Set Identities

e AUB=BUA

 (AuB)uC=Au (Bu ()

c AuUBN()=

(AUB)n(Au ()

e A=A

e AUA' =S

e AnB=BNMA

* (AnB)nC=An (BN ()

c An(Bu ()=

(AnB)U(AnC(C)

c AnS=A

e ANA =Y



Definitions of
Union and Intersection

Name Union| Intersection

max, min U M
max, product U

probabilistic sum, product 4

Einstein £ 3

bold & ®
Hamacher 7 Y
Yager ” L
Schweizer-Sklar 1, T,




Operations —
Union & Intersection

a4
dceg
dE€
de
ae

-b =ab

b=a+b-ab
b=(a+b)/(1+ab)

‘b =(ab) /(1 + (1-a)(1-b)
b=min(a+b, 1)

b=max(0,a+b-1)



Operations —
Union & Intersection

atb=(a+b-(1-vy)ab) /(v + (1-y)(1- ab))
—7y € [0, +0)

a’b=(ab) / (v + (1-y)(a+b))

—7 € [0, +0)

a‘b =min(1, (av+ b")1/)

—v=[1, +o0)

a¥b=1-min(1, [(1-a)" + (1-b)V]0/V))

—v=[1, +00)



Operations —
Union & Intersection

1-((1-a)? + (1-b)P-1)1/p) p>0

atb p=0
a J.p b =
1-((1-a)?+ (1-b)P-1)t/P  p <,
(1-a)P + (1-b)P >1

1 p<0,
(1-a)P +(1-b)P £ 1



Operations —
Union & Intersection

anb:

(a? + bP-1)01/p) p>0

ab p=0

(aP+DbP -1)(-1/p) p < 0,
aP+bP>1

0 p<0,

aP+bP <1



Example of Set Operations

e Assume

— Union = Probabilistic Sum
ev=atb=a+b-ab

— Intersection = Product
* A=a-b=ab



Term-Document Incidence Matrix

d, | d, | dy | d, | de | d¢ | d, | dg
t, [01]07]06|04]|08]06]|03] 06
t, |03]08[09|08|06]05]|07]0.2
t, 08| 1 [02]06|08]|02]|08]05
t, | 04]06|07]05|07/|03]01]09
t- [ 07]02|08|04|06)|02]08] 04




Fuzzy example

g=(t; A =t,) v (t, A t3 A L))

PN
SR

2 t;

4



Fuzzy example
Max, Min

g=(t; A—t) v, A3 A t4))

/VO6

06 A
‘ 0.1 0.8
1 0.5 L 0.8
‘ 0.8 0
d,06 t 09t. 09t 0.2 U, o7
d, 0.6 1 05 2 05 2 t3 o> 0.3

dg 0.6 0.2 0.2 0.5 0.9



Fuzzy example
probabilistic sum and product

g=(t; A—t) v (i, A—t; A L))

0.5316
0.384
0.4998
0.12
o 48 A 0 09
1 0.5 L 0.8
‘ 0.8 0
d,06 t 09t. 09t 0.2 U, o7
d, 0.6 1 05 2 05 2 t3 o> 0.3

dg 0.6 0.2 0.2 0.5 0.9



Difterences

Document Max, Min Prob. Sum,
Product
d, 0.7 0.5316
d, 0.5 0.384

dg 0.6 0.4998




A*-level Sets




L*-level and A*-level fuzzy sets

o A*-level Set
— D(A) ={<d,t> | u, (d, t) = A"}
— D,(A) ={d|<d, t> € D (A*)}

* Then meaning of D, ,,, A*-level fuzzy Set, of
descriptor teTcT*

~ Dy = {<d 1p,, () = 15 (d,, ) > | d € D, (17}
Note: T* has same meaning as E used in Boolean IR
* Ift'eT¥ then meaning of D, ., of descriptor t =—t’
— Do = {<d, Mpt(k*)(d):1-“Dt’(k*)(d)> |
1-tip,,, (@) > 1d & D() )



L*-level fuzzy sets

o Ift’, t"eT*, then meanlng of D ., of
descriptort=t' A t”

Dy = (<d, bty (d)=min(uy,(d),
A 1D, 0 A DG )

Hoyp (W)

o Ift, t"eT* then meanlng of Dy; . of
descrlptor t=t' vt’

Dipsy = 1<d, Uy, , . (d)=max(up,
oy, (@)= 14 €D, (1) U D, 0



Fuzzy example

g=(t; A =t,) v (t, A t3 A L))

PN
SR

2 t;

4



Fuzzy example
Max, Min

g=(t; A—t) v, A3 A t4))

/VO6

06 A
‘ 0.1 0.8
1 0.5 L 0.8
‘ 0.8 0
d,06 t 09t. 09t 0.2 U, o7
d, 0.6 1 05 2 05 2 t3 o> 0.3

dg 0.6 0.2 0.2 0.5 0.9



Fuzzy example
Max, Min, A*=0.3

g=(t; A—t) v, A3 A t4))

/VO6

06 A
‘ 0.1(0) 1.0
| 05 ~11.0
‘ 1.0 0
d,06 t 09t, 09 t, £ 0200 U, o7
d, 0.6 1 05 2 05 3 0.2(0) 0.3

dg 0.6 0.2 (0) 0.0 0.5 0.9



Questions?




