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Abstract:  
 

On February 13, 2020, the Health Commission of Hubei Province changed the 
definition of confirmed cases, resulting in a reported daily case number that is 
significantly larger than on other dates. Such abnormal data points pose a 
challenge in data fitting and parameter estimation. To address this, we derive a 
simple formula from the classical Kermack-McKendrick model and introduce a new 
quantity to capture the number of unreported cases hidden in the data. We then 
use this new formula to fit the inconsistent data and estimate key epidemic 
parameters. Based on the reported cumulative case numbers until February 21, 
2020, we estimate that the unreported case number in Hubei is 60856 (95% CI: 
[33513, 91206]), while the unreported case number in Wuhan is estimated as 
29374 (95% CI: [18205, 40665]). The peak times in Hubei and Wuhan are 
February 6, 2020, and February 8, 2020, respectively. The basic reproduction 
numbers are 2.334 (95% CI: [2.053, 2.711]) for Hubei and 2.189 (95%CI: [1.992, 
2.448]) for Wuhan. 
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INTRODUCTION 

Even though we are living in the era of big data, we 
often need to make inferences with a limited amount of 
data points. For instance, during the early outbreak of a 
new epidemic wave, we usually have fewer than 100 
reported cumulative case numbers. However, it is 
crucial to estimate key epidemic parameters such as 
the basic reproduction number, the final outbreak size, 
the peak time, and the disease transmission rate. While 
a complicated mathematical model with many 
parameters can easily fit the data points, it is safer to 
reduce the number of fitted parameters and keep the 
model as simple as possible to avoid over fitting. 
Ideally, there should be no more than five fitted 
parameters if the number of data points is less than 
100. Another issue that may arise during early data 
collection is the inconsistency of data points due to 
sudden changes in the collection method. This poses a 
challenge in correcting data collected using incorrect 
methods. The main purpose of this paper is to 
introduce a novel approach to fixing data through data 
fitting, using the cumulative case numbers from the 
early COVID-19 outbreak in Hubei, China, as an 
illustrative example. 

The first confirmed case of the COVID-19 outbreak was 
reported in Wuhan City, Hubei province, China, on 
December 31, 2019 [1]. As of February 21, 2020, the 
reported cumulative case number in China was 75891 
[2], most of which were reported in Hubei province. As 
the capital city of Hubei, Wuhan reported a total of 
45346 cases [2, 3]. On February 13, 2020, the Health 
Commission of Hubei Province changed the definition 
of confirmed cases and reported a total of 13797 daily 
cases [3]. This number is significantly larger than the 
reported daily cases on other dates. Such abnormal 
data points pose a challenge in data fitting and 
parameter estimation. To overcome this difficulty, we 
propose a new method to address the inconsistency 
problem in the epidemic data. Additionally, we will 
estimate the total number of unreported cases hidden 
within the reported data. Our method differs from the 
calibration method in [4, 5], where an appropriately 
fitted exponential function is used to replace the 
reported data points, or the method in [6], where the 
sudden increments are proportionally distributed into 
earlier reported data. It also differs from those methods 
in [7-10]. 

 

Data 

We use the reported cumulative case number from the 
websites of the Health Commission of Hubei Province 
[3] and the National Health Commission of the Peoples 
Republic of China [2]. Whenever there is a correction 
on a reported date, we update the corresponding value 
in the previous reported date. After correction, the 
reported cumulative case numbers of Hubei province 
from January 21, 2020 to February 21, 2020 are {270, 
375, 444, 549, 729, 1052, 1423, 2714, 3554, 4586, 
5806, 7153, 9074, 11177, 13522, 16678, 19665, 
22112, 24953, 27013, 29631, 31728, 33366, 47163, 
51986, 54406, 56249, 58182, 59989, 61682, 62457, 
63088}. It is noted that the number jumps abruptly from 
33366 to 47163 on February 13, 2020. Also, the 
Wuhan cumulative case numbers [3, 11] from January 
17, 2020 to February 21, 2020 are {45, 62, 121, 198, 
258, 363, 425, 495, 572, 618, 698, 1590, 1905, 2261, 
2639, 3215, 4109, 5142, 6384, 8351, 10117, 11618, 
13603, 14981, 16902, 18454, 19558, 32081, 35991, 
37914, 39462, 41152, 42752, 44412, 45027, 45346}. 

METHODS 

We adopt the standard epidemic model proposed by 
Kermack and McKendrick [12]: 

'( ) ( ) ( ) / [ ( ) ( )],
'( ) ( ) ( ) / [ ( ) ( )] ( ), (1)
'( ) ( ),

S t S t I t S t I t
I t S t I t S t I t I t
R t I t

β

β γ

γ

= − +⎧
⎪

= + −⎨
⎪ =⎩  

where β  is the disease transmission rate, andγ  is the 
removal rate of infected individuals; see also [13]. To 
simplify our analysis, we make the following 
assumptions: 

(A1) Among all the cumulative infected cases at the 
end of the outbreak, S(t) accounts for the number of 
individuals who have not been infected at time t. 

