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We propose a general model to investigate the joint impact of viral diffusion and
cell-to-cell transmission on viral dynamics. The mathematical challenge lies in the
fact that the model system is partially degenerate and the solution map is not
compact. While the simpler cases with only indirect transmission mode or weak
cell-to-cell transmission mode have been extensively studied in the literature, it
remains an open problem to understand the local and global dynamics of fully
coupled viral infection model with partial degeneracy. In this paper, we identify the
basic reproduction number as the spectral radius of the sum of two linear operators
corresponding to direct and indirect transmission modes. It is well-known that viral
mobility may induce infection in low-risk regions. However, as diffusion coefficient
increases, we prove that the basic reproduction number actually decreases, which
indicates that faster viral movements may result in a lower level of viral infection.
By an innovative construction of Lyapunov functionals, we further demonstrate
that the basic reproduction number is the threshold parameter which determines
global picture of viral dynamics. In addition to the traditional dichonomy results of
extinction and persistence as obtained in earlier works for many simpler models, we
are able to prove global asymptotic stability of infection-free steady state and global
attractiveness (as well as uniqueness) of chronic-infection steady state, depending
on whether the basic reproduction number is smaller or greater than one. Numerical
simulation supports our theoretical results and suggests an interesting phenomenon:
boundary layer and internal layer may occur when the diffusion parameter tends to
Z€ro.
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RESUME

Nous proposons un modele général pour étudier 'impact conjoint de la diffusion
virale et de la transmission de cellule & cellule sur la dynamique virale. Le défi
mathématique réside dans le fait que le systéme modeéle est partiellement dégénéré
et que la carte des solutions n’est pas compacte. Alors que les cas les plus simples
avec uniquement un mode de transmission indirecte ou un mode de transmission
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de cellule a cellule faible ont été largement étudiés dans la littérature, il reste
un probléme ouvert pour comprendre la dynamique locale et globale du modele
d’infection virale entierement couplé avec dégénérescence partielle. Dans cet article,
nous identifions le nombre de reproduction de base comme le rayon spectral de
la somme de deux opérateurs linéaires correspondant aux modes de transmission
directe et indirecte. Il est bien connu que la mobilité virale peut induire une infection
dans les régions a faible risque. Cependant, & mesure que le coefficient de diffusion
augmente, nous prouvons que le nombre de reproduction de base diminue réellement,
ce qui indique que des mouvements viraux plus rapides peuvent entrainer un niveau
inférieur d’infection virale. Par une construction innovante des fonctionnelles de
Lyapunov, nous démontrons en outre que le nombre de reproduction de base est le
parameétre de seuil qui détermine 'image globale de la dynamique virale. En plus des
résultats de dichonomie d’extinction et de persistance traditionnels obtenus dans des
travaux antérieurs pour de nombreux modeéles plus simples, nous sommes en mesure
de prouver la stabilité asymptotique globale d’un état d’équilibre sans infection et
Pattractivité globale (ainsi que 'unicité) d’un état d’équilibre d’infection chronique,
selon si le nombre de reproduction de base est inférieur ou supérieur & un. La
simulation numérique soutient nos résultats théoriques et suggeére un phénomene
intéressant : la couche limite et la couche interne peuvent se produire lorsque le
parameétre de diffusion tend vers zéro.

© 2020 Elsevier Masson SAS. All rights reserved.

1. Introduction

Recently, there has been growing interests in the study of partially degenerate reaction-diffusion systems
(see, for example, [11,30,34,35]). The reason for this is twofold: mathematical challenges and practical
applications. On one hand, a partially degenerate reaction-diffusion system is a system that couples partial
differential equations (PDEs) with ordinary differential equations (ODEs). Since there are no diffusion terms
in those ODEs, the associated solution maps are not compact, which brings in some technical difficulties in
analyzing the model dynamics as many theories of dynamical systems require compactness of the solution
maps. To overcome the noncompactness issue, one may employ the Kuratowski measure of noncompactness
([3]) and a generalized Krein-Rutman Theorem [18]; see more related techniques in [15] and references
therein. On the other hand, many biological processes can be modeled by partially degenerate reaction-
diffusion systems. For instance, for hepatitis B virus (HBV) infection, susceptible target cells and infected
cells are hepatocyte and cannot move under normal conditions, while viruses can move freely in liver.
Based on this fact, a partially degenerated reaction-diffusion system was proposed in [32] to study the
propagation of HBV with spatial dependence; see also [8,30]. Note that in the aforementioned works, only
cell-free infection mode was considered for the viral infection. However, it has been recognized that there
is another major viral infection mode, namely, the cell-to-cell infection mode [16,23], which allows viral
particles to be transferred directly from an infected source cell to a susceptible target cell through the
formation of virological synapses [5,12]. The impacts of both the cell-free and cell-to-cell infection modes
on viral dynamics were recently discussed in [9,25].

It seems to be a challenging problem to investigate joint impact of viral diffusion and cell-to-cell trans-
mission on viral dynamics. Even the definition of basic reproduction number is not an easy task. So far
as we know, there is only one partial result in [31] where the so-called “basic reproduction number” was
introduced under a crucial assumption that cell-to-cell transmission is too weak to initiate viral infection
alone. If the assumption is violated, this quantity is not well-defined or even becomes negative. As we shall
see later, the so-called “basic reproduction number” is incorrectly defined because the decomposition of lin-
earized operator about infection-free steady state in [31] is not biologically relevant, though it still defines a
threshold parameter under the assumption of weak cell-to-cell transmission. It has been revealed that more
than half of viral infections are due to cell-to-cell transmission [13]. Thus, it is more realistic and important
to consider the case when cell-to-cell infection may be strong.
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In this paper, we will consider a general model without the condition of weak cell-to-cell infection. We
will define a basic reproduction number Ry which is biologically meaningful and well defined even when
cell-to-cell infection is strong. When reducing to the model with weak cell-to-cell transmission assumption
in [31], our basic reproduction number is still better than the one defined in [31] because we will define
the next generation operator in a more biologically relevant manner. Furthermore, we will prove that Ry is
a threshold parameter for the global dynamics of our general model. To be more specific, we consider the
following general viral infection model incorporating both infection modes and spatial heterogeneity:

8u1(§:3,t) = n(z,u1(z,t)) — f(z,u1(z,t),uz(z,t)) — g(z,u1(z, 1), uz(, 1)),
8uz(§f, t) = f(z,u1(z,t),us(z,t)) + gz, us (2, t), uz(z, t)) — b(x)uz(z,t), (1.1)
W = dAug(x,t) + k(x)ug(z,t) — m(z)ug(z, t),

for x € Q and t > 0, with nonnegative initial conditions
ui(2,0) = ud(x) >0, and ud(z) #0, r € Q, i =1,2,3,
and the homogeneous Neumann boundary condition

Ousz(z,t)

=0, €9, t>0.
ov

Here, uq(z,t), ua(x,t) and us(z,t) denote the populations of susceptible target cells, infected target cells
and free virus particles at location z and time t, respectively. d > 0 is the diffusion coefficient and A is
the Laplacian operator. k(z) > 0 is the rate of virus production due to the lysis of infected cells. m(z) > 0
stands for the death rate of free viruses. a"%—(f’t) denotes the differentiation of us(z,t) along the outward
normal direction v to 9. In comparison with the model proposed in [31], we choose very general cell repro-
duction function n(xz,uy), cell-free transmission function f(z,u1,us) and cell-to-cell transmission function
g(z,u1,uz2). Note that our model includes existing models such as those in [30,31] as special cases. It should
be mentioned that this general model originates from the in-host viral models proposed and studied in
[2,20-22].
Throughout this paper, we make the following assumptions:

(Hy) n(x,u1) € CH(Q x R,) and 9y, n(z,u;) <0 for all x € Q and u; > 0. Moreover, there exists a unique
a1 (z) > 0 in C(Q,R) such that n(z,u;(x)) = 0.

