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Abstract

We study a viral infection model incorporating both cell-to-cell infection and immune
chemokines. Based on experimental results in the literature, we make a standing
assumption that the cytotoxic T lymphocytes (CTL) will move toward the location
with more infected cells, while the diffusion rate of CTL is a decreasing function of the
density of infected cells. We first establish the global existence and ultimate bounded-
ness of the solution via a priori energy estimates. We then define the basic reproduction
number of viral infection R and prove (by the uniform persistence theory, Lyapunov
function technique and LaSalle invariance principle) that the infection-free steady
state E is globally asymptotically stable if Ry < 1. When Ry > 1, then E(y becomes
unstable, and another basic reproduction number of CTL response R becomes the
dynamic threshold in the sense thatif Ry < 1, then the CTL-inactivated steady state E
is globally asymptotically stable; and if R; > 1, then the immune response is uniform
persistent and, under an additional technical condition the CTL-activated steady state
E» is globally asymptotically stable. To establish the global stability results, we need
to prove point dissipativity, obtain uniform persistence, construct suitable Lyapunov
functions, and apply the LaSalle invariance principle.

B Jianhong Wu
wujh@mathstat.yorku.ca

Hongying Shu
hshu@snnu.edu.cn

Hai-Yang Jin
mahyjin@scut.edu.cn

Xiang-Sheng Wang

xswang @louisiana.edu

School of Mathematics and Information Science, Shaanxi Normal University, Xi’an 710062,
China

Department of Mathematics, South China University of Technology, Guangzhou 510640, China
3 Department of Mathematics, University of Louisiana at Lafayette, Lafayette, LA 70503, USA

4 Department of Mathematics and Statistics, York University, Toronto, ON M3J 1P3, Canada

Published online: 15 March 2024 @ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s00285-024-02065-0&domain=pdf
http://orcid.org/0000-0003-0052-5336

43 Page2of34 H. Shu et al.

Keywords Viral infection model - Immune chemokines - Cell-to-cell infection -
Density-suppressed motility - Global dynamics

Mathematics Subject Classification 35A01 - 35K57 - 37B25 - 92C17

1 Introduction

Mathematical models have been playing an important role in understanding viral
dynamics (Perelson and Nelson 1999). A simple three-compartment ordinary differ-
ential system was proposed in (Nowak et al. 1996) to study the interaction of uninfected
target cells, infected cells, and free viruses. This model was further extended in (Nowak
and Bangham 1996) to describe the crucial role of cytotoxic T lymphocytes (CTL) in
antiviral defense. A general result was obtained in (Shu et al. 2013) in determining
sharp conditions for global stability in equilibria of viral infection models with CTL
immune responses and intracellular delays.

Chemokines compose a complicated communication system among all kinds of
cell types, including immune cells (Rot and von Andrian 2004). However, the under-
standing of this mechanism is far from clear (Bromley et al. 2008). A simple model
of the immune system was proposed by (Lee et al. 2017) to characterize the dynam-
ics of the immune cells, the chemokines, and the antigens. It was shown that strong
chemotaxis may induce nonlinear instability of the system. Recently, Zheng and Shan
(Zheng and Shan 2023) modified the three-compartmental model of the immune sys-
tem with general kinetic functions. They proved the global existence and boundedness
of classical solutions under certain conditions. Stability and instability of the system
were also investigated via the energy estimate and bootstrap method. As commented
in (Dyson et al. 2008), the solutions of many existing models of chemotaxis may blow
up at a finite time. However, in biological settings, the cell densities and the viral load
shall be bounded. It is thus important to develop a viral infection model with immune
chemokines so that the solutions exist globally.

Another important feature of viral dynamics is the cell-to-cell transmission mode,
which allows viral particles to be transferred directly from an infected cell to an
uninfected target cell through the formation of virological synapses (Galloway et al.
2015; Hiibner et al. 2009; Martin and Sattentau 2009; Sattentau 2008). It has been
revealed that over half of viral infections are due to the cell-to-cell infection mode
(Iwami et al. 2015). Moreover, the cell-to-cell infection of HIV may permit ongoing
replication even during antiretroviral therapy (Sigal 2011). Some earlier works on the
cell-to-cell infection mode were given in (Gummuluru et al. 2000; Dixit and Perelson
2004). Lai and Zou (Lai and Zou 2014, 2015) proposed viral infection models with
both virus-to-cell and cell-to-cell infection modes. They demonstrated that the basic
reproduction number is the sum of the basic reproduction numbers for virus-to-cell
and cell-to-cell infections, respectively. A similar result was obtained in (Deng et al.
2023) for a general model with immune responses and intracellular delays.

To the best of our knowledge, there is no existing model to couple the immune
chemokines with both viral infection modes. In this paper, we will incorporate the
viral population model with chemokines and cell-to-cell infection. According to the
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study in (Halle et al. 2016), CTL tends to migrate more slowly while recognizing
infected cells. Hence, we will assume in our model that the diffusion rate of CTL is a
decreasing function of the density of infected cells. More specifically, we propose to
study the following reaction-diffusion system with general incidence functions:

T =dr AT +b(T) — f(T,I)—g(T,V), x e, t>0,

ol =diAl+ f(T,)+g(T,V)—nrlZ—pujl, xe€Q,t>0,

oV =dyAV +kl — uyV, xe, t>0, (1.1
0Z =Aldz(NZ14+1nlZ —uzZ, x e, t>0,

onT =0, =09,V =0,Z=0, x €ad,t >0,
{T,1,V,Z}(x,0) ={To, Iy, Vo, Zo}(x), x € Q,

where Q@ C R2? is a bounded domain with smooth boundary 02. T(x,t), I(x,1),
V(x,t) and Z(x, t) denote the densities of uninfected targeted cells, infected targeted
cells, viruses and cytotoxic T lymphocytes (CTL), respectively. dr, d; and dy are
positive diffusion constants for 7', I and V, respectively. The growth function for
uninfected targeted cells is given by b(T"). The cell-to-cell and virus-to-cell transmis-
sions are characterized by the nonlinear functions f (7', I) and g(7T', V'), respectively.
r11Z stands for the removal rate of infected cells by CTL and &/ is the virion pro-
duction rate. The recruitment rate of CTL is ro/ Z. Upon scaling 7 = (r1/r)Z, we
may assume without loss of generality that ;1 = r, = r. The constant per capital
death rates of I, V and Z are denoted by p;, ny and wuz, respectively. Finally, the
function dz(I) > 0 characterizes the dependence of CTL motility on the density of
infected cells. Note that A[dz(I)Z] =V - [dz(I)VZ]+ V - [d/Z(I)ZVI]. The first
term V-[dz (1)V Z]implies that the CTLs diffuse more slowly if the density of infected
cells is higher, while the second term V - [d,(I)ZV I together with the assumption
d’Z (I) < 0O indicates that the CTLs tend to move toward the location with higher den-
sity of infected cells. The term A[dz(I)Z] is also related to the density-suppressed
motility, which may produce more complex dynamics and patterns (Fu et al. 2012;
Liu 2011). The density-suppressed motility has been studied extensively in the con-
text of chemotaxis (Keller and Segel 1970, 1971) and prey-taxis (Kareiva and Odell
1987). More precisely, it has been proved that the density-suppressed motility can
prevent the blow-up of solution (Tao and Winkler 2017; Jin et al. 2018; Jiang et al.
2022; Fujie and Jiang 2020, 2021), enhance the diffusion (Winkler 2020), and trigger
pattern formation (Ma et al. 2020; Jin and Wang 2021; Li and Wang 2021).
Notations: Fix po > 2 and let X = W!70(Q, R) be the phase space for initial
conditions. Moreover, we use a plus symbol in the subscript to denote the non-negative
cone of the corresponding Banach space; for instance, Ry = [0, 00) and X =
whro(Q Ry). Forl < p < oo, || - |, denotes the L”-norm in LP(Q). Given a
linear operator L, the spectral bound and spectral radius of L are denoted by s(L)
and p(L), respectively. We say a linear dynamical system u’(t) = Lu (or the linear
operator L) is stable if s(L) < 0 and unstable if s(L) > 0. We use 9, and d S to denote
the normal derivative and differential form on 9€2. The symbols V, V2, and A stand
for the gradient vector, Hessian matrix, and Laplacian, respectively. Especially, Au
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is the trace of V2u. The notation | - | indicates the Euclidean norm of a vector, while
| - | g is the Frobenius norm of a matrix. The solution semiflow of (1.1) is denoted as
O(r) : X4 — X4 for ¢ > 0. For any initial condition ¢ € X%, the omega limit set
of ¢ is w(¢) = Nyg>0U;>sO(t)¢. For any subset D C X4, the omega limit set of D
is (D) = Ugepw(¢p). We say the subset D is positively invariant if @(1)D C D.
Obviously, if a positively invariant subset D is closed then w(D) C D. Given a
steady state £ € Xi such that ®(r)E = E for all + > 0, the stable set of E is
WS(E) = {¢ € X4 : lim,;—.oo O(1)¢ = E}.

Basic assumptions: Throughout this paper, we set r; = r, = r, and make the
following biologically relevant assumptions.

(H1) b € C*(R,) with b’ < 0 on R.. Moreover, there exists (a unique) Ty > 0 such
that b(Tp) = 0.

(H2) f,g € C*(Ry xRy)suchthat f and g vanish on the boundary of first quadrant,
the first-order partial derivatives d7 f, d; f, dr g, and dy g are strictly positive in
the interior of the first quadrant, the second-order partial derivatives d;7 f and
dyy g are non-positive in the first quadrant, and there exists K > 0 such that
f(T,I)<KTIand g(T,V) < KTV forall T,I,V € R,.