(A2) The infected individuals, denoted by I(t), are 
infectious even during the incubation period with no 
symptoms. 

(A3) The removed individuals R(t) include all infected 
individuals who are no longer infectious due to 
recovery, death, or quarantine. 

The assumption (A2) is reasonable because 
asymptomatic infections have been reported in the 
clinical study [14]. The solution to (1) has a close form 
(see Appendix): 
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where N is the final outbreak size, pt is the peak time 
when I(t) reaches its maximum, and 0 /R β γ= is the 
basic reproduction number which is defined as the 
average number of secondary infections generated by 
a primary infection that is introduced into an entirely 
susceptible population. Due to the limitation of 
resources, asymptomatic infection, and some other 
reasons, it is impossible to count the number of 
infected individuals during an outbreak. Rather, it is 
reasonable to make the following assumption. 

(A4) The daily reported case number D(t) is a 
proportion of removed infected individuals. 

If the method of counting case number is consistent 
during an outbreak, then we can assume that the 
proportion in (A4) is a constant p ∈ (0, 1); namely, D(t) 
= pγI(t). Consequently, the cumulative case number 
becomes C(t) = pR(t). By data fitting, we can estimate 
the epidemic parameters such as the basic 
reproduction number R0, the peak time pt , the disease 
transmission rate β, and the final reported cumulative 
case number K = pN. Note that the final outbreak size 
N and the proportion constant p are still undetermined 
because they are correlated in the expression of C(t). 

To address the change of counting method by the 
Health Commission of Hubei Province on February 13, 
2020. We need to make the following assumption. 

(A5) There exist a change-point tc and two proportion 
constants p1, p2 ∈ (0, 1) such that, the daily reported 
case number D(t) = p1γI(t) for t < tc and D(t) = p2γI(t) for 
t > tc. 

The proportion constants p1 and p2 characterize two 
different counting methods adopted by the Health 
Commission of Hubei Province before and after the 
change-point tc. It is clear that the cumulative case 
number C(t) = p1R(t) for t < tc. For t > tc, a new method 
is adopted and the cumulative case number is C(t) = 
p2R(t) − H, where p2R(t) is the cumulative case number 
if the second method were used at the very beginning, 
and H accounts for the hiding case number before the 
application of new method. A big jump in the reported 
daily case number on February 13, 2020 indicates that 
the Health Commission of Hubei Province tried to fill 
the gap between two counting methods. However, the 

further tc is away from the initial outbreak time, the 
more difficult it is to catch the difference. So, we 
introduce a new parameter H to capture the hiding 
information from the data. To sum up, we will fit the 
reported cumulative case numbers by the following 
piecewise defined function 

C (t ) =
K1 ! K1[1+ (R0 !1)e (!!" )(t!t p ) ]!1/(R0!1) ,t < tc ,

K 2 ! K 2[1+ (R0 !1)e (!!" )(t!t p ) ]!1/(R0!1) !H ,t > tc

"
#
$

%$

&
'
$

($
,(3)  

where K1=p1N, K2=p2N, and H is the hiding case 
number from the reported data. Note that the final 
reported cumulative case number is C(∞) =K2 − H. 

To find the confidence intervals of estimated 
parameters, we make the following assumption on the 
data of reported daily cases: 

(A6) The reported daily case number has an accuracy 
of 100(1 − ε)%; namely, for each reported data point 
{(tk, Dk)}, the daily infected case number D(tk) follows a 
uniform distribution in the interval [(1 − ε)Dk, (1 + ε)Dk]. 

Assume (A6) with a given ε = 0.1 (i.e., each data point 
is at least 90% accurate), we can sample N = 1,000 
datasets from the given reported dataset. For each 
sampled dataset, we estimate parameter values by 
data fitting. Now we have N estimated values for each 
parameter. By ordering these N values, we then define 
the 100(1 − 2α)% confidence interval of the 
corresponding parameter as the interval bounded by 
the 100α and 100(1 − α) percentiles of the ordered 
values. 

RESULTS 

The estimated parameter values with different report 
dates for the Hubei cumulative case numbers [2, 3] and 
Wuhan cumulative case numbers [3, 11] are listed in 
Tables 1 and 2. The fitted curves are also illustrated in 
Figure 1. 