(Hy) f(x,u1,u3),g(z,ui,us) € CHQ x Ry x Ry) and all of the partial derivatives 0y, f(x,us,us),
Ous (2, u1,u3), Oy, g(x,ur,uz) and Oy,g(x, u1,uz) are positive for all x € Q, ug > 0, uz > 0 and
uz > 0; f(z,ui,uz) = 0 if and only if uyuz = 0, and g(z,ui,uz) = 0 if and only if ujus = 0;
PIGns) < 0 and 2B <0 for u; > 0 (i = 1,2,3).

We organize the rest of this paper as follows. In Section 2, we follow a routine process to show that
the models admits a unique solution, which exists globally and is ultimately bounded. We also prove that
the orbit of any bounded set is also bounded. In Section 3, we identify the biologically meaningful basic
reproduction number Ry for the model using the standard procedure of next generation operator [33]. Some
properties of the basic reproduction number are also analyzed in this section. Sections 4 and 5 are devoted
to the global dynamics of the model for the case of Ry < 1 and Ry > 1, respectively. In Section 6, we present
some numerical simulation results to support the analytical results and to further explore the asymptotic
profile of steady state solutions. A brief discussion is given in the last section.
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2. Preliminaries
2.1. Boundedness and global existence of solutions

Denote by X the Banach space C (Q, R3) equipped with the supremum norm. The nonnegative cone of
X is denoted by X* = C(£,R?). For any nontrivial initial condition ¢ = (¢1,¢2,43) € X+ we define
Ti(t)p1 = ¢ and To(t)py = e POtpy. Let Ty(t) = et(@A=™()) be the compact and strongly positive Cy
semigroup [27, Corollary 7.2.3] generated by dA — m(-) subject to the no flux boundary condition. It is
readily seen that T'(t) = (T1(t), Ta(t), T5(t)) is a Cp semigroup with an infinitesimal generator A [19]. We
rewrite (1.1) as an abstract differential equation v/(t) = Au(t) + F(u(t)), where

n(z, o1(x)) — f(x, ¢1(x), ¢3(x)) — gz, o1(x), da())
F(¢)(x) = f(x,¢1($)7d)3($))+g($,¢1((£),¢)2($))
k(x)da(z)

for any ¢ € X*. Denote ¢ = min{c; > 0 : min[Fy(¢)(x) + c1¢1(x)] > 0}. We obtain
Q

6(x) + hF(6)(x) > (61(2)(1 - he), da(a), da(@))” for = € L.

By choosing h > 0 sufficiently small, we have 1 > hc and ¢ + hF(¢) € XT. Especially,
lim Sdist(¢ + hF(¢), X*+) = 0
im —di =0.
h—0+t h ° ’

The above limit is satisfied for all ¢ € X*. Thus, by using [17, Corollary 4] or [27, Theorem 7.3.1], we have
the following lemma.

Lemma 2.1. For every initial condition ¢ € XT, system (1.1) has a unique mild solution u(-,t,¢) on a
mazimal interval of existence [0, Tmaz) with u(-,0,¢) = ¢ and u(-,t,¢) € X for any t € [0, Taz). If

Tinaz < 00, then limsup ||u(z,t)||x = oo.
t_)TVYLa.'Z

Let u(z,t) be the solution of (1.1) with initial condition ¢ € X*. A standard comparison argument
together with maximum principle implies u(-,t) € X*. Furthermore, u;(z,t) > 0 for all z € Q and ¢ > 0.
Now, we want to show that u(z, t) is bounded for all ¢ € [0, Tynqz ), which then implies Ty, = 0. First, since
Opuy(z,t) < n(z,ui(x,t)), it follows from (H;) and comparison principle that uq (z,t) < max{¢1(z), u1(x)}.
Especially, there exists K1 > 0 such that uq(z,¢) < K; for all z € Q and t € [0, T)q2). Adding the first two
equations of (1.1) gives

Olur (z,t) + uz(z,t)] < n(z,0) + b(x) Ky — b(x)[ui(z,t) + ua(zx, t)].

Let K5 be a large positive constant such that Ko > Ko+n(z,0)/b(z) and Ko > ¢1(x)+¢2(x). It then follows
from comparison principle that u(z,t) + ua(z,t) < Ks for all z € Q and ¢ € [0, Tinas). Finally, we obtain
from the third equation of (1.1) that dyus(z,t) < dAus(z,t) + kKy — mus(x,t) where k = maxk(z) > 0
and m = minm(z) > 0. It again follows from comparison principle that us(z,t) is bounded by a constant
K3. Consequently, we have the following result.

Proposition 2.2. For every initial condition in ¢ € X1, system (1.1) has a unique solution u(-,t) € X on
t € [0,00). Moreover, ui(x,t) > 0 for all (x,t) € Q x (0,00). There exists a constant M > 0, independent
of ¢, such that limsup,_, o u;(z,t) < M for allz € Q andi=1,2,3.
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Proof. We only need to show that M is independent of ¢. From first equation of (1.1), we have
limsup,_, o u1(z,t) < @i(x) < M. Especially, there exists ¢; > 0 such that ui(x,t) < 2M; for t > t;.
Add the first two equations of (1.1) gives

O[ur(z,t) + uz(z,t)] < n(x,0) + 2M1b(x) — b(x)[ur (z,t) + uz(z,t)], > t;.

Let My = 2M; 4+ max[n(x,0)/b(z)]. We have lim sup,_, . [u1(z,t) + u2(z,t)] < M3. Choose t2 > 0 such that
uz(x,t) < 2Ms for t > to. It then follows from the third equation of (1.1) and comparison principle that
lim sup,_, o u3(z,t) < 2Msk/m. This completes the proof. O

2.2. Orbits of bounded sets
Define the continuous semiflow {©;};>¢ : XT — X7 for the system (1.1) by

O:9(:) :=u(-,t, ¢), t > 0.

It then follows from Proposition 2.2 that each orbit v (¢) = U;>00:¢ is ultimately bounded with the bound
independent of initial value ¢ € X*. However, this does not imply that the orbit 7 (U) = Ugeuyt(9) is
bounded for any bounded set U, a condition that should be verified in proving existence of the global
attractor; see [7, Theorem 2.1]. Thus, we shall derive the following result concerning positive invariance and
attractiveness of the bounded set

T ={peX:¢1 <K, ¢p1+¢s <K +n/b, ¢3<k(K+n/b)/m}, (2.1)

where K is a constant greater than the maximum of @; on Q, and k (resp. ) is the maximum of k(x) (resp.
n(z,0)) on Q, while b (resp. m) is the minimum of b(z) (resp. m(x)) on Q.

Proposition 2.3. For any K > ||uy||, the set Tk defined as in (2.1) is positively invariant with respect to the
semiflow ©. Furthermore, for any bounded set U C XT, the orbit v (U) is bounded and there exists to > 0
such that ©4¢ € 'k for allt >ty and ¢ € U.

Proof. We first use a contradiction argument to show that the set

Tie = {¢=(d1,¢2,03) €X' : ¢y <K}

is positively invariant. Let u(z,t) be the solution of (1.1) with initial condition in I'}. If u(x,t) leaves I'k
for the first time at ¢ = ¢ty and x = xo, we have u;(xg,t9) = K and dyuq(zo,to) > 0. But, the first equation
of (1.1) gives 0 < Qyuy (o, to) < n(zo, K1) < n(xo, u1(xo)) = 0, a contradiction. Similarly, we can add the
first two equations of (1.1) and prove that the set

FQ = {¢:(¢17¢27¢3) EXJ’_:d)l SKa (bl +¢2 §K+ﬁ/b}

is positively invariant.

Now, for any solution u(z,t) with initial condition in I'r C T'%, we know that u; (z,t) < K and ua(z,t) <
K +n/bforall z € Q and t > 0. A simple comparison method yields uz(z,t) < k(K +n/b)/m for all z € Q
and t > 0, thus proving the positive invariance of 'k .

Let U be any bounded subset in X, we can find a large K’ > ||@1|| such that U C T'g/. The boundedness
of v (U) follows immediately from the positive invariance of I'k/. For each ¢ € U, by Proposition 2.2, there
exists tg such that ©;¢ € 'y for all ¢t > t3. Here, we have to prove that the choice of t; is independent of ¢,
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though it should depend on K and K'. If K/ < K, the result is obvious by choosing ¢ty = 0. So, we assume
K' > K.