(H3) dz € CZ(RJr) such that d; > 0 and d/Z <0onRy,.

Main results: Our main results can be summarized in the following two theorems.

Theorem 1.1 (Global existence and point dissipativity) Ler Q@ C R? and X, =
whpro(Q, Ry). Assume (H1)-(H3). For any initial value in [X4 \ {O}]4, the system
(1.1) has a unique nonnegative classical solution (T, I,V , Z) satisfying

(T,V,Z) e [C([0,00) x ) NC>'((0, 00) x Q)T
and
1 € C([0,00) x 2) N C*1((0, 00) x Q) N LL.([0, 00); W ().
Moreover, there exists C > 0 independent of initial conditions such that

limsup(I17C, Ol + 1 ¢ Ollx + 1V E Dllx + 1Z2¢C, Dlx) = C.

—>0o0

Here, X = WP (Q, R) and ||u||x = llull py + IVull py for u € X.
Theorem 1.2 (Global dynamics) Assume (H1)-(H3) and define

_ a1 f (To, 0) n kay g(Tp, 0)
wr wvmr

Ry :

Let (T(t),1(t), V(t), V(1)) be any solution to (1.1) with initial value in [X1 \ {0}]4.

e If Ry < 1, then the solution will converge to the infection-free steady state Eq =
(Ty,0,0,0) ast — oo.
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o If Ry > 1, then there exists a unique CTL-inactivated steady state E1 =
(Ty, 11, V1,0). We define Ry := rli/(uZy) and assume that f(T,I) =
ho(T)hg(I) and g(T, V) = ho(T)h;(V), where ho, hg, hi € C*(Ry).

— If Ro > 1 and Ry < 1, then the solution will converge to E.
— If Ry > 1 and Ry > 1, then there exists a unique CTL-activated steady state
E> = (Th, I, Va, Z3). Moreover, the solution converges to E, provided

Z 1d,(I?
d; > 22 max —| 2
4] 0<i<co dz(I)

Outline of the paper: In Sect. 2, we establish the boundedness and global existence
of solutions. The key step is to use the fourth equation of (1.1) to obtain the boundedness
of fltﬂ fQ Z%dxds for some fixed T € (0, 1]. With this in hand, we can further show

that f;ﬂ AT ||%ds is uniformly bounded. A direct application of L? estimate on Z
gives

d
Enzniz < KilZI3, (AT, + D).

Making use of alemma that generalizes Gronwall’s inequality, we obtain || Z]| ;2 < K>,
which can be further improved by the standard bootstrap argument and Moser iteration
methodto || Z| L~ < K3.Note that the constants K, K7, and K3 may depend on initial
conditions. In this section, we shall also prove a stronger result that the solution is
ultimately bounded by a constant that is independent of initial conditions. This stronger
result is also called the point dissipativity of the system. Once we have proved that the
system is point dissipative, it immediately follows from (Hale 1988, Theorem 3.4.8)
that the system possesses a nonempty global attractor in X‘_I‘_. In Sect. 3, we first define
two basic reproduction numbers and establish the existence of three steady states. A
local stability analysis of these steady states will also be conducted. Furthermore, we
will use the Lyapunov function technique and the LaSalle invariance principle to obtain
global asymptotic stability of the steady states under certain conditions. Due to the
non-closedness of the positively invariant sets on which some Lyapunov functions are
defined, we will need to prove the uniform persistence of the solution before applying
the LaSalle invariance principle. In Sect. 4, we will conduct numerical simulations to
illustrate the theoretical results and conclude the paper with a brief discussion.

2 Global existence and point dissipativity

In this section, we first prove that the solution exists globally and is uniformly bounded
by a constant that depends on the initial conditions. As we shall see later, we will need a
stronger result on the point dissipativity of the system to prove the uniform persistence
of the solution. Hence, we will further prove that the solution is ultimately bounded
by a constant independent of the initial conditions. The key ingredients in the proof
are Gronwall-type inequality, Gagliardo-Nirenberg inequality, and Moser iteration.
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2.1 Global existence

First, we state the following lemma which is a generalization of (Stinner et al. 2014,
Lemma 3.4) and Gronwall’s inequality.

Lemma21 Let t,, > 0, © € (0,t,), c1 > 0 and co > 0. Assume that y
is a non-negative and continuously differentiable function on [0, t,) satisfying
V(@) + c1y@®) < h() forall t € (0,1t,), where h is a non-negative and locally
integrable function on (0, t,;;) such that ff_r h(s)ds < cp forallt € [t,t,). Denote
c3 = max{y(0), ca/(c1t) 4+ c2}. We then have y(jt) < c3 for all non-negative integer
J <tm/t,and y(t) <c3+crforallt € [0,t,).

Proof We only need to prove the first assertion because the second one follows imme-
diately from the non-negativity of & and y together with an integration of the inequality
y' +c1y < h. Obviously, y(0) < c3. Assume y(jt) <c3and j + 1 < t,,/7. We con-
sidertwo cases: (i) y(s) > ¢y /(c17) foralls € [jr, (j+1)t];and (ii) y(sg) < c2/(c1T)
for some 5o € [j7, (j + 1)7]. In the first case, we integrate y’ + c¢;y < h to obtain
y((j + 1)7T) < y(jT) < c3; while in the second case, an integration of y’ 4+ c¢;y < h
gives y((j + 1)t) < y(s9) + c2 < c3. This completes the proof. O

Now, we are ready to prove the global existence of classical solutions as follows.
Theorem 2.2 Let Q@ C R? and Xy = WLPo(Q, Ry). Assume (HI)-(H3). For any
initial value in [ X4\ {0}1*, the system (1.1) has a unique nonnegative classical solution
(T, 1,V,Z) satisfying
(T, V., Z) € [C([0,00) x ) N C>'((0, 00) x DI
and
1 € C([0,00) x 2) N C*1((0, 00) x Q) N LL.([0, 00); W ().
Proof By adopting the idea in (Tao and Winkler 2011, Lemma 2.1) and (Jin et al.
2018), we can prove the existence of local solutions by using the Schauder fixed point
theorem and the parabolic regularity theory; namely, there exists #,,, € (0, co] such that
the problem (1.1) has a unique nonnegative classical solution (7', I, V, Z) satisfying
(T, V,2) €[C0, tn) x ) N CH(O, 1) x DI
and
1€ €10, tn) x @ N CHNO, 1) x Q) N Li5, (10, 1); W ().

Moreover, we have either t,, = oo or

limsup(|7(, )l[zoe + IV Dl + 1 ZC, Dz + 11 D) lwree) = oo.

t—ty,
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Note that [0, t,,;) is the maximum interval for the existence of classical solutions.
It suffices to prove that the solution does not blow up as t — t,. Denote v =
min{l, #,,/2}. For convenience, we will use ¢ to denote a generic (large) positive
constant that is independent of . We proceed in the following nine steps.

Step 1 | T (-, 1) lloo = c.
In view of the non-negativity of the solution and (H2), we obtain from the first equation
of (1.1)that9;T < dyr AT +b(T).By (H1) and maximum principle, we have T (x, t) <
max{[|7' (-, 0)|loo, o}

Step 2. IOl +IVCE DI+ I1ZC 0l < e
From (1.1), we obtain

i/(T—f—I—}-Z)dx :/[b(T)—ull—uzZ]dx
dt Q Q
5/[b(0)+c—T—u11—uZZ]dx.
Q

It then follows from Gronwall’s inequality that ||/ (-, ©)||1 + | Z(-, ©)]l1 < c.Integrating

the fourth equation of (1.1) and applying Gronwall’s inequality yield ||V (-, t)]1 < c.
Step 3. Forany p > L, [ 1(-,)|l, + IV, Dl < c.

Multiplying the second equation of (1.1) by 77! and integrating over the domain €,

we obtain

1d

a I”dx —d,/(AI)IP 1dx+/[f(T D+ g(T, V)1IP 'dx

—/ (r"Z + pnIPdx.
Q

The Green'’s identity gives

/(AI)IP—ldx = _/ (VI)-((p — DIP™2V1)dx = _wf IVIP/?2dx.
Q Q p Q

On account of (H2), we have
/[f(T, D)+ g(T, VTP ldx < / KTIP + 1P 'V)dx < c/ (I? 4 VP)dx.
Q Q Q

Hence,

1d

4(p — 1)d
- Ipd +M/ IVIP22dx <c/(1P+VP)dx @.1)
p

Similarly, we multiply the third equation of (1.1) by V”~! and then apply Green’s
identity to have

ld

Ap - 1)d
i | v M/|vv”/2|2dx<c/(lf’ FVPx.  (22)
P
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Now, we use the Gagliardo-Nirenberg inequality and boundedness of || 1], + |V ll4
to find

2(1-1 2 1
17215 < VPRI PRI 1R R ) < IV IPRIE 4 e, (23)
and similarly,
1
IVPRI5 < = IVVPRIE +c, (2.4)
C

Taking a weighted sum of inequalities (2.1), (2.2), (2.3), and (2.4), and then applying
Gronwall’s inequality, we obtain [|1(-, )5 + |V (-, D)l < c.

Step 4. 1 1(-, Dlloo + IV Dlloo = c.
It follows from the third equation of (1.1) that

t
V(1) = WAy (. () +k/ W AIVE=9) 1 (. o).
0

By estimates of Neumann heat semigroup (Horstmann and Winkler 2005; Kowalczyk
and Szymariska 2008) and uniform boundedness of || 7|3, we find ¢ > 0 such that

t

IV Dlloo < IV E Ol +c/ [1+(r—s5)"Ple*09ds < c.
0

Similarly, using the assumptions in (H2), we obtain from the equation of (1.1) and the
uniform boundedness of || 7|3 4+ ||V |3 that ||[1(-, 1) ||co < C.
Step 5. [ | [ Z%(x,s)dxds < c forallt € [T, ty).