Based on the reported Hubei cumulative case numbers 
from January 21, 2020 to February 21, 2020 [2, 3], we 
estimate that the basic reproduction number is R0 = 
2.334 (95% CI: [2.053, 2.711]), the peak time is 
02/06/2020 (95/% CI: [02/06/2020, 02/06/2020]), the 
transmission rate is β =0.539 (95% CI: [0.497, 0.582]), 
the reported final cumulative case number is C(∞) = 
66329 (95% CI: [65115, 67974]), and the hiding 
(unreported) case number is H = 60856 (95% CI: 
[33513, 91206]). 
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Similarly, we can fit the reported Wuhan cumulative 
case numbers from January 17, 2020 to February 21, 
2020 [3, 11]. The basic reproduction number is R0 = 
2.189 (95% CI: [1.992, 2.448]), the peak time is 
02/08/2020 (95/% CI: [02/07/2020, 02/08/2020]), the 
transmission rate is β =0.530 (95% CI: [0.494, 0.567]), 
the reported final cumulative case number is C(∞) = 
48110 (95% CI: [47345, 49090]), and the hiding 
(unreported) case number is H = 29374 (95% CI: 
[18205, 40665]). 

DISCUSSION 

To summarize, we have proposed a simple and 
biologically relevant formula (3) to estimate key 
epidemic parameters using reported cumulative cases 
with inconsistencies in data collection. This formula not 
only fits the inconsistent data well but also corrects it by 
capturing the unreported case numbers hidden within 
the data through data fitting. Interestingly, our 
estimation of the basic reproduction number aligns with 
the results in [15], despite using a different type of data 

Table 1: The parameter estimation for Hubei cumulative data with different last report dates 

Report date K1 K2 H C(∞) R0 β γ Peak time tp 

02/15/2020 41236 136679 67791 68888 2.394 0.528 0.22 02/06/2020 

02/16/2020 38786 142666 79145 63521 1.997 0.594 0.297 02/06/2020 

02/17/2020 38009 155787 93240 62547 1.869 0.629 0.337 02/06/2020 

02/18/2020 39017 141742 77734 64008 2.036 0.585 0.287 02/06/2020 

02/19/2020 40978 123531 57045 66486 2.356 0.533 0.226 02/06/2020 

02/20/2020 41076 122818 56217 66601 2.372 0.531 0.224 02/06/2020 

02/21/2020 40811 124939 58630 66309 2.328 0.536 0.23 02/06/2020 

 
Table 2: The parameter estimation for Wuhan cumulative data with different last report dates 

Report date K1 K2 H C(∞) R0 β γ Peak time tp 

02/15/2020 21652 140829 100268 40561 1.254 1.303 1.039 02/08/2020 

02/16/2020 21603 145774 105119 40655 1.253 1.31 1.045 02/08/2020 

02/17/2020 22813 107525 64673 42852 1.503 0.813 0.541 02/08/2020 

02/18/2020 24464 86501 41087 45414 1.83 0.617 0.337 02/08/2020 

02/19/2020 26842 74109 25431 48678 2.288 0.513 0.224 02/08/2020 

02/20/2020 27043 73453 24519 48934 2.326 0.507 0.218 02/08/2020 

02/21/2020 26432 75872 27684 48188 2.207 0.525 0.238 02/08/2020 

 

 
Figure 1: Reported data (dots) and fitted model (curve) for the cumulative cases of COVID-19outbreak in Hubei province (left 
panel) and Wuhan city (right panel), respectively. 
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and method. Based on the reported cumulative case 
numbers up to February 21, 2020, we estimated that 
the epidemic peak occurred at the beginning of 
February 2020, and we predicted that the first epidemic 
wave would approach its end in March 2020. 
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APPENDIX 

In this Appendix, we will provide a detailed derivation of 
the closed form (2) from the differential equations (1). 
First, we obtain from the first two equations in (1) that 

( ) ( ) .( 1)d S I S I A
dS S

γ
β

+ +
=

 
Solving this equation gives 

/ , ( 2)S I cS Aγ β+ =  
where c is a constant of integration. Substituting the 
above formula into the first equation in (1) yields 

S '(t ) = !!S (t ){1![S (t ) / N ]1!! /" ,(A3)  

where 

/( ).( 4)N c Aβ β γ−=  
The solution to (A3) is given by 

S (t ) = N [1+ae (!!" )(t!t p ) ]!! /(!!" ) ,(A5)  
where a is a constant to be determined, and tp is the 
peak time when I(t) reaches its maximum; namely, 
I’(tp)=0. On account of the second equation in (1) and 
the formulas (A2), (A4), and (A5), we have 
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Note that R0 = ! / "  denotes the basic reproduction 
number. Moreover, the final outbreak size is 

( ) ( ) ( ) ( ) .( 7)
( ) ( )
S t I t dt S S N A
S t I t
β∞

−∞
= −∞ − ∞ =

+∫
 

Thus, (A5) is the same as the first formula in (2). A 
combination of (A2), (A4), and (A5) gives the second 

formula in (2). Finally, adding the three equations in (1) 
implies that the sum S+I+R is independent of the time t. 
Hence, we have 

( ) ( ) ( ) ( ) ( ) ( ) , ( 8)S t I t R t S I R N A+ + = −∞ + −∞ + −∞ =  

which, together with the first two formulas in (2), yields 
the third formula in (2). This completes the proof of (2). 
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