Since K > ||luy||, we may choose ¢ > 0 small such that K; := K — 2¢ > |ju1]|; for instance, ¢ =
(K — ||u1]))/3. For simplicity, we also denote Ko := K — ¢ + 7/b and K3 := k(K + n/b)/m. Consider
the differential equation d,v1(x,t) = n(z,v1(z,t)) with initial condition v1(z,0) = K’'. It follows from

comparison principle that u;(z,t) < vy (,t) for all z € Q and ¢ > 0. On the other hand, since n(z,v;) <
n(x, K1) < max, g n(z, K1) < 0 whenever v; > K1, we choose
In(K;/K')  In[(K —2¢)/K']

t1 = = >0
! max, qn(z, K1) max,cqn(r, K;)

such that vy (z,t) < K for all ¢ > t;. Next, we consider the differential equation v)(t) = n 4+ bK; — bva(¥)
for ¢ > t; with initial condition vy(t;) = K’ 4 n/b. Similarly, we obtain by comparison principle that
up(z,t) +us(x,t) < wo(t) for all x € Q and t > t1. Whenever vy(t) > Ko, we have v (t) < —eb. By choosing

_ W[/ (K + /b)) _ (K — =+ /D)) (K + /D)

t
2 —eb —cb

we obtain u(z,t) + uz(z,t) < va(t) < Ky for all x € Q and t > t1 + 5. Finally, we consider the differential
equation v4(t) = kKo —mus(t) for t > t; 4 to with initial condition v3(t; +to) = k(K’ +n/b)/m. Again, by
comparison principle, we have ug(z,t) < v3(t) for all z € Q and t > t; + to. Furthermore, since v4(t) < —ck
whenever v3(t) > K3, we choose

_ In[Ksm/(K(K' +7/b)] _ In[(K +n/b)/ (K" +n/b)]

= = = >0
—ck —ck

t3

to obtain u(x,t) < v3(t) < K3 for all 2 € Q and t > t; +ty + t3. Let tg = t; + ty + t3. We have &,U C I'
for all ¢ > tg. This completes the proof. O

3. Basic reproduction number

Clearly, system (1.1) always has a unique infection-free steady state (u1(x), 0, 0). For simplicity, we denote

89('7:7&1('73)70) af(xaﬁl(x)70)
= = 7 7 i = 3.1
ale) = D) ) - DI (3.1)
Linearizing the system (1.1) for (ua(z,t),us(z,t)) at (u1(z),0,0) gives the following cooperative system for
the infected cells and free virus,

M = Bi(x)us(x,t) + Ba(x)us(x,t) — b(x)us(x,t),
0 i (3.2)
% = dAus(z,t) + k(z)ua(x,t) — m(z)us(z, t),

for z € Q and t > 0. The suitable functional space for the above homogeneous linear differential system is
Y = C(Q, R?). The associated linear operator of this system can be decomposed as A = F + B, where

F:(ﬁdo(') Bio<')>’ B= (7;2()) dA_Om(,)>-

The basic reproduction number Ry is then defined as the spectral radius of —FB~!, denoted by p(—FB™1).
In [31], a different decomposition is used: the cell-to-cell transmission rate 34 in the 1l-entry of F was
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misplaced in the 11-entry of B, which leads to a biologically meaningless definition of “basic reproduction
number” when cell-to-cell transmission is strong. For illustration, considering the linearized homogeneous
ordinary differential equations for viral transmission, the basic reproduction number should be defined as
Ba/b+ Bik/(mb), instead of 5;k/[m(b — B4)]; note that the second quantity becomes negative when 84 > b.

Since B is resolvent-positive with s(B) < 0, F is positive and A is also resolvent-positive, it follows from
[29, Theorem 3.5] that Ry — 1 has the same sign as s(A). Let eZ? be the semigroup generated by B. Wang
and Zhao [33] gave a biological interpretation of the next generation operator:

—FB~!= / FePtat,
0

and proved local asymptotic stability of infection-free steady state under the condition Ry < 1. Here, we
shall prove global asymptotic stability of infection-free steady state under the condition Ry < 1. Also, we
will derive an equivalent formula for Ry such that the direct and indirect transmission mechanisms are
clearly separated in the expression. To reach this end, we need the following result.

F11 F12 .. o —V11 0
0 0 > be a positive operator and B = (‘/21 dA — Vgg) be a resolvent-

positive operator with s(B) < 0. Then we have p(—FB~") = p(Aq + A;), where Ay = Fi1 Vit and A; =
—Fio(Vag — dA) "W V11

Lemma 3.1. Let F' = (

Proof. Let 1) = Fp and ¢ = —B~1¢. It is readily seen that Vi1p1 = ¢1 and Var1 + (Vo — dA)ps = ¢a.
Solving this system gives @1 = Vi;'¢; and @o = (Vag — dA) o — Va1 Vi1 ¢1]. Consequently, 1) =
Fqull(bl + F12(Vag — dA) L gg — VglVﬁl@] and 15 = 0. Thus, we can rewrite

1P\ _ Ao + Az
_FBI(QS;)_(llO 22>’

where A = F11V1_11 — Fio(Vag — dA)_lvglVl_ll, and Ay = Fi5(Vas — dA)~L. By iteration, we have
n n—1
(—FBil)" ((g;) _ (A1¢1 + 131 A2¢2> )
Thus, |A7]| < [[(=FB~Y)"|| < |A?7|(| A1 ||+ || A2]). By Gelfand’s formula and squeeze theorem, we obtain
p(—=FB™') = p(A;). The lemma is proved since A; = Ag+ A;. O
By Lemma 3.1, we have another expression of the basic reproduction number:
Ro = p(Aa+ A, (3.3)

where Ay = B4/b is the next generation operator for direct transmission, and A; = f;(m — dA) "k /b is the
next generation operator for indirect transmission. Remark that the integral operator (m —dA)~! and the
multiplication operator k/b do not commute. In the absence of indirect transmission, the basic reproduction
number for the direct transmission is simply given as

(3.4)

On the other hand, if only indirect transmission is taken into consideration, the corresponding basic repro-
duction number is
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i N (i — -1 _ < fsz Bi(x)k(x)p?(z)/b(x)dx
o = p(Ai) = p(Bi(m — dA) ™ k/b) = et T dV@) + m(x) P (@)da

(3.5)

where the last equation is obtained by a standard variational method. It is obvious that Ry < R + RY.
The equality holds if 54(z)/b(z) is independent of 2. From the variational formula (3.5), it is also observed
that R} is a decreasing function of the diffusion coefficient d. However, since there is no simple variational
formula for Ry, it is a nontrivial result that Ry is also a decreasing function of d. Actually, we use the
ideas in the proofs of [1, Lemma 2.2] and [14, Lemma 3.1] to find the following properties for the basic
reproduction number.

Theorem 3.2. The basic reproduction number Ry given in (3.3) is a principal eigenvalue of Aq+ A; associated
with a positive eigenfunction. If we treat d as an independent variable in (0,00), then Ry is a decreasing
function of d. As d — 0, we have

. Pa(@) | Bi(@)k(x)
Ry — Ry := I;leaé( bo) b(x)m(x) (3.6)
As d — o0, we have
Ro — Ry, (3.7)
where Ry > Rg is the unique solution of the equation
k(x)Bi(x)/b(z) ,

Q

Proof. Since A; = 3;(m — dA)~'k/b is compact and positive, we have

oy D) _

pE(Ad + A ) - pe(Ad) xEQ b(l‘)

p(Aa) < p(Aa + Ai),

where p, and p are the essential spectral radius and spectral radius, respectively. The generalized Krein-
Rutman Theorem [18] implies that Ry = p(Aq + A;) is a principal eigenvalue of A4+ A; associated with a
positive eigenfunction, denoted by ¢(x). We then obtain

ki /b
Ry — Ba/b

where ) = ¢/5;. Now, we treat d as a variable, and denote ¢ to be the derivative of ¢ with respect to d.

dAp — mp + P =0, (3.9)

Taking derivative on both sides of (3.9) gives

KBi/b kBi/b
Ro—Ba/b”  (Ro— Bafb)?

where Rj, is the derivative of Ry with respect to d. We then multiply (3.9) by ¢ and (3.10) by 1, subtract
the resulting equations, and integrate over €2 to obtain

A S
Rosz/%o—ﬂd/b)zwd“! v yde JW dz < 0.