To this end, we shall use the duality arguments based on some nice ideas developed
in (Tao and Winkler 2017). Denote §; = uz/[2dz(0)] and let A be the self-adjoint
positive operator —A + 81 with Neumann boundary condition on L?(2). Then A~ is
abounded and positive operator on LZ(£2). Adding the second and the fourth equation
of (1.1) gives (recalling that r; = r, =r)

(I +2)+ Aldi1 +dz(1)Z] = 8ld; 1 +dz(1)Z]
/T D +g(T. V) —pil —pzZ <c,

where we have made use of (H2), §; < uz/dz(0) < wuz/dz(I), and the uniform
boundedness of || T || oo+l { |oo 11 V || 0o Multiplying the above inequality by 2AT V(I +
Z) > 0 gives

i/ A2 + 2)2dx + 2/ I+ 2)di1 +dz(1)Z)dx < c/ AN + Z)dx.
dt Q Q Q
(2.5)
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Since ||| is uniformly bounded, it follows from (H1) that dz(I) > dz(c2) > O.
Let 8> > 0 be sufficiently small such that

diI +dz(DZ = 8,1 + 2). (2.6)
It follows from boundedness of A~! and . A~1/2 on L%(Q) that
AT T+ 2Dl <clAN T+ 2D <ell + ZI < &I+ ZI3+e. (27
and
IATY2( + 2)15 < el + ZI3. (2.8)

where 83 > 0 is sufficiently small. A combination of the above four inequalities
(2.5-2.8) yields

d 1 1
—/ |AYV2(I 4+ Z)2dx + —/ ATV2(I + Z)Pdx + = / (I +2Z)%dx <c.
dt Jq c Jo cJq

Gronwall’s inequality implies that 1A-Y2(1 + Z)||% < ¢, which together with an
integration of the above inequality gives ftt_r fQ (I + Z)*dxds < c. Since I and Z
are positive, we have ftt_r Jo Z%(x, s)dxds < cforall ¢ € [z, t,).

Step 6. |VI(-,t)]l2 < c forall r € [0,1t,) and flt_r ||AI(-,s)||%ds < ¢ for all
telr, ty).
We multiple the second equation of (1.1) by —2AT and apply Green’s identity to find

d
—/ |V1|2dx+2d1/ |AI|2dx§d1/ |AI|2dx+c</ Z2dx+1>.(2.9)
dt Jo Q Q Q

By Gagliardo-Nirenberg inequality and the uniform boundedness of || /|2, we have
2 2 di 2
IVINZ < cUlALl20 N2 + [11113) < EIIAIIIZ +c. (2.10)
Adding the above two inequalities (2.9) and (2.10) yields

d d
—/ |VI|2dx+/ |v1|2dx+—’/ |AT)dx §c/ Z%dx + c.
dr Jg Q 2 Ja Q

By Lemma 2.1, we have ||VI||> < c. An integration of the above inequality then gives
['IIALI3ds < cforall t € [T, ty).

Step 7. | Z(-, t)|l2 < c.
Multiplying the fourth equation of (1.1) by 2Z and applying Green’s identity give

d
—/ szx—i—Z/ dz(1)|VZ|*dx gc/(Z|VZ|-|v1|+22)dx.
dt Jo Q Q
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By (H1) and uniform boundedness of ||/ ||, We can find a small §4 > 0 such that
dz(I) > &4. It then follows from the above inequality and Cauchy’s inequality that

d

o szx+284/ IVZ|%dx < 34/ |VZ|2dx+c/ (Z2\VI* + Z%)dx.

By Holder’s inequality, we obtain
d
TIZI3+ 84V ZI3 < cUNZIFNVIIE + 1Z15).

The right-hand side of the above inequality can be further estimated via the Gagliardo-
Nirenberg inequality and elliptic regularity theory. Hence, we obtain

d
Enznﬁ +841IVZI3 < cUIVZINZI2 + 1ZIDUATINV 2 + IV + el Z113

<c(IVZINZl2 + 1ZID AL 2 + ©)
< cIVZINZI2NATL + cIVZI2IZI2 + N ZIIAT 2 + el ZII3
< 8IIVZI3 +clZIZ3IATLIS + D).

This together with the uniform boundedness of fli Al ||%d s and Lemma 2.1 implies
that | Z(-, 1)]|3 < c.

Step 8. Forany p > 1, | Z(-, )|, < c.
Since || Z||2 is uniformly bounded, an application of parabolic regularity (Kowalczyk
and Szymarska 2008, Lemma 1) to the second equation of (1.1) gives the uniform
boundedness of || VI||4. Recall that dz (1) > §4 > 0. We multiple the fourth equation
of (1.1) by ZP~! and apply Green’s identity to find

1d

|zt~ 1)54/ 2PV Z|2dx < c/ ZP*1|VZ||v1|dx+c/ ZPdx.
pdt Q Q

Applying Cauchy’s inequality, Holder’s inequality, and the Gagliardo-Nirenberg
inequality, we obtain

1d 1
dex+ /Zp’2|VZ|2dx+/
pdt Q

<c||zp/2||4 < c(IVZPP TPz 1D+ z

ZPdx < c/ ZP(VI> + Ddx
Q

13,
<e(IvZP2 20 4y < Lywzerg e
C

By Gronwall’s inequality, we have | Z(-, 1), < c.

Step 9. 1Z(-, oo < c.
Since || Z||3 is uniformly bounded, a simple application of parabolic regularity (Kowal-
czyk and Szymarska 2008, Lemma 1) to the second equation of (1.1) gives the uniform
boundedness of ||V 1| «. Based on a modified Moser iteration as in (Tao and Winkler

(2012), Lemma A.1), we can obtain || Z(-, t)||co < c directly.
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Since || T lloo + 1 loo + I VIloo + | Voo + I| Z || 1s uniformly bounded, the solution
cannot blow up as ¢t — 1,,. Thus, t,, = oo; namely, the solution exists globally. This
completes the proof. O

2.2 Point dissipativity

In this subsection, we will show that the solution is ultimately bounded by a constant
independent of initial conditions. However, the constants 0 < 7p < #; < --- may
depend on the initial condition. We first state a lemma that is analogous to Lemma
2.1.

Lemma 2.3 Let y(t) > 0 be continuously differentiable, h(t) > 0 be locally integrable
on [y, 00), and y' (1) +C1y(t) < h(t) forallt > ty, where C1 > O and ty > 0. Assume
lim sup ftt_l h(s)ds < Cy, then we have limsup y(t) < C2/C1 + 2C».

t— 00 =00

Proof For any sufficiently small ¢ > 0, there exists #; > fy such that ftt—l h(s)ds <
Cr+¢ forallt > 1. We claim that there exists #; > #; such that y(t2) < (C>+2¢)/Cy;
otherwise, y(r) > (Cy + 2¢)/C) for all 1 > t1, which implies that y'(r) < h(t) —
(Cy +2¢)and y(t + 1) < y(t) — ¢ for all ¥ > ¢, a contradiction. So, we have
y(t2) < (Ca2 + 2¢)/Cy for some t» > t1, which together with Lemma 2.1 implies
that y(r) < max{(Ca + 2¢)/C1 + C3, C2/C1 + 2C»} for all + > . Especially,
limsup y(t) < max{(Cy + 2¢)/C + Ca, C2/C1 + 2C3}. Since ¢ > 0 is arbitrarily

—>00

small, we may choose ¢ < C1C3/2 and obtain limsup y(¢) < C»/C + 2C,. This
11— 00
completes that proof. O

Now, we are ready to show that the system is point dissipative.

Theorem2.4 Let Q@ C R? and Xy = WhHPo(Q,Ry). Assume (HI)-(H3). Let
(T, 1,V,Z) be the classical solution of system (1.1) obtained in Theorem 2.2. There
exists C > 0 independent of initial conditions such that

limsup([|[7C, Ollx + G Dllx + 1V DlIx + 112G 0llx) = €. (2.11)

1—0o0

Here, X = W1P0(Q, R) and ||u|x = lell po + VU]l py for u € X

Proof We proceed in the following 12 steps. The first nine steps are similar to the
proof of Theorem 2.2 and the details are omitted. As we shall see in the last step, the
main difficulty lies in the estimate of |V Z||, with p > 1. For convenience, we use
C; (withi = 1,2, ---) to denote large positive constants that are independent of the
initial condition.

Step 1. From the first equation of (1.1), we have 0,7 < dr AT + b(T). By (H1), we
obtain from the comparison principle that lim sup || 7| co < Tp.

11— 00
Step 2. There exist C; > 0 and 7y > 0 such that ||T'||oc < C; for all ¢ > ty. From the
system (1.1), we have

d
E/(T—i—l—i—Z)dxg/[b(O)—i—Cl—T—MII—/LZZ]dx, t>n
Q Q
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which implies that hm sup(lll 1 + 1 Z]l1) < C>. An integration of the third equation
of (1.1) gives hm sup ||V||1 < Cs.

Step 3. There ex1st C4 > Oand #; > 1o such that |[I]|; + [[VI1 + [IZ|l1 < C4 for
all t > #;. For any p > 1, it follows from the second and third equation of (1.1) and
Gagliardo-Nirenberg inequality that

d
—/(1P+V1’)dx+C5/(1P+Vp)dx <Cq, t>1
dt Q Q

which implies that hm sup(||I||p + IVIlp) < C7. Note that C7 depends on p.