AY + dAp — mp +

o =0, (3.10)

Hence, R{, < 0. Moreover, R, = 0 if and only if ¢(x) is a nonzero constant function, if and only if the
function B4/b + kB;/(bm) = Ry is independent of .
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It is clear that Ry < Ry; otherwise —m + Rfﬁ’ﬁ/b/b < 0 and the principal eigenvalue of dA —m + Rkﬁlﬁ/db/b
is negative, which contradicts to (3.9). So the limit of Ry as d — 0 exists. We claim that the limit is exactly
Ry. If not, then there exists ¢ > 0 such that Ry < Rg—2¢ for all d > 0. By continuity of coefficient functions,
we may find a point zg € Q and a § > 0 such that Bq(z)/b(x) + Bi(z)k(x)/[b(x)m(z)] > Ry — € > Ry + ¢
for all x € Bs(xg). By compactness of continuous functions on a bounded domain, there exists ey > 0 such
that

k(z)Bi(x)/b(x)
"OF Ry~ Baw) @)
for all x € Bs(xo) and d > 0. Let g > 0 be principal eigenvalue of —A on Bj(xp) with Neumann boundary
condition and t_ the corresponding eigenfunction. We may normalize ¢)_ such that ¢_(z) < 1 for all
x € Bs(x0). On the other hand, we choose a d € (0,£¢/p) and normalize the eigenfunction for (3.9) as

Y(x)

w+($) - inf13635(1?o) Z/J(x) .

Obviously, ¢ (x) > 1 > ¢_(x) for all x € Bs(xo). Moreover, we have —A, (x) > <04, (x),and —AyY_(z) =
pp—(x) < £4p_(x). Hence, 14 and ¢ are the super- and sub-solutions of the elliptic operator —A —&o/d
with Neumann boundary condition. Thus, an eigenfunction exists and €g/d > p is an eigenvalue for the
Laplace operator —A on Bs(zg) with Neumann boundary condition, which contradicts to the assumption
that y is the principal eigenvalue. Therefore, we have proved Ry — Ry as d — 0.

To investigate the limit of Ry as d — oo, we first note that Ry > RO = maxX;cQ b bd(gf)) and thus such a
limit R, exists. We can find a sequence d,, — 0o and the corresponding eigenfunctions of (3.9) formulate a
monotone sequence that tends to a nonzero constant function. Such a sequence can be constructed recursively
using super- and sub-solutions technique, where a large constant function is regarded as the super-solution
for (3.9) with any d,, > 0, and the eigenfunction corresponding to d,, is used as a sub-solution to find
an eigenfunction of (3.9) with d = d,,41. The limit function is a constant function because it is harmonic
and satisfies Neumann boundary condition. For this sequence, we integrate (3.9) over 2 and take the limit
d,, — 00 to obtain (3.8), which has a unique root in (R¢, 00) because, the integral on the right-hand side is
a decreasing function of Ry, and it is positive near the left end point RZ and negative if R, is sufficiently
large. This completes the proof. O

A direct application of the above theorem is the following classification of viral infection environment.

Proposition 3.3.

(i) If Ba(x) > b(z) for some x € Q, then Ry > 1. The disease will persist if the cell-to-cell transmission
is strong at some point.
(i0) If Ba(z)/b(x) + Bi(z)k(x)/[b(x)m(x)] <1 for all x € Q, then Ry < 1 and the environment is infection-
free.
(iii) If Ba(z) < b(zx) for allx € Q, and Ba(x)/b(x) + Bi(x)k(x)/[b(x)m(x)] > 1 for some x € Q, we consider
the following cases:

. [ffQ b?;)w)g(fx) dxr > fQ (z)dz, then Ry > 1 and the environment is favorable for the viral infection.

o If [, bfxg‘r 558) dx < [, m(zx)dx, then there exists a d* > 0 such that Ry <1 if d > d* and Ry > 1
ifd < d.

We make some further biological interpretations of our mathematical results on basic reproduction num-
ber.
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Remark 3.4.

(i) Recall that Ry = R3 + R} if Ba(z)/b(z) is a constant but Ry < R4 + R} in a general case. This means
that spatial heterogeneity may reduce the joint impact of cell-free and cell-to-cell transmissions.

(if) Since Ry is a decreasing function of d, the spatial diffusion of virus will reduce the effect of viral
infection.

(iii) When d = 0, there is no interaction between different locations, and the diffusion model reduces to a
patch model (with infinitely many patches). As d — 0, the basic reproduction number tends to Rp,
which is exactly the basic reproduction number for the patch model. So, the formula (3.6) gives a link
between diffusion model and patch model.

4. Global stability of infection-free steady state

Note that [33, Theorem 3.1] only gives local asymptotic stability of infection-free steady state when
Ry < 1. To establish global asymptotic stability of infection-free steady state when Ry < 1, we shall
construct a suitable Lyapunov functional and make use of LaSalle invariance principle. First, we will develop
the following uniform approach to prove local asymptotic stability of infection-free steady state not only
when Ry < 1, but also for the critical case Ry = 1.

Lemma 4.1. Let A be the linear operator of the system (3.2) and et the semigroup generated by A. If Ry <1,
At
then s(A) <0 and tlim m“i—” < 0. Actually, there exists M > 0 such that ||e?t| < M.
— 00

Proof. By [29, Theorem 3.5], Ry — 1 and s(A) have the same sign. Thus, s(A) < 0 if Ry < 1. On account

of [4, Section 4.2], it suffices to show that tlim w < 0, where ||eAt|| denotes the distance of e from
— oo

the set of compact linear operators in Y; see [4, page 248]. Let (uq(x,t),us(x,t)) be any solution of (3.2);
namely,

<U2(-,t>) o (m(.’o)) _ < e(Ba=D)ty (-, 0) + [1 eBa=D=5) By -, 5)ds ) |

us(-,0) eldA=m)ty (. 0) + fot eldA=m)(E=8) Ly (-, 5)ds

where e(@A=")t ig the compact semigroup generated by the operator dA — m with Neumann boundary
condition. Clearly, the second component of e/* is compact for each ¢ > 0; namely, the operator that maps
(ua(-,0),u3(-,0))T to ugz(-,t) is compact. Since the limit of compact operators is also compact, we conclude
that the operator that maps (uz(-,0),us(-,0))T to fot e(Ba=b)(t=5) B.y5(, 5)ds is also compact for all ¢ > 0. Tt
then follows that He/A\tH < |letPa=?||. Since RE < Ry < 1, we have B4(x) < b(z) for all z € €, which implies
|ePa=b)t|| < 1. Consequently, we obtain In ||€/\At|| <0 for allt >0, and lim M < 0. This together with
s(A) < 0 implies that the semigroup e4? is stable; i.e., ||eAt|| < M for some M > 0. O

Theorem 4.2. If Ry < 1, then the infection-free steady state (uiy(z),0,0)T for (1.1) is locally asymptotically
stable.