Step 4. There exist Cg > 0 and #p > t; such that ||7]3 4+ |V|3 < Cg forall t > 5.
Since we have fixed p = 3, the constant Cg is independent of p. By the third equation
of (1.1), we have

t
Ven) = Iy () [ 1 syds, 12
5]

which together with the estimate of Neumann heat semigroup (Horstmann and Winkler

2005; Kowalczyk and Szymarska 2008) implies that lim sup || V||cc < Co. Similarly,
—0o0

we obtain from the second equation of (1.1) that lim sup ||/ ||cc < Cio-

—0o0

Step 5. There exist C1; > 0 and t3 > t, such that [|T]lco + [ {lloo + |V lleo < C11
for all ¢+ > 13. Let A be the self-adjoint positive operator —A + w7z /[2dz(0)] with
Neumann boundary condition on 9€2. It follows from the second and third equations
of (1.1) that

d 1 1
— / JA~Y2(1 4+ 2))Pdx + — / JA~Y2(1 + 2))Pdx + — / (I + 2)%dx < C3,
dt Jq C12 Jo Ci2 Jo

for t > t3. Hence, we obtain lim sup ftl_l JoI + 7Z)2dxds < Cia.
11— 00

Step 6. From the second equation of (1.1) and Gagliardo-Nirenberg inequality, we
have

d d
—/ |VI|2dx+/ |V1|2dx+—’/ |A1|2dx§C15/ Z2dx + Cis, t > 13,
dt Jq Q 2 Ja Q

which together with Lemma 2.3 implies lim sup(]| V|2 + ff_l ||AI||%ds) < Cis.
—00

Step 7. There exist C17 > 0 and #4 > 3 such that | V||, +f,t_l(||AI||% + ||Z||%)ds <
Cy7 forallt > #4 > 1. It then follows from the fourth equation of (1.1) and Gagliardo-
Nirenberg inequality that

d. .2 2 2
Ellzllz = ClZIZUALI; + 1), t=14.
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For any t > 4 + 1, there exists s € [t — 1, ] such that ||Z(~,s)||2 < Cyy. It then
follows from the above inequality that || Z(-, t) ||% < C17¢8CTHD forall t > 14 + 1.

Especially, limsup || Z||2 < Cj9.
t—>0o0

Step 8. There exist Coo > 0 and #5 > 14 such that ||Z||» < Cyo for all # > #5. An
application of (Kowalczyk and Szymarnska 2008, Lemma 1) to the second equation of
(1.1) gives ||VI|l4 < Co; for t > t5s. For any p > 1, by the fourth equation of (1.1)
and Gagliardo-Nirenberg inequality, we obtain

d
Z”dx+/ ZPdx < Cp, t > ts,
dt Q

which implies that lim sup || Z]|, < C23.
11— 00

Step 9. There exist Co4 > 0 and g > t5 such that || Z||3 < Cp4 forall # > . Applying
(Kowalczyk and Szymariska 2008, Lemma 1), we can derive that || VT || oo + | VI |l co +
IVV s < Cosfort > ts. Based on a modified Moser iteration as in (Tao and Winkler
(2012), Lemma A.1), we can show that || Z(-, t)|| , is ultimately bounded for any finite
p > 0. This together with (Dung 1997, Theorem 1) then gives hm sup [[Z]lco < Crs.

Step 10. There exist Cp7 > 0 and t7 > t such that || Z||oc < C27 for all t > 7. It then
follows from the fourth equation of (1.1) and the Gagliardo-Nirenberg inequality that

d
—/ |VZ|2dx+f IVZ|?dx < Cag, t > 17,
dt Q Q

which implies that lim sup ||VZ||% < Cps.
11— 00

Step 11. There exist Co9 > 0 and 73 > t7 such that |VZ]|, < Cyo for all t > tg.
Denote J := V. It follows from the second equation of (1.1) that

o0J =diAJ —u J+V(T,1,V,Z, VT, J,VZ),
where
W=7 f+0rg)VT + 3 fJ +028VZ —rJZ —rIVZ.
Itis easily seen that |||, < C3gfors > 5. Foreach p € [1, 00), we apply the method
of variations of constants to the equation for J and use the estimates of Neumann heat

semigroup (Horstmann and Winkler 2005; Kowalczyk and Szymariska 2008) to obtain
IVJIlp, < C31 forall t > tg. Especially, limsup [| A7, < C3;.

—00

Step 12. For each p > 1, there exist C33 > 0 and 79 > #g such that [|Al|;, < C33 for
all t > 19. It follows from the fourth equation of (1.1) and Green’s identity that

5 dt/ |v2|2de—/ IVZ|?P72VZ -V (3;Z)dx = K\ + K» + K3, (2.12)
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where
K = _/ V- (IVZP*P72VZ)V - [dz(I)VZ]dx,
Q
Ky = _/ V- (IVZ|*P72VZ)V - [Zd,(1)VI]dx,
Q

K3 = f \VZ*P72VZ - (rINZ +rZVI — uzVZ)dx.
Q

Fort > 19, we have ||[I|looc < C11, [VI|loo < Cozs and || Z||sc < C27. Consequently,

K3 < C34 (/ IVZ|*Pdx + 1) , (2.13)
Q
and
K> < c35/[|VZ|2P*3|V(|VZ|2)| +IVZIPP2IAZN(VZ] + | AT+ 1)dx.
Q

To estimate K1, we apply Green’s identity again and use the identity VZ - V(AZ) =
IA(VZ?) — |V2Z|%, where |V2Z| is the Frobenius norm of the Hessian matrix
V2 Z. 1t is readily seen that

Ki=— / [V(IVZPPP2) - VZIV - [dz(1)V Z)dx
Q

+/ V(IVZ[*’72AZ) - [dz(1)VZ)dx
Q

=K1 + K2 + Ky3, (2.14)
where
K1 =—/[V(|VZ|2P—2)-VZ][d’Z(I)VI-VZ]dx
Q
<Cs6 / VZPP V(Y ZP)ldx, 2.15)
Q

1
K2 :5/ dz(D|VZI*P2A(VZ)?)dx
Q
1 1
== / dz(DIVZPP20,(VZ)dS — / [dy(DIVZ[PP2VI]- V(IVZ])dx
2 Jaa 2 Ja
—1
- ”T/ dz(DIVZPP4V(VZP)Pdx,
Q

K13 :_/ dz(D|VZ*P72|V2Z|%dx < —dz(cu)/ IVZ[*P72|V2Z|3dx. (2.16)
Q Q
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By (Mizoguchi and Souplet 2014, Lemma 4.2), we have |9, (|VZ|?)| < 2« (32)|VZ|?,
where x (9€2) is the maximum of curvatures on 92. It follows that

K12 <k(@Q)dz(0) [ |VZ|*PdS + Cx / IVZI*P2|IV(IVZ|H)|dx
02 Q

_ dZ(CI])z(p - 1) / |V2|2P—4|V(|Vz|2)|2dx
Q

In view of the trace inequality (Souplet and Quittner 2007, Remark 52.9):
lull290) < ellVullp2) + C@lull 2

and Cauchy’s inequality: 2uv < eu® + (1/¢)v? with any small ¢ > 0, we further
obtain

dz(Ci1)(p —

1
K1 < C3g / IVZ|*Pdx — 3 ) f IVZI*P~4v(VZH|dx.
Q Q

(2.17)

Another application of Cauchy’s inequality to (2.15) gives

dz(Ci11)(p —

1
Ki 5c39/ IVZ|*Pdx + 5 )/ IVZ1?P~4v(VZ»)|%dx.
Q Q

(2.18)

Note that |AZ| < +/2|V?Z|x. We apply Cauchy’s inequality again to K, and make
use of ||Al|2p, < C33 to find

—1
SdZ(C‘]1)9(p )/ |VZ|2P_4|V(|VZ|2)|2dx
Q

dz(Cn1)
2

K>

+ / IVZI*P2|V2Z|%dx + c40/ IVZ[*Pdx 4+ Cso.  (2.19)
Q Q

A combination of (2.12), (2.13), (2.14), (2.16), (2.17), (2.18), and (2.19) yields

1 d dz(Ci)(p — 1
——/ |VZ|2pdx+M/ \VZ2P~4 v (IVZ)?)|2dx
2pdt Jo 9 Q

+dz(

c
2“)/ IVZ|2~2|v2Z|Edx 5c41/ IVZ|*Pdx + Cay.
Q Q
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Finally, we use Green’s identity, |AZ| < +/2|V2Z| and Cauchy’s inequality to obtain

(Ca1 +2) / VZ[PPdx
Q
= (C41 + 2)/ (\VZ|?P~2VZ) - VZdx
Q

= —(Ca1 +2) / ZIVZPP2AZ + (p — DIVZPPPAV(VZ?) - VZ1dx
Q

dz(C -1
< Z( 11)9(]7 )/ |VZ|2p—4|V(|VZ|2)|2dx
Q

dz(Cr1)
2

/|VZ|2P—2|VZZ|%dx+C42/ IVZ|>P~2dx,
Q Q
and
c42/ |VZ|2/’_2dx§/ IVZ|*Pdx + Ca3.
Q Q

Consequently, we have

1 d
——/ |VZ|2pdx+/ IVZ|*Pdx < Cua,
2pdl Q Q

which implies lim sup ||VZ||§§ < Cy4.
—00
Therefore, we have proved the point dissipativity of the system. O

Coupling Theorem 2.2 and Theorem 2.4 gives Theorem 1.1.

3 Global dynamics

In this section, we investigate the long-time behaviors of the solutions to the system
(1.1). First, we study the constant steady state £ = (T, I, V, Z) that satisfies the
following equilibrium equations

b(T)=f(I . D+gT,V)=0Z+u)l, V==klI/py, (rl —pz)Z=0.
3.1

In view of (H1) and (H2), one can easily check that (3.1) possibly has three types
of homogeneous steady states: the infection-free steady state Eg := (7p, 0, 0, 0), the
CTL-inactivated steady state E; := (71, I1, Vi, 0), and the CTL-inactivated steady
state £y := (T», I, V>, Z»). In the following subsections, we will analyze the exis-
tence and stability of these steady states.
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3.1 Basic reproduction numbers and local analyses

In this subsection, we will establish the existence and local stability results for constant
steady states. In view of (H1) and (H2), there exists a unique infection-free steady state
Ey = (Tp, 0,0, 0) of (1.1). Linearizing the system (1.1) about E gives two equations

T =dr AT + [0'(T) — 3 f (To, 0) — 3rg(To, 1T — 31 f (To, 01 — dyv g(To, O)V

and 0, Z = dz(0)AZ — nz Z, which do not affect the stability of Eq, and a decoupled
system

0l =di Al + 91 f(To, 0)1 + v g(To, )V — uyl,
oV =dyAV + kI —uyV.

The linear operator on the right-hand side of the above equation can be decomposed
as 7 — V), where

o 31 f(To,0) dvg(To,0) V— —di A+ g 0
= 0 0 » V= —k —dyA+py )

Now, we define the basic reproduction number of viral infection as Ry = p(FV ™),
the spectral radius of the next generation operator 1 ~! on the Banach space X*> =
whro(Q, R?). Let By = 97 f (Tp, 0)(—d; A + ;) ~" be the next generation operator
of direct transmission and B; = kdy g(Tp, 0)(—dy A + py) " (—d; A+ 1) ~" be the
next generation operator of indirect transmission. A simple calculation gives Ry =
p(Bg + B;). Note that the constant function 1 € X is an eigenfunction of B; + B;. It
follows from Krein-Rutman theorem that the corresponding eigenvalue is a principal
eigenvalue; namely,

_ 0f(0,0) | kivg(To.0)
wi wvir

Ry 3.2)

Remark 3.1 The biological interpretation of the above formula is clear. The first frac-
tion gives the average number of newly infected cells through cell-to-cell transmission
during the life span of an infected cell which is introduced to the uninfected target
cells with density 7p. The second fraction counts the average number of new viruses
produced during the indirect transmission cycle when a virus is introduced to the
uninfected target cells with density Ty. These two fractions, denoted by R; and R;,
are also referred to as the basic reproduction numbers of direct and indirect transmis-
sions, respectively. The above formula coincides with the earlier work on viral models
without spatial diffusion (Lai and Zou 2014, 2015; Pourbashash et al. 2014); see also
(Magal et al. 2019) for a similar formula of Ry for an HIV model without immune
response. Since Ry = Ry + R;, itis concluded that the ignorance of either transmission
mechanism will underestimate the basic reproduction number of viral infection.
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Proposition 3.2 Assume (H1)-(H3). If Ry < 1, then the infection-free steady state E
is linearly stable. If Ry > 1, then Ey is linearly unstable.

Proof Since the linearized equations for 7" and Z are stable, it suffices to show that
the decoupled linear system for / and V is stable when Ry < 1 and unstable when
Ry > 1.

If Ry < 1, we claim that all eigenvalues of 7 — ) have negative real parts. Assume
to the contrary, there exist A € C with ReA > 0 and an eigenvalue £ > 0 of —A with
Neumann boundary condition on d€2 such that

det (F T s+ =3 f(To, 00 —dvg(To, 0)
—k A+dvéE+uy

A simple calculation gives

A+dié 91 f(Ty, 0) kay g(Tp, 0)
aREL I :
75} i wr(A+dvé + py)

The modulus of the left-hand side is bounded below by one, while the modulus of the
right-hand side is bounded above by Ry < 1. This leads to a contradiction. Hence, all
eigenvalues of 7 — ) have negative real parts, which implies that Ey is linearly stable.

If Ry > 1, we have —uy (97 f(Tp,0) — ;) — kdyg(To, 0) < 0; namely, the
determinant of

A <31f(T0, 0) —uyr  dvg(To, 0))
k —Hy

is negative. Hence, there exist an eigenvalue A € C with ReA > 0 and an eigenvector
w € R?\ {0} such that Aw = Aw. We regard w as a constant vector-valued function
on 2. It turns out that X is also an eigenvalue of the linear operator 7 — V with
eigenfunction w. Therefore, E|) is linearly unstable. O

Next, we shall study the existence and linear stability of CTL-inactivated steady state
E| = (T1, I, V1, 0). We first show the CTL-inactivated steady state E exists uniquely
if and only if Ry > 1. For T € R, define i(T) = b(T) /g, v(T) = ki(T)/ny =
kb(T)/(x1iev), and

_ ST iT)) | ke(T, v(T))
wuri(T) wrpyo(T)

R(T) T #Tp. 3.3)

When T = Ty, we define

R(To) = lim R(T).
0

Since i (Ty) = v(Tp) = 0, we obtain from L’Hopital’s rule that

i LT 09 f(T0.0) + 01/ (To, 0i'(To) _ 91f (7o, 0)
-1  pri(T) wri'(To) e
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and

o kg (T, v(T)) _ kdrg(To, 0) + dy g(To, 0)v'(To) _ kdvg(To, 0)
T—Ty prpyv(T) wriyv'(To) wypr

In view of (3.2), we obtain R(Ty) = Rp. On account of (H1) and (H2), we have
i"(T) <0,v(T) <0and R'(T) > Ofor T € R,.Next, we shall show that if Ry > 1,
there exists a unique CTL-inactivated steady state E. Noting steady state E satisfies
(3.1), we only need to check that R(T) = 1 has a unique solution. One can easily
check that R(0) = 0, which combined with the facts R’(T") > 0 and R(Ty) = Ry > 1
implies that there exists a unique 77 € (0, Ty) such that R(77) = 1. On the other hand,
we can show that Ry > 1 if E exists. In fact, if E| exists, one has R(T}) = 1, which
together with the facts R(Typ) = Ry and R'(T) > O as well as 0 < T} < Ty, gives
1 = R(T1) < R(Ty) = Ro.
Assuming Rp > 1, we linearize (1.1) about E to find

T =dr AT + [b'(Ty) — or f — 3rglT — 01 fI — dygV,
ol =diAl + @7 f+0rge)T + @1 f —up)l +0ygV —rli Z, (3.4)
GV =dyAV +kI — uyV,

and a decoupled equation

0Z=dz(I)AZ+ (rl} —pnz)Z. (3.5)
Here, the variables of d7 f and d; f are (T, I1), while the variables of dr g and dy g
are (71, V7). We first claim that the system (3.4) (with Z = 0) is stable. Assume to the

contrary, then there exist A € C with ReA > 0 and an eigenvalue & > 0 of —A with
Neumann boundary condition on 9€2 such that

A+drE —b'(T)+0r f + org arf g
det —dr f —org At+diE+ur—orf —dyg =0.
0 —k A+dvE+ ny

A simplification of the above equation gives

[1+ or f +0rg }<1+A+d1§>zﬂ kdy g
A +dr§ —b'(Th) w1 wr urGedvé +py)
Taking modulus on both sides yields
a ko k
Lo uf L Kive _ f & .

wr o wipy ol oprpy Vi

a contradiction. Therefore, the linearized system (3.4) for 7', I, V (with Z = 0) is
stable. The local stability of E is then determined by the stability of (3.5); namely,
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by the sign of Ry — 1, where

I
R =L (3.6)
nz

is the basic reproduction number of the immune response. We summarize the above
results in the following proposition.

Proposition 3.3 Assume (HI)-(H3). The CTL-inactivated steady state E| exists
uniquely (i.e, 0 < Ty < To, I1 > 0 and Vi > 0) if and only if Ry > 1. More-
over, if Ry > 1, then E is linearly stable when Ry < 1 and linearly unstable when
Ry > 1.

Finally, we shall study the existence and locally asymptotic stability of the CTL-
activated steady state E, = (T», I», V>, Z»).Infact, we have the following proposition.

Proposition 3.4 Assume (H1)—(H3). The CTL-activated steady state E; exists uniquely
(e, 0 <Th <Tp, b >0, Vo >0and Zy > 0) ifand only if Ry > 1 and Ry > 1.
Moreover, E; is linearly stable whenever it exists.

Proof From (3.1), we have Iy = uz/r and Vo = kuz/(ruy). To prove the existence
of E», it suffices to show that H(T, I>, V>) = 1 has a unique solution 7> € (0, Tp)
such that b(T3) > I and then Zp = [b(T2)/1> — 1t1]/r, where

ST, D+, V)
b(T)

H(T,I,V) =

is strictly increasing in 7', I, V due to (H1)-(H2). To achieve this, we observe that
Ry > 1 gives I} > puz/r, whichentails Iy > uz/r = I and V| = kI1/uy > Va.
Consequently, H(Ty, I, V) < H(Ty, I1, V1) = R(Ty) = 1. Since H(T , I, V2) —
oo as T approaches Ty from the left, the equation H(T, I>, V») = 1 has a unique
solution T» € (Ty, Ty). Moreover, noting the fact that »'(T) < 0 in (H1), we obtain
b(Tr) > b(T) = pily > prls.

Next, we show that Rgp > 1 and R; > 1 are necessary conditions for the existence
of Ej. In fact, if Ej exists, then Zy > 0 implies 7o < Ty, I < b(Th)/nu; = i(Tr)
and Vo = kb /uy < kb(T»)/(urmy) = v(T2). Consequently, using the definition of
R(T)in (3.3),one has 1 = H(T», I, V3) < R(T3). It then follows from 7> < Tp and
(H1), as well as the fact R’(T) > 0, one has Ry = R(Ty) > R(T>) > 1. We now claim
R{ > 1. Otherwise, I1 < uz/r = I, which implies b(T3) > pu;lr > prly = b(Ty).
By (H1), we have T1 > T,, which gives R(72) < R(T;) = 1, a contradiction.