Proof. Given any small § > 0, we let u(z,t) be any solution of (1.1) with initial profile such that |u;(x,0) —
a1 (z)| + |ua(z, 0)| + |us(z, 0)| < §. Define vy (x,t) = ui(x,t)/u1(x) — 1 which satisfies the equation

6’Ul f(x7u17u3) +g(xau1au2)
-, — —avi — = s
ot Uy
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n(z,uy(z,t))—n(z,u1(x))

ui (z,t)—u1(x)

where a(z,t) = — > 0 by (Hy). Since vi(x,0) < §, we observe from positiveness of f

and g that vi(x,t) < § for all z € Q and ¢ > 0. Let @ > 0 be the minimum of —%u’l“l) for x € Q and
0 < up < Ki(1+9). Recall that K7 > max,eq 1 (z) and n(z,u;) is decreasing in u;. We then obtain
vi(z,t) < de=@ for all z € Q and ¢ > 0. That is, uy(z,t) < @1(z,t) := (1 + de~2)uy (). It then follows

from (Hy) that

af(x7 ﬂl) O)
8U3

dg(x,1,0)

us, g(‘raulau?)) S g(l’,ﬁl,u2) S a Uusg.
U2

f(-’If,’U,]_,Ug;) S f(‘raﬂlau?)) S
We obtain from the definition of 84 and 5; in (3.1) and the second equation of (1.1) that

8u2 8f(.’)3,@1,0) af($7’[b170)
< B — — p
o = Biug + (Ba — b)uz + ( 0us o Jus + (

9g(z,11,0) ag(x,ﬂl,O))u
6u2 8UQ z

By comparison principle, we have

() = (08 [ (157
0

where e'! is the solution semigroup of the linear system (3.2) with A being the infinitesimal generator, and

— (9f(®,2:,0)  Of(x,u1,0) 0g9(%,41,0) _ 9g(=,11,0)
h - ( aug - 67131 )U/3 + ( au; - 8’[1,21

At

Jug. Denote

F O*f(z,u,0), 0?g(x,uq,0)
f= max |——————| g= max |—_—7|.
z€Q 8U13u3 ze) 8u18u2
0<u1 <K, 0<u; <K;

We then have |h(z, s)| < 6K1e~%(fus(x, s) + gus(z,s)). Let
E(t) = max{gléaé{ ug(z,t), max uz(x,t)}.

It follows from [eAt|| < M that
¢
E(t) < 6M + MK, (f + ) / =22 (s)ds.
0

By Gronwall’s inequality, we obtain
B(t) < §Melo SMEL(T+9)e™ds < 571 dMK1(f+9)/a
for all ¢ > 0. It then follows from (Hs) that
Fla,ur,us) < fla, Ki(1+06),us) < fus < SMfedMKi(F+a)/a
and
9(z, u1, u2) < gz, K1 (1+6),uz) < gus < SMgedMEr(+a)/a

where
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o max H@FK149.0) Oyl Ka(1+9),0)

gl ) pod
€N 8U3 zeQ 8’(1,2

Substituting the above inequalities into the first equation of (1.1) yields

Ouq (z,t)

ot 2 n(xvul(x7t)) —5M(f+§)66MKl(f+§)/Q.

By comparison principle, we have u(x,t) > 4 (x) where 4 (z) is the solution of

n(z,ad(z)) = M (f + g)eéMKl(f""g)/Q.

Since the right-hand side of the above equality is of order O(4), such solution exists for sufficiently small §
and max,cq |4 (r)—u1(z)| = O(8) as § — 0. Recall that u; (z,t) is bounded above by @ (z,t) < (1+8)uy(z).
We conclude that ||ui(-,t) — a1 ()] + |Juz(, 8)|| + lue(-,¢)|| = O() as & — 0, thus proving local stability of
infection-free steady state under the condition Ry < 1. 0O

We now construct a Lyapunov functional and use LaSalle invariance principle to establish global asymp-
totic stability of infection-free steady state. By comparison principle, limsupu;(z,t) < u;(x). However,
t—o0

it is not necessary that w;(x,t) < u(z) for sufficiently large ¢. Special care is needed to be taken in the
construction of Lyapunov functional.

Theorem 4.3. If Ry < 1, then the infection-free steady state (uy(x),0,0)T for (1.1) is globally asymptotically
stable.

Proof. We first define a subset D = {¢ € XT : ¢(z) < 41(x)} and prove that for any initial profile ¢ € X T,
the omega limit set of ¢ is contained in D. Given any z € €, it follows from the first equation of (1.1) and a
simple contradiction argument that if uq(z,t9) < @1 (x) for some tg > 0, then uy(z,t) < uy(x) for all ¢ > to.
Now, we divide the domain 2 into two sub-domains 4, where

Q= {x € Q:uy(z,t) > uy(x) for all ¢t > 0},

>
Q- ={x € Q:ui(z,t) <uy(x) for some t > 0}.

It is obvious that Q_ is closed in §2, and there exists to > 0 that u(x,t) < uy(z) for all z € Q_. Without
loss of generality, we may assume ¢y = 0.

For any = € Q, it follows from (H;) that n(x,ui(z,t)) < 0 for all ¢ > 0. Thus, the first equation of
(1.1) implies that u(z,t) is a decreasing function in ¢. Since uq(z,t) > u1(z), the limit of uq(x,t) as t — oo
exists, and u (z,00) > uy(x). If the strict inequality holds, then we obtain from (H;) and the first equation
of (1.1) that

0= lim du(x,t) < lim n(z,u1(z, 1)) < n(z,u1(z,00)) <0,
t—o0 t—o0
a contradiction. Hence, we have uj(x,t) — 41(x) as ¢ — oo. This implies that the omega limit set of ¢ is
contained in D.
Next, we consider the solution map restricted on the invariant domain D and show that the infection-free
steady state (u1(x),0,0)7 attracts all initial profiles in D. To achieve this, we define a Lyapunov functional

2 2
Bi(2) $3(x) + ¢3(z)da.

1
V(¢17¢27¢3) =35
2{2/
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Taking the derivative along the solution, we obtain

d k
§V(u1,uQ,u3) / EUQ[f(:L’,Ul, uz) + g(x, ur, uz) — bus] + uz(dAus + kug — mug)dz.

Since uq (z,t) < up(x), it is readily seen from (Hy) that f(x,u1,us) < f(x,u1,u3) < Bius and g(x, uq, ug) <
g(x,u1,u2) < Bqug; see the definitions of 84 and §; in (3.1). A simple calculation gives
d

%V(ul, Ug, uz) < / (k/B:) (b — Ba)ud + 2kugus + uz(dAus — mus)dz
Q

kB
S/ b u3 — mu3 — d|Vus|®der,
J b—PBa

where we have made use of the fact that b > 34 (since R < R, < Rg < 1) and

k(b —Ba) - _ k(b— Ba) Bius o kBiui _ kBiu3
T e e = e e e T S By
We claim
kﬂz 2 2 2
Q/bﬂdd) < Q/m¢ +d|Vo|“dz (4.1)

for any ¢ € H'(€). Once this is proved, it then follows that the derivative of Lyapunov functional V' < 0.
Let K be an invariant set on which V’ = 0. We observe that K is a singleton {(@;(x),0,0)}. This is because
for any (é1,¢2,¢3) € K, V' = 0 implies that all inequalities in deriving ¥V’ < 0 should be equal, and
thus (¢1(x), p2(x), d3(x)) = (41(x),0,0). Note that the infection-free steady state is the unique point in the
largest invariant set on which V’ = 0. By LaSalle invariance principle, this steady state is globally attractive
in D.

We now prove the claim (4.1). For this purpose, we shall make another decomposition of the linear
operator A associated with the linear system (3.2): A = Fy + By, where

Fl_(g 6’8'))’ Bl_( ) = a0 dA_om(.)) @2)

Since b > B4 (by R4 < Ry < 1), the operator B is still resolvent-positive with s(B;) < 0. An application
of [29, Theorem 3.5] together with Ry < 1 yields s(A) < 0 and p(—F, By ') < 1. By [33, Theorem 3.3 (i)] or
a simple direct calculation, we have

f,, B8 ) g

_ -1y _ ’ —dA 71]{; bh— -1y _ b(z)—PBa(z
PERE) = ol = AA) RO =50 st (620 Jo AV |2+m( )¢?(x)dzx

The claim (4.1) follows immediately from the above variational representation.