From the above argument, we also note that there exists at most one CTL-activated
steady state. Linearizing (1.1) about E3 gives

T = dr AT +[b/(T) —or f — drglT — 9, fI — dygV,

ol = diAl+[0rf +0rglT +[01f —rZy — puill +0vgV —rhZ,
oV = dyAV +kl —uyV,

0,Z = dz(Ih)AZ +d/Z(12)Z2AI +rZsl,
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where the variables of o7 f and d; f are (T3, I3), while the variables of dr g and dy g
are (T, V2). We will prove by contradiction that all eigenvalues of the linear operator
corresponding to the above linear system have negative real parts. Assume to the
contrary that there exist A € C with ReA > 0 and & > 0 such that det(A + B) = 0,
where

dr&—b'(T)+or f+org orf vg 0
B— —orf —org dis+ur+rZ,—or f —dyg rlp
0 —k dvE+puy 0

0 —[r—d,(12)§1Z, 0 dz ()&

A simple calculation gives

<1 n 3Tf+3Tg) <1 n A +dig n rh[r —dy(1)&] )
A+dré wr+rZy  (ur+rZ)[h+dz(1r)E]
_ orf n kdy g
wr+rZy  (up+rZ)(h+dvé +py)

Taking modulus on both sides gives

. arf kdvg f n kg _
wr+rZa opy(ur+rZy) T (ur+rZa)h o opy(pr+rZ)Ve
a contradiction. This completes the proof. O

3.2 Global dynamics: global attractivity and uniform persistence

In this subsection, we will establish global dynamics of the solution semiflow ®(¢)
for system (1.1) with an initial condition in Xi. To obtain the compactness of the
solution semiflow, we first improve the regularity of the solution obtained in Theorem
2.2. More precisely, we have the following results:

Lemma 3.5 Assume (HI)-(H3). Let (T, 1,V , Z) be the non-negative global classical
solution of the system (1.1) obtained in Theorem 2.2. Then there exist o € (0, 1) and
¢ > 0 such that

IT.1.V.2)],

o - <c
20145 (Qx(1,00) —

Proof From Theorem 2.2, we can find two positive constants cy, ¢; such that
O0<T(x,1),I(x,1),V(x,t), Z(x,t)<cy, |VI(x,1)] < crforallxeQand r > 0.

We rewrite the fourth equation of (1.1)as 3;Z =V - A 4+ B where A = dz(I)VZ +
d,(IN)ZVI and B =r1Z — pzZ. Obviously, |B| < c3 and |A| < dz(0)|VZ| + c4.
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By (H3) and Cauchy’s inequality, we also have

d
A-VZ=d;(D|IVZ*+ d,(I)ZVI-VZ > #Wzﬁ — ¢s.
Thus, we apply the Holder regularity for quasilinear parabolic equations (Porzio and
Vespri 1993, Theorem 1.3 and Remark 1.4) to obtain ”Z”C“'% (@x[1.00) < c¢¢. More-
over, applying the standard parabolic Schauder theory (Ladyzhenska{ya etal. 1968) to
the system (1.1), one has

I(T.1,V, Z)||C2+o,1+%(s-2>< c7,

<
[1,00)) =
which completes the proof. O

From Lemma 3.5, we observe that, for any > 1 and a bounded set B in Xi, the
set @(7)B is bounded in C2($2, Ri) and thus precompact in Xi = WhroQ, Ri)
for po > 2. This implies that the solution map ®(¢) : Xi — Xi is compact for all
t > 1. Recall from Theorem 2.4 that ®(¢) is point dissipative. It then follows from
(Hale 1988, Theorem 3.4.8) that the system admits a nonempty global attractor in Xﬂ‘r.
Next, we obtain the uniform persistence of solution which will be used to prove the
globally asymptotic stability of steady states.

Proposition 3.6 Assume (H1)-(H3). Let (T, 1,V , Z) be the non-negative global clas-
sical solution of the system (1.1) with an initial value in [X4 \ {0}*. There exists
8o > 0 such that

lim inf min 7 (x, t) > &p.
— 00 er

If Ry > 1, then there exists §1 > 0 such that

lim inf min min{/ (x, 7), V(x, 1)} > &;.
—00 xeQ

Proof In view of the first equation of (1.1), (H2) and (2.11), we find Cy > Oand 7y > 0
suchthat 0;T > dr AT +b(T) — CyT forallt > ty. By (H1), there exists §g € (0, Tp)
such that b(§p) — Cpdp = 0. Comparison principle gives litrg ggf T (x,t) > &g for all
x € Q.

When Ry > 1,wedenote X} = X4 x[X 4 \{0}1*x Xy and 3X) = (X4 x{0}xX2)U
(X%F x {0} x X4). By strong maximum principle, the largest positively invariant set in
a1 1s M1 = X4 x {0} x {0} x X;. On M1, the system (1.1) reduces to two decoupled
equations 0;T = dr AT + b(T) and 0;Z = dz(0)AZ — puzZ. 1t is readily seen
that Eg = (Tp, 0, 0, 0) is globally attractive on M. Following the idea in (Smith and
Zhao 2001), we introduce a generalized distance function n; (u) = min, g ;_ 3 i (x)
foru € Xi. It follows from strong maximum principle that 71 (®(t)¢) > 0 for all
¢ € AXp. Note that 771_1(0, 00) C AXj. Hence, the condition (P) in (Smith and Zhao
2001, Section 3) is verified. Now, we claim W*(Egy) N nfl (0, 00) = (. Assume to the
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contrary that there exists a solution (7', I, V, Z) with initial condition in &’ such that
tlim (T, 1,V,Z)=(Ty,0,0,0). There exists t; > 0 such that
—00

0l > di Al + (1 — )07 f(To, 001 + 0y g(To, V] — usl,
WV =dyAV +kI —pyV,

where ¢ = (1 — 1/Rp)/2 > 0. On account of Perron-Frobenius theorem, we let
I, V) € Ri be a positive eigenvector of the matrix

((1 —&)31 f(To,0) —ur (1 —e)dyg(To, 0))
k %

corresponding to the principal eigenvalue A; > 0. There exists ¢; > 0 such that
cil(x,t;) = I, and c1V(x, 1) > V, for all x € Q. It then follows from comparison
principle that I(x,t) > e[ /ey and V(x,1) = MUV, /ey forall 1 > 1.
This contradicts to the assumption that /(x,#) — 0 and V(x,?) — Oast — oo.
Thus, the stable set of Ey does not intersect r;l_l (0, 00). By (Smith and Zhao 2001,
Theorem 3), there exists §; > 0 such that litrgiogf p(@O(t)p) > 5 forany ¢ € X;. O

Now, we are ready to prove the global attractiveness of steady states via the Lya-
punov function technique and LaSalle invariance principle. Together with locally
asymptotic stability obtained in Sect. 3.1, we will actually obtain globally asymptotic
stability of steady states (under certain conditions). First, we shall establish global
attractiveness of the infection-free steady state Eg = (7p, 0, 0, 0) based on the fol-
lowing Lyapunov function:

1
Lo(T, I, V,Z):= 3 / [kI* + 3y g(Ty, 0)V]dx. (3.7)
Q

Here, and in the forthcoming content, a Lyapunov function is a differentiable and
non-negative functional on a subset of Xi which is positively invariant with respect
to the solution map ®(¢). For instance, we define Lo on the subset

Do ={¢ = (¢1, ¢2, b3, ¢4) € XL : 1 (x) < To). (3.8)

The positive invariance of Dy follows from the non-negativity of f and g, (H1) and a
direct application of the comparison principle on the first equation of (1.1). Moreover,
the omega limit set w(¢) C Dg forany ¢ € Xi. The main step in the Lyapunov func-
tion technique is to construct a suitable Lyapunov function that is non-increasing along
the solution trajectory. When restricted along a solution (7', I, V, Z), the Lyapunov
function can be always regarded as a single-variable function of t € R.

Theorem 3.7 Assume (HI1)—(H3). If Ry < 1, then the infection-free steady state E is
globally attractive. If Ry < 1, then Ey is globally asymptotically stable.
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Proof On account of the second and third equations of system (1.1), we obtain from
(3.7) and Green’s identity

dc
=0 _ —kd,/ IVI|2dx —ng(To,O)dv/ IVV|?dx —rk/ I’Zdx —ku,/ Idx
dt Q Q Q Q

—Mvavg(ro,())f Vzdx+k/ If(T,I)dx—Hc/ I1(g(T, V) + dyg(Ty, 0)V)dx,
Q Q Q

Since Dy in (3.8) is positively invariant, we have || T || oo < Tp. Itthen follows from (H2)

that f(T, 1) < f(To, 1) < 01 f(To,0)I and g(T', V) = g(To, V) = 9rg(Tp.0)V.
Substituting these into the above equation gives

azo

T S/k[alf(To,O)—Ml]lzdx+/ 2k3vg(T0,0)1de—/ v dvg(To, 0)V>dx
Q Q Q

k
= —pydvg(To, 0>f (V — —D?dx + kpi(Ro — 1>f I*dx <0,
Q 1294 Q

because Ry < 1. The largest positively invariance set of dLo/dt = 0 in Dy is a sin-
gleton {Ep}. Obviously, w(¢) € Dy for any ¢ € Dy. By LaSalle invariance principle,
Ej is globally attractive in Dg; namely, Dy is a subset of W*¥(Ey), the stable set of
Ey. Now, for any initial value ¢ € Xi, the omega limit set w(¢) is internally chain
transitive (Zhao 2017, Lemma 1.2.1) and w(¢) C Dy. On account of (Zhao 2017,
Theorem 1.2.1), Eg is globally attractive in Xi. If further, Ry < 1, then Proposition
3.2 implies that E is actually globally asymptotically stable. O

If Ryp < 1, one may use a similar argument as in (Bai and Winkler 2016) to prove
the global attractiveness of Eg. However, for the critical case Ry = 1, we shall apply
the LaSalle invariance principle as in the above proof.

Next, we will explore the conditions for the global stability of £y = (T1, I, Vi, 0)
and Er, = (T, b, V», Z»). To this end, we assume that the incidence functions take
the following forms:

H4) f(T,I) = ho(T)hy(I) and g(T,V) = ho(T)h;i(V), where hg, hg, h; €
C2(Ry).

Remark 3.8 We should point out that hypothesis (H4) is not stringent, because it can be
satisfied by many forms of f (7', I) and g(7T, V) including the mass action incidence
f(T, 1) = BaTI, g(T,V) = BTV used in simulations, see Sect. 4.1 for details.
In fact, hypothesis (H4) is only used to prove the global stability of the homogeneous
steady states £ and E». For the linear stability of Eg, £, E> and the nonlinear stability
of Ey, hypothesis (H4) can be removed. Hence, it is natural to study the global stability
of the CTL-inactivated/activated steady state without assumption (H4) in our future
work.
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Similar as in (Magal et al. 2010), we make use of the function # — 1 —In u to define
the following Lyapunov function:

T ho(T I
LT, 1,V,Z) ;:/ (T—T] —/ o l)de)der/ (I—Il—llln—>dx
Q 7, ho(0) Q I

3.9
ho(T1)hi (V1) (
+ - 7 7
uy Vi Q

\%
V—Vl—Vlln—>dx+/de
Vi Q

on the positively invariant subset

D1 = {¢p = (¢1, b2, P3, ¢4) € Xi c¢i(x) > Oforalli =1,2,3 and x € Q).
(3.10)

For any increasing function # € C(Ry,R;) and any up > O, the function
1 — h(up)/h(u) is increasing on (0, co) with a unique zero at ugp. Consequently,

the function
‘— _/“ h(uo)de _ /“ <1 B h(u0)>d9
uy 1(0) uo h(0)

is non-negative on (0, co) with a unique minimum at u¢. Especially, when h(0) = 6,
we have u —ug —ug In(u/ug) > 0 for all u > 0. Therefore, the Laypunov function in
(3.9) is non-negative and achieves its unique minimum value O at £y = (71, I1, V1, 0).
Under the assumption (H4), we can rewrite the basic reproduction numbers Ry in (3.2)
as

ho(To)hy(0)  kho(To)h;(0)
Ry = + .
i Wiy

Theorem 3.9 Assume (HI)-(H4). If Ry > 1 and R, < 1, then the CTL-inactivated
steady state E1 is globally asymptotically stable. If Ry > 1 and Ry < 1, then E is
globally attractive.

Proof On account of (1.1) and (H4), we have

acy ho(T1) I
— _/Q [1 - m} (dTAT)dx—i—/Q (1 - 7) (drAl)dx

+/ ho(TD)hi (V1) (1 —ﬂ> (dVAV)dx+/ A[dz(I)Z]dx-I—/ Midx,
Q Q )

JIAA%| Vv
where
ho(T; I
My =[1— hO( ')]b<T)+ho(T1)[hd<1>+h,-(V>]—iho(T)[hd<1)+h,»(V)]
o(T) I
ho(T))h; (V kv I
bl - 1y + MoIDR ) (kl — v — A8 +uvv1> ol - uz)Z.
wy Vi 14
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Note from (H2) and (H4) that &, > 0. This together with Green’s identity implies that
the first integral in the expression of d L1 /dt is no more than zero. Similarly, it follows
from Green’s identity that the second and third integrals are non-positive, while the
fourth integral equals zero. Therefore, dL;/dt < fQ Midx.

Next, we will show that M < 0. Since E| = (11, 11, V1, 0) satisfies the equations
(3.1) and Ry = rli/uz, we can rewrite b(T) = b(T) — b(Ty) + ho(T))[ha(1}) +
hi (VD1 ur = ho(TDha (1) +hi (VD1/ I,k = py Vi/I,and rly —puz = uz (R —
1). Consequently,

_ [y (1) _ _
My = [1 To(T) } [b(T) —b(T)]+ puz(R1 — DZ
+ho(T)[ha (1D M1 4 hi (V)M 2], (3.11)

where
My =1 — ho(T) | ha(I) — Itho(T)ha(I) I

ho(T)  hq(l1)  Tho(T1)ha(I1) I’

ho(Ty) — hi(V)  Iitho(T)hi(V) r 1 v Wi
My =1 — - T A S

2 ho(T) ~ hi(V1)  Tho(T)h; (V1) L * L Vi Vi *

By adding and subtracting 2 — Z’;fd((l }; we obtain

My = [3 _ ho(Ty) — Iiho(T)ha(I) ]hd(ll)] [hd(l) - I ]hd(ll)]
ho(T)  Tho(Ty)ha(ly)  Liha(I) ha(1y) L Lihg(D]’
_ [3 _ho(T)  Itho(T)ha(I) ”’ld(ll)] n [ ha(I) 1} [1 3 ”’ld(ll)]
ho(T)  Tho(Ty)ha(ly)  Liha(I) ha(Iy) Liha(D ]’
Similarly, by adding and subtracting 3 — “flh};i(:(}; we obtain

ho(Ty) — Liho(Dhi(V) — Vhi(V))  IVi]
ho(T)  Tho(T)hi(Vi)  Vihi(V) LV |
[hi(V) 1 v n Vhi(Vl)i|

hi (V1) Vi Vihi(V)

M = [4—

ho(Ty) — Liho(T)hi(V) — Vhi(VD)  IV1]
L ho(T)  Tho(TV)hi(Vi)  Vihi(V) LV ]

hi hi

+[ l(V) . 11| |:1 _ 1% z(Vl):|_

hi (V1) Vihi (V)
On account of (H2) and (H4), we have 4/, > 0 and k), < 0. This together with
Cauchy’s inequality implies Mj; < 0. Similarly, we obtain from (H2), (H4) and
Cauchy’s inequality that M2 < 0. Moreover, in view of (H1), (H2) and (H4), we
have b’ < 0 and h(, > 0. Hence, the first term in the expression of M in (3.11) is

non-positive. The second term is also no more than zero when R; < 1. Combining
these with non-positiveness of M and M, yields M; <0OanddL;/dt <O0.

—|4—
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The largest positively invariant set of dL;/dt = 0 in Dy is a singleton {E1}.
Since w(D1) C D by Proposition 3.6, we apply LaSalle invariance principle to find
Dy C W?¥(E;). Now, we consider the initial condition ¢ € [X; \ {0}]4. It again
follows from Proposition 3.6 that w(¢) C D;. By (Zhao (2017), Lemma 1.2.1), w(¢)
is internally chain transitive. An application of (Zhao 2017, Theorem 1.2.1) yields
w(¢) = E1. This proves global attractiveness of Ep in [X4 \ {0}]4 when Ry > 1 and
Ry < 1. If further, R; < 1, then we obtain from Proposition 3.3 that E is globally
asymptotically stable in [X;. \ {0}]*. |

The following result gives uniform persistence in Z when both Ry > 1 and R; > 1.

Proposition 3.10 Assume (HI)-(H4). Let (T, 1,V , Z) be the solution of (1.1) with
initial condition in [X4+ \ {0}]4. If Ro > 1 and Ry > 1, then there exists §, > 0,
independent of initial condition, such that

liminf min Z(x, t) > §,.
t—00 er

Proof Define X» = X, x [X, \ {0}]? and 045 = X x [X;\{0}]* x {0}. Let M, be
the largest positively invariant set in dX>. Using a similar argument as in the proof of
Proposition 3.6, we find that £y = (71, I, V1, 0) is globally attractive on M>. Now,
we introduce a generalized distance function 7, (1) = min g u4(x) for u € Xi. It
follows from strong maximum principle that 1 (®(t)¢) > 0 for all ¢ € A>. Note that
ny ! (0, 00) C AX,. Hence, the condition (P) in (Smith and Zhao 2001, Section 3) is
verified. We are left to show that W¥ (E1) N, ! (0, 00) = (. Assume to the contrary that
for some initial conditionin X, the solution (T, I, V, Z) — (T4, 11, V1,0)ast — oo.
There exists t; > Osuchthatd;Z > Aldz(I)Z]+¢e2Z,whereer = (rlpa—pnz)/2 > 0.
By comparison principle, we have fQ Z(x,t)dx > ef2(t—1) fQ Z(x, tr)dx, which
contradicts to the assumption Z — 0 as t — oo. Therefore, we obtain from (Smith
and Zhao 2001, Theorem 3) that litrg (i)gf P2(O(t)¢p) > § for some §> > 0 independent

of the initial condition ¢ € X5. O

Next, we shall prove the global attractiveness (as well as globally asymptotic stability)
of E, = (T», I, V2, Z») based on the following Lyapunov function:

T ho(T2) 1
Lo(T, 1,V,2) :=f (T -1 —/ —d@)dx+f <1 —12—121n—)dx
Q T h0(9) Q 12

N ho(T2)hi(V2) (
vy Va Q

Z
+/ <Z—Z2—Z21n—>dx
Q Zy

defined on the positively invariant set

1%
V-V,—Voln— )dx
2 2 Vz)

Dy = {¢p = (1,2, 3, ¢1) € X} : ¢ (x) > Oforalli =1,2,3,4and x € Q}.
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Similar to D defined in (3.10), the set D; is positively invariant but not closed. For
any ¢ € D;, we have O(t)¢ € D,. However, to show that w(¢) € D;, we need to
make use of the persistence results in Propositions 3.6 and 3.10.