Finally, we apply [36, Lemma 1.2.1] to find that the omega limit set of any initial profile ¢ € X¥ is
internally chain transitive. Since this omega limit set is contained in D and the infection-free steady state
attracts D, it follows from [36, Theorem 1.2.1] that the infection-free steady state is globally attractive in
XT. On account of local stability result in Theorem 4.2, this steady state is globally asymptotically stable
in X*. The proof is completed. O
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5. Global dynamic of system (1.1) when Rg > 1
5.1. Persistence of infection

Tt follows from Proposition 2.2 and Proposition 2.3 that the semiflow ©; of system (1.1) is point dissipative
and the orbit of any bounded set is also bounded. To apply [7, Theorem 2.1], we have to show that ©, is
asymptotically smooth. But ©; is not compact because the first two equations in (1.1) have no diffusion
terms. Here we shall introduce the Kuratowski measure of the noncompactness defined by [6]

k(U) :=inf{r > 0 : B has a finite cover of diameter less than r}.

We set k(U) = oo whenever U is unbounded. Clearly, x(U) = 0 if and only if U is precompact. Let

Gl va,ms) = (") ot g )

be the vector field corresponding to the first two equations of (1.1). The Jacobian of G with respect to
(u1,usg) is calculated as

G o G uz, us) (8(n —f—g)/0uy  —0g/Ouy )
e a(uhuQ) B a(f + g)/aul ag/3u2 —-b)"

We obtain a similar lemma as in [11, Lemma 4.1] and [30, Lemma 2.5].
Lemma 5.1. ©; is asymptotically smooth and k-contracting if there exists a r > 0 such that
T T 2 5
v Grov < —rvtw, forallve R, z€Q, uelk. (5.1)

Proof. Actually, one can use a similar proof in [11, Lemma 4.1] to show that ©; is asymptotically compact
on any closed bounded set U for which TU C U. It then follows from [24, Lemma 23.1 (2)] that the omega
limit set w(U) is nonempty, compact and invariant, and attracts U. This proves asymptotic smoothness of
©;. On account of [15, Lemma 2.1 (b)], we have

k(0:U) < k(w(U)) + 0(0:U,w(U)) = §(0:U,w(U)),

where §(0,U,w(U)) is the distance from ©,U to w(U), which tends to zero as t — oo. Therefore, we prove
that ©, is k-contracting. O

The following result is a simple application of [7, Theorem 2.1].
Theorem 5.2. Assume (5.1) holds. (1.1) admits a connected global attractor in XT.

Remark 5.3. A sufficient condition for (5.1) is that

(Hs) ag(x,g)’z;’uz) < Qolzanus) 4 8f(af9’fﬁ’u3) <bforaluelk.

Ouy
Denote Q; : Y — Y to be the solution semiflow associated with the linear system (3.2); that is,
Qt(b = (U’?('atv (b)a Ug(',t, ¢)) for ¢ €Y := C(QaR2)7 t Z 0.

It is clear that Q; is a positive Cp-semigroup on Y, and its infinitesimal generator A = F' + B is closed and
resolvent positive.
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Lemma 5.4. If Ry > 1 and (Hs) holds, then s(A) > 0 is the principal eigenvalue of the eigenvalue problem

Bi(x)p3 + Ba(x)p2 — b(x)pa = A2, x € Q,
dAd)?) + k(‘r)(bQ - m(.’L‘)(Z)?) = )‘¢37 S Qa
% =0, x € 09,

and there is a strongly positive eigenfunction associated with s(A).

Proof. Tt follows from [29, Theorem 3.5] that Ry — 1 has the same sign as s(A), which implies that s(4) > 0
if Ry > 1. Define linear operators L(t) and N(¢) on Y as

L(t)g = (e~ 0=l 1g5,0),
N(t)¢ = (f(]t 67(b(.)7ﬁd(-))(tis)/ﬁi(')u3('7 5, ¢)d57 Ug(', i, ¢)>

for any ¢ = (¢1, ¢2) € Y. It follows from (Hj) that b(z) > B4(z) for all z € €; namely, ¢ := min_g{b(z) —
Ba(z)} > 0. In view of the definition of L(t), we have

L@l o | le™"¢all _ gt

IL(t)| = sup <s < sup <
sy 9l beY lloll scy ol

Let Ty(t) = et(42=™) he the semigroup associated with dA —m(-) subject to Neumann boundary condition.
Then T5(t) is compact for any ¢ > 0, which together with the boundedness of Q;, implies that N(¢) is
compact for any ¢ > 0. Let U be any bounded set in Y. We have k(N (t)U) = 0 for any ¢ > 0 since N(t)U
is precompact. Consequently,

k(Q:U) < k(L()U) + k(N(#)U) < ||L(#)||s(U) < e 1k(U) for any t > 0.
Thus, we obtain
pe(Q) S e ¥ <1< W= p(Q,), forall t>0,

where p.(Q;) and p(Q;) are the essential spectral radius and spectral radius of Q;, respectively. Meanwhile,
Q; is a strongly positive and bounded operator on Y. It follows from the generalized Krein-Rutman Theorem
[18] that s(A) is the principal eigenvalue associated with a strictly positive eigenfunction. O

To establish the existence of the chronic-infection steady state, we first apply the permanence theorem
in [28, Theorem 3] to obtain the following persistence result.

Theorem 5.5. If Ry > 1 and (Hz) holds, then system (1.1) is uniformly persistent in XT in the sense that
there exists an € > 0 such that for any ¢ € Xt with ¢; # 0 for all j = 2,3, we have

litm infu(z,t,0) > ¢, (i =1,2,3) uniformly for all x € Q.
—00

Moreover, system (1.1) admits at least one chronic-infection steady state (u}(z),u}(x), ui(x)).

Proof. We need to validate all conditions in [7, Theorem 4.2]. Denote

Xo :={¢ = (¢1,¢2,03) € Xt : ¢o(-) # 0 and ¢3(-) # 0}
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and

Xg = X"\Xo = {¢ = (61, b2, 03) € X7 : ¢2(-) =0 or ¢3(-) = 0}.

It is obvious that XgNoXy = 0, X+ = X,U0Xq, Xg is open and dense in X, and ©,0Xy C 0X,. We shall also
prove that 0:Xg C X, that is, Xg is positively invariant with respect to ©;. In fact, let ¢ = (¢1, ¢2, ¢3) € Xo
such that ¢o #Z 0 and ¢3 # 0. It follow from non-negativeness of the solution (uq(x,t), us(z,t),us(z,t)) and
the third equation of (1.1) that dus(x,t)/0t > dAus(x,t) —m(x)us(z,t). Thus, us(x,t) is an upper solution
of

Qulet) — GAw(x,t) — m(z)w(z,t), =€ Qt>0,
dulnt) — 2 €09, t>0,

w(m,O):¢3§é0, r € Q.

By maximum principle and comparison principle, we have us(z,t) > w(z,t) > 0 for all 2 € Q and ¢ > 0.
Moreover, from second equation of (1.1), we have

t
UQ(xvt) = e—b(z)t¢2 + /e_b(w)(t_S) (f(x,ul(x, S)vu?»(xv S)) + g(I,U1($7 S)7u2(:L', S))) dsv (52)
0

which, together with the positiveness of uj(x,t) (in Proposition 2.2) and uz(z,t), implies that ug(x,t) > 0
for all z € Q and ¢ > 0. Therefore, 0;X, C Xj.

Now, we let w(¢) be the omega limit set of the orbit v (¢) := |J {©:¢}, and denote
>0

Ma = {¢ S 8X0 : @t(b S 8X0, for all t Z O}

We need to prove w(¢) = {(u1(x),0,0)} for all ¢ € My. This is true if we can show that My C {(¢1,0,0) :
$1 € C(Q,R,)}. If, to the contrary, there exists 1) = (11,12, 103) € My but ¥ & {(¢1,0,0) : ¢, € C(Q,R,)}.
There are two cases to be considered: (i) 12 = 0 and 93 # 0; (ii) 12 #Z 0 and 3 = 0. For case (i), it follows
from the proof of ©,X( C X that u;(x,t) > 0 for all € Q and ¢ > 0 with i = 1, 2. Thus, we have 0,1 € X,
for all t > 0, which contradicts the definition of My. For case (ii), it follows from (5.2) that ua(-,t) # 0 for

all t > 0. In view of ¢ € C(Q, R, ) and Proposition 2.2, we obtain that u;(z,t) > 0 for all z € Q and ¢ > 0.
From the third equation of (1.1), we have

ws(8) = Ty(t) s + /Tg(t — )k (Yua(-, 5)ds,

where T5(t) is the semigroup associated with dA — m(-) subject to Neumann boundary condition. Thus,
uz(z,t) > 0 forallz € Qand t > 0. It then follows from (5.2) that ug(x,t) > 0 for all z € Q and ¢ > 0. Again,
we obtain ©.¢ € Xq for ¢ > 0, a contradiction to the fact that ) € My. Therefore, w(¢) = {(u1(x),0,0)}
for all ¢ € M.