Theorem 3.11 Assume (H1)—(H4). Let (T, 1,V , Z) be the solution of (1.1) with initial
condition in [X4 \ {O}]*. If Ry > 1 and Ry > 1, then the CTL-activated steady state
E, is globally asymptotically stable provided

Z |1dy (D)
d; > == max —%——. (3.12)
41 0<i<co dz(I)

Proof Using a similar argument as in the proof of Theorem 3.9, we obtain after a
tedious calculation and an application of Green’s identity that d £, /dt = fQ Moadx,
where

drho(T2)hy(T) VT - dyho(T2)hi(V2)

My = W' wy V2 vvr
S 22D gzp 22D ) vz
hd(l) Ihd(IZ)
ho(To)ha (L — L) 1-
+ ho(T2)ha 2)( () )( Izhd(1)>
+ ho(T2)h; (V2) <h ) 1) (1 Vohi (V))

ho(T
+<1— o 2))[b(T)—b(T2)]
+ ho(T2)ha(12) (

ho(T)
_ ho(Ta)  Dho(T)ha(I) Ihd(12)>
ho(T)  Tho(T2)ha(l2)  Lha(l)
ho(Ty) — Dho(Dhi(V) — Vhi(Va) ﬂ)
ho(T) — Tho(Thi(Va) — Vahi(V) — LV

+ ho(T2)h; (V2) <

The first line in the expression of M5 is obviously no more than zero. The second
line is bounded by zero due to (3.12). The last five lines are also no more than zero
because gy, > 0, h; > 0, h; > 0 and b’ < 0. Consequently, we have M, < 0 and
dLy/dt < 0. The largest positively invariant set of dL,/dt = 0 in D is a singleton
{E»}. For any ¢ € D>, it follows from Propositions 3.6 and 3.10 that w (¢) € D;. By
LaSalle invariance principle, D, C W*(E3). Now, for any ¢ € [X, \ {0}]*, thanks to
Propositions 3.6 and 3.10, we still have w(¢) C D,. Moreover, (Zhao 2017, Lemma
1.2.1) implies that w(¢) is internally chain transitive. By (Zhao 2017, Theorem 1.2.1),
E» is globally attractive. This together with Proposition 3.4 gives globally asymptotic
stability of E5 in [Xy \ {0}]*. o

A combination of Theorem 3.7, Theorem 3.9, and Theorem 3.11 gives Theorem
1.2.
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4 Simulations and discussions
4.1 Simulations

In this subsection, we conduct some numerical simulations of our model with specific
functions

b(T)=he—purT +MT(A —T/Kr), f(T,1)=BTI, g(T,V)
=BTV, dz(I) =dye".

The parameter values are chosen to be consistent with the studies in the literature
(Komarova et al. 2003; Li and Shu 2012; Shu et al. 2014):

Ae = 10, ur =0.02, A; = 0.005, K7 = 1500, B4 = 0.003, B; = 0.0027,
wr=3, py =24, uz =03, rr=rp=r=0.3, k=3,
dr =0.01, d; =0.01, dy =0.1, dyp = 0.01.

One of the simple positive and decreasing functions is the exponential function, so
we choose dz(I) = dye~! with dy = 0.001. The values of the diffusion coefficients
dr, dj, and dy are arbitrarily chosen. Based on the theoretical results, the diffusion
coefficients do not affect the global dynamics. The constant growth rate A, and the
logistic growth rate A; of the targeted cells as well as the cell-to-cell infection rate 84
are also arbitrarily chosen. The removal rate of infected cells r; and the recruitment
rate of CTL r, will be varying from 0.3 to 1 to simulate two cases Ry < 1 and Ry > 1,
respectively; noting that 1 = 1in (Li and Shu 2012; Shu et al. 2014). The descriptions
and references for other parameters are listed in Table 1.

It can be calculated that 7y & 589. The domain is set to be 2 = (0, 1) x (0, 1).
We choose the initial condition as a perturbation of infection-free steady state £y =
(Tp, 0,0, 0):

T(x,0)=To, I(x,0) = V(x,0) = Z(x,0) = e~ 100[1=0.5+(x2-05)]

Table 1 Parameter values and descriptions

Parameter value Description Reference

nr = 0.02 Death rate of targeted cells (Li and Shu 2012)

Kr = 1500 Carrying capacity of targeted cells (Li and Shu 2012)

Bi = 0.0027 Virus-to-cell transmission rate (Li and Shu 2012)

ny =3 Death rate of infected cells (Li and Shu 2012)

ny =24 Death rate of virus (Li and Shu 2012)
k=3 Production rate of virus (Li and Shu 2012)

nz =03 Death rate of CTL (Komarova et al. 2003)
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T(x,0) T(x,1000)

a7o.58887912
a70.5888791
470.58887908

a70.58887906

1 o.1 o0.91789
o.91788
0.91787

o o.91786
1 1

Fig.1 The CTL-inactivated steady state E is globally asymptotically stable when Ry > 1 and R < 1

V(x,1) V(>x,1000)

0.3 0.03 0.41098434

0.2 o.02

7 0.410984335

0o.1 0.01 220305

0.41098433
1

1

o o o o

Fig.2 The CTL-activated steady state E; is globally asymptotically stable when Ry > 1 and Ry > 1

From (3.2) and (3.6), we calculate Ry &~ 1.25 and R; = 0.73. By Theorem 3.9, the
CTL-inactivated steady state E; = (T1, I1, V1, 0) is globally asymptotically stable,
where 771 =~ 471, I} ~ 0.73, and V| = 0.92. The global dynamics of the model are
illustrated in Fig. 1.

Next, we increase the parameter value r = 1 such that the basic reproduction
number of immune response becomes R; ~ 2.45. By Proposition 3.4, there exists
a unique CTL-activated steady state E, = (T3, I, V2, Z»). It can be calculated that
T, ~ 535, 1, ~ 0.30, V, ~ 0.38 and Z, ~ 0.41. Moreover, (3.12) can be verified:

Z 1d,(DP? z doZ
22y U2 dol?e" = 2222 % 0.0018 < 0.01 = dj.
41 o<i<co dz(I) 4], 0<I<oco Le?

An application of Theorem 3.11 gives global asymptotic stability of E»; see Fig.2.

We have conducted several numerical simulations (not shown here) with different
choices of the parameter values including the diffusion rates, and selected different
types of the positive and decreasing function dz (). The simulation results all coincide
with our theoretical conclusions.
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4.2 Discussions

We considered a general viral infection model with cell-to-cell transmission and
immune chemokines. The global existence and ultimately boundedness of the solution
were obtained via a priori energy estimate. We introduced the basic reproduction num-
ber of infection R and proved that it is the threshold parameter to determine extinction
and persistence of viral infection; namely, the unique infection-free steady state Ej is
globally asymptotically stable if Ry < 1 and globally attractive if Ry = 1, while the
viral infection will be uniformly persistent if Ry > 1. When Ry > 1, there exists a
unique CTL-inactivated steady state Ej. We defined another basic reproduction num-
ber of the CTL immune response R; which determines the threshold dynamics of CTL.
To be more specific, if Ry < 1 then E| is globally asymptotically stable; if R = 1
then E| is globally attractive; and if Ry > 1 then there exists a unique CTL-activated
steady state £, which is globally asymptotically stable.

The assumptions (H1)—(H4) are biologically relevant and mathematically broad. For
instance, the nonlinear infectionrates f (7, 1) and g(7T', V') generalize most commonly
used functional responses of Holling’s type I and II; and the growth function b(T)
includes a linear function b;(T') = A, — urT plus a possible nonlinear mitosis rate
bm(T) as long as b, (T) < ur for all T > 0. In the numerical simulation, we
chose a logistic growth b,,(T) = MT(1 — T/Kr) with &; < wr. It is worth to
remark that Hopf bifurcation may occur if A; > wur; see (Li and Shu 2012). Thus,
the monotonicity condition b'(T) < 0 is important to establish the stability results of
steady states. In the proof of Theorem 3.11, we made a technical assumption (3.12) so
as to construct a suitable Lyapunov function which is non-increasing along the solution
semiflow. Numerical simulations (not shown here) suggest that this assumption could
be removed; namely, the statement of Theorem 3.11 remains valid without the technical
assumption (3.12). We leave this problem for further investigation.

There are some possible generalizations of our model. One extension is to incor-
porate the intracellular delays during viral infection (Lai and Zou 2014; Li and Shu
2012; Shu et al. 2013) and time lags in the process of immune response (Fenton
et al. 2006; Shu et al. 2014). Another extension is to replace the term A[dz([)Z] =
V - [dz(I)VZ + d,(I)ZV 1] with a more general term of diffusion and chemotaxis
V-ldz(I)VZ — x(1)ZV1]; see (Jin and Wang 2021). It is expected that the extended
model with time delays and more general chemotaxis will exhibit more rich dynamics.
We will provide a detailed study of this extended model in a forthcoming paper. On
the other hand, for the two-component system with degenerate motility, the global
existence of weak and generalized solutions for a large class of dz(I) with various
decay behavior (Winkler 2023a,b, c; Li and Winkler 2023; Li and Wang 2023) have
been established, hence it is an interesting issue to study the solution behavior for the
system (1.1) with the degenerate motility, that is dz(/) = 0as [ = 0.
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