Define a continuous function ¢ : X+t — [0, 00) by

0(¢) = min{¢p;(z) : x € Q,i = 2,3} for ¢ c X,

Note that o(©;¢) > 0 for all ¢ € o=(0,00) U (Xo N o 1(0)). Thus, o(x) is a generalized distance function
for the semiflow ©y; see [28]. Denote W#((u1(x),0,0)) as the stable manifold of (#1(z),0,0). We shall verify
that W*((u1(x),0,0)) N o~1(0,00) = (. It suffices to show that there exists a § > 0 such that



306 H. Shu et al. / J. Math. Pures Appl. 137 (2020) 290-313

limsup ||©;¢ — (@1(z),0,0)|| > & for any ¢ € o~ *(0, 00).

t—o0

If not, then for any & > 0, there exists ¢ = (qgl, b2, 03) € 071(0, 00) such that

lim sup [|©¢¢ — (#ix (), 0,0)|| < 4.
t—ro0
Here, ¢1 > 0, ¢o > 0 and ¢3 > 0 for all z € Q, and ©,¢ = (uy(-,t, ), ua(-,t,d), us(-,t,¢)). Hence, there
exists a £ > 0 such that u(-,t,¢) > @ (z) — 6 and u;(-,t,¢) < & (i = 2,3) for all t > . Moreover, for t > i,
(ug(x,t,d), us(z,t,$)) is an upper solution of the following system

aw%(tx,t) = ni(x)wz(z,t) + na(z)we(z,t) — b(x)wa(x,t), x€Q, t > 1,

&vsT(:@ = dAws(z,t) + k(2)wa(x,t) — m(z)ws(z,t), x€Q, t>1, (53
&“g—(j””:o, z €0, t>1, '
wQ(va) SUQ(I',E,Q;), ’Ujg(l',o) Su3(z7£a¢~))7 1“697
where n; = 0f (z,u1(x)—0,9)/0us and ng = dg(x, w1 (x)—6,0)/dus. Denote A\g(d) as the principle eigenvalue
of the eigenvalue problem

dAY — m(@)y + il = My, z €,

na(x
9v =0, z € 00

It follows from [29, Theorem 3.5] that Ry > 1 implies A\o(0) = s(A) > 0. Since Ao(9) is a continuous in J, we
can choose ¢ > 0 sufficient small such that Ag(d) > 0. Similar as in the proof of Lemma 5.4, one can show
that the eigenvalue problem

0i(x)¢3 + na(z)d2 — b(x)P2 = A2, €,

dA¢s3 + k($)¢2 — m(a:)qﬁ;; = A3, x €,

905 =, z € 09,
has a principle eigenvalue 5\0(5) with a strongly positive eigenfunction (¢3, ¢3). Choose a sufficiently small

e > 0 and w;(z,0) such that w;(z,0) = ¢! < u;(-,1,¢) for i = 2,3. Then the linear system (5.3) has a
unique solution

(wa(z,t), ws(z,t)) = (sexo(é)(t*ad)g, 665\0(6)“7{)(,253) for t > 1.
By comparison principle, we have
(ug(z,t, @), us(x, t,d)) > (Ee’\o(é)(t D, et (9= Del) for zeQ, t>1.
Therefore, ui(x,t,é) — 00 as t — oo for i = 2,3, which contradicts to Proposition 2.2. Thus, we prove
W#((uy1(x),0,0)) N~ 1(0,00) = 0. Clearly, there is no cycle in My from (u1(x),0,0) to (uy(x),0,0).
Summarizing the above results, we obtain from Theorem 5.2 and abstract persistence theory in [28] that

O, is uniformly persistent; namely, there exists a € > 0 such that litm inf p(©1¢) > € for any ¢ € Xq. This,
— 00
together with the definition of p, implies that

litm inf u;(x,t,4) > ¢, (i =2,3) uniformly for all z € Q.
—00
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Next, we shall prove 1itrgi£f ui(+,t,¢) > 0 by contradiction. If litn_1>i£f ui(+,t,¢) = 0, then there exists a
sequence t,, — oo such that uq (-, t,, ¢) — 0 and duy (-, t,, ¢)/0t = 0, which contradicts to the first equation
of (1.1). Thus, by choosing € > 0 sufficiently small, we have litlgirolful(g t,¢) > € uniformly for all z € Q.

By Theorem 5.2 and W#*((u1(x),0,0)) N 071(0,00) = 0, the semiflow ©; |x,: Xo — X, has
a connected global attractor. This together with Theorem 4.7 in [15] implies that ©; has a steady
state (uf(x),ud(x),us(z)) in Xo. Moreover, Proposition 2.2 and the first part of this proof imply that
(ui(x),us(z),u3(x)) is a chronic-infection steady state. This ends the proof. O

5.2. Global attractivity of the chronic-infection steady state

We now establish global attractivity of the chronic-infection steady state (uj(x),us(z),u3(z)) by com-
bining the method of Lyapunov functionals and LaSalle invariance principle. To this end, we shall make use
of the following additional assumption.

(Hy) f(x,u1,us3)/g(x,u1,us) is independent on w;, namely, there exists a function hg(x,u;) such that
f(x7ulau3) = hO(zaul)fl(xaUB)’ g(xaulaUZ) = hO(xaul)gl(x7u2)'

The biological interpretation of this condition is that the transmission via two infection modes have the
same response function on uninfected target cells.

Theorem 5.6. Assume that (Hy)-(Hy) hold. If Ry > 1, then the chronic-infection steady state (uf(x),us(x),
ui(x)) of (1.1) is globally attractive in Xo. Moreover, u* is the unique chronic-infection steady state for

(1.1).

Proof. It follows from Theorem 5.5 that the chronic-infection steady state exists if Ry > 1. Proposition 2.2
implies that Xy N T is positively invariant and absorbing in Xg. Thus, it suffices to show that the chronic-
infection steady state is globally attractive in Xg N T. Denote p(d) = 6 — 1 —Inf. It is readily seen that
p(d) > 0 for § > 0, and p(#) = 0 if and only if § = 1. Motivated by [25,26], we construct a Lyapunov
functional W : Xo NI' — R as follows.

W (uy (z,t), uz(z, t), uz(x,t)) = /u(m)E(ul(m,t),ug(x,t),u;»,(x,t)) dx,
Q
where p(x) = k(z)ud(x)ui(x)/ f(z,ui(x), ui(x)) is strictly positive in €2, and
wy (z,t)

£ (o, i (), ()
0wy

E(uy,ug,us) = uy(z,t) —

Since the solutions are bounded (see Proposition 2.2) and the system (1.1) is uniform persistent (see
Theorem 5.5), the above functionals W and FE are well-defined. Notice that the steady state solution
(ui(x), us(z),ui(x)) of (1.1) satisfies

n(z,ui(x)) = b(w)uz(x) = f(z,ui(x), uz(x)) + g(, uj (z), uz(x)),

ouj(x)

dAui(x) = m(x)ui(z) — k(x)us(z), and lo = 0.
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From a tedious calculation, the time derivative of W along a positive solution of system (1.1) is

% = [ p(a) <(n(u1) —n(u})) (1 - %Z—izj;) + [z, ul, uz) 1+ g(%w{,u’z‘)@z) dx
o
o) (oD T oS ot )
[ (R SR )
4 d/ <u§(1 _ Z—E)AU3 +(uf - u3)Au§) da,
where

P :%(‘f(xvulvulﬁ _1> (u_g_f(xaulau§))
! f(%uhug) us3 f(‘r,ulvu3)
@2 _ (E _ f(I,UT,U;)g(l’,UhUQ)) <f(:c,u1,u§)g(x,u>{,u§) _ 1) )

Ug f(x7u17u§)g(x,u’{,u§) f(xvufvu;,)g(:raUhUZ)

Making use of (Hy), we can simply @, as

[ u2 g1(, u2) g1(w,u3)
By = 2 2 —1).
us g1, uz) ) \g1(, uz)
In view of (Hs), g1(x, ug) is strictly increasing and concave down with respect to us. Hence, @2 < 0 in XoNI'.

Similarly, it follows from the monotonicity and concavity of f(x,u1,us) with respect to ug that ®; < 0 in
Xo NT. Moreover, by (Hy)-(Hz), n(z,u;) and f(z,u1,us) are decreasing with respect to uy. Therefore,

(n(x,ur) — n(z,ul)) <1 - %:Z—?Zg) <0 forall (x,u1) € R x(0,K:].

By using the Green’s first identity and Neumann boundary condition, we obtain

us

* *2
/ <u§(1 — %)A’U;g + (uj — U3)Au§> dx = / (—V(u§ _ U Wus — V(uj — ug)Vug) dx
3
Q

The above estimates together with the positive definiteness of p(6) yield

% <0 for all (uj(z,t),us(z,t),us(z,t)) € XgNT.

Denote M as the largest compact invariant subset of {(u1,us,us) € XoNT : W’(¢t) = 0}. By the LaSalle
invariance principle [10], the omega limit sets of solutions are contained in M. It can be verified that
dW/dt = 0 implies

w (z,t) = u} uy f(x,ur,uz)  usg(w,ur, us) _ 1 and U
’ B - -

=1
Vouaf(w g, ug)  usg(e,ui, ub) usu3
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Substituting the above relations into the second equation of (1.1) gives

Ousg(z,t)
ot

usg(x,t)

us(x)

Note that ui(x,t) = ui(x). Adding the first two equations of (1.1) gives ua(z,t) = n(z,ui(x))/b(zx) =
us(x), which together with wsu} = wbus implies that wuz(x,t) = wui(x). Therefore, we obatin M =

= (f(z,u1(2), uz(2)) + g(, ui (z), uz(x)))

~ b (e, t) = 0.

{(ui(z),us(x),uf(x))}. Thus we prove the global attractivity of the chronic-infection steady state
(ui(z),us(x),u5(x)) in Xo. The uniqueness of chronic-infection steady state follows immediately form the
global attractivity of u*. O

6. Numerical simulation

In this section, we use numerical simulation to illustrate our analytical results on the properties of basic
reproduction number and global dynamics of model system. Following the work in [20], we choose the cell
reproduction function as n(x, u1(z,t)) = s — pus (z,t) +rui (2, t)[1 —uy (z,t)/T)n], where s = 10 day ™ 'mm 3
is the supply rate from precursors, u = 0.02 day ' is the death rate, r = 0.03 day ' is the growth rate,
and T}, = 1500 mm ™2 is the maximum cell population level. The cell-free and cell-to-cell transmissions are
bilinear functions: f(z,u1,us) = Brujus and g(z,us,us) = PBaujus, where the per capita infection rates
By = 2.4e—5 mm>day ! and B, = 1.2e—4 mm3day_1, respectively. For simplicity, we assume the domain is

a one-dimensional interval [0 mm, 1 mm] and spatial heterogeneity occurs in the following three functions:
b(x) =0.24(1 + ), k(z) =24(1 — z/2), m(z) = 2.4(1 + z)

with the same unit day~'. As seen in Fig. 1, the basic reproduction number Ry is a decreasing function
of the diffusion coefficient d. Its maximum Ry is achieved at d = 0, while Ry — R, as d — oo. There is a

! near which the values of Ry — 1 switch signs. Numerical computation

critical value d* = 0.12 mm?day
confirms that the infection-free steady state is globally asymptotically stable when d > d*. On the other
hand, if d < d*, all solution converges to the chronic-infection steady state.

We choose a positive diffusion coefficient d = 0.01 mm?2day ', and compare the steady state solution
with that for the diffusion-free system. When d = 0, we should drop the Neumann boundary condition
because it may be inconsistent with the reduced ordinary differential system. For this reduced system, we

can define local basic reproduction numbers:

where B3 and B; are the direct and indirect transmission rates as defined in (3.1). It is natural (see for
example [1]) to divide the whole domain into high-risk region

Qp={reQ: R\(x)>1}
and low-rick region
O :={recQ: Ri(zx) <1}.

For the diffusion-free system, the infection persists only in the high-risk region, while for the positive diffusion
system, the virus may pervade into the low-risk region; see Fig. 2. In the simulations of two systems, we have
chosen the initial profile as a small perturbation of infection-free steady state: uy(z,0) = @y (x), uz(x,0) =0,
and us(z,0) = 1.
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Fig. 1. The basic reproduction number Ry as a function of the diffusion coefficient d.
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Fig. 2. The dynamic solutions and stable steady states for diffusion-free and positive diffusion systems, respectively. The initial
conditions are chosen as a small portion of virus introduced to the infection-free steady state.

To further understand the asymptotic profile of steady state solution as d — 0%, we choose a small
diffusion coefficient d = 0.0001 mmZ2day~'. It is observed that the steady state solution is very close to that
for diffusion-free system everywhere except near the boundary or near the interface between high-risk and
low-risk regions; see Fig. 3. In the figure, we also plot the gradients of steady state solutions (i.e., dyus(z, T)
with T sufficiently large) for small diffusion and diffusion-free systems. It is noted that boundary layer
occurs near the high-risk boundary (i.e., z = 0) but not near the low-risk boundary (i.e., x = 1). This is
because the steady state solution for the diffusion-free system is inconsistent with the Neumann boundary
condition near the high-risk boundary. A similar reason explains the existence of internal boundary layer
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Fig. 3. The stable steady states and their gradients of viral distributions for diffusion-free system (crosses) and low diffusion system
(lines), respectively. The initial conditions are chosen as a small portion of virus introduced to the infection-free steady state.

near the interface of high-risk and low-risk regions. Both boundary and internal layers have the thickness
of order O(V/d) as d — 0.

7. Summary and discussion

In this paper, we have studied a general in-host model with spatial heterogeneity and general cell-free and
cell-to-cell modes. We defined and studied the basic reproduction number Ry, which serves as a threshold
parameter determining the global dynamics of the model system. When Ry < 1, we first obtained local
asymptotic stability of the infection-free steady state, and then by Lyapunov functional method and LaSalle
invariance principle, we proved that the infection-free steady state is indeed globally asymptotically stable.

Since only the free virus diffuses, the model is a partially degenerate reaction-diffusion system, which
poses a non-compactness problem. To overcome this, we made use of the Kuratowski measure of non-
compactness, and showed that the semiflow associated with our systems is asymptotically smooth (i.e.,
k-contracting) under certain conditions. If Ry > 1, we also obtained the persistence of infection which guar-
antees the existence of a chronic-infection steady state. Finally, we established global attractiveness of the
chronic-infection steady state by constructing a suitable Lyapunov functional and using LaSalle invariance
principle. This idea may also be used to study global dynamics of other hybrid epidemic models with partial
degeneracy.

Numerical simulation supports our theoretical results that viral diffusion has an opposite effect on the
basic reproduction number, and in some scenarios, the virus may be cleared out due to large diffusion but
persist by reducing random spatial movement and staying only in high-risk region. A mathematical challenge
arises from the simulation results for small diffusion coefficients. It is observed that boundary layer may
occur due to the mismatch of steady state solution of the diffusion-free system with the Neumann boundary
condition. Moreover, the non-smoothnees of such steady state solution across the interface between high-
risk and low-risk regions may induce internal layer. It is believed that singular perturbation analysis is
necessary to study the asymptotic profile of steady state solution when the diffusion coefficient decreases
to zero.